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A new exact representation for the normalized Mott cross section is obtained. Some earlier exact and approxi
mate methods for its calculation are compared with the method proposed in this work. It is demonstrated that 
applying the suggested rigorous method, along with the approximate method of Lijian et al., is most preferable 
for the above calculations. Some modifications of Lijian’s method are proposed. Based on these modifications and 
the Lijian method itself, new analytical expressions are obtained for the Mott corrections to the Bethe stopping 
formula and the primary displacement cross section by fast electrons. It is shown that the highest fitting accuracy 
of the displacement cross sections is provided by the twice modified Lijian method.   

1. Introduction 

Theoretical and experimental studies of the penetration of charged 
particles in matter and their stopping play an important role in the 
development of modern physics and represent an active field of research 
(Sigmund and Schinner, 2020; Kats et al., 2021; Sunko et al., 2020; Abd 
Ali and Kadhim, 2020; Forcellini and Artacho, 2019; Banko and Kats, 
2019; Gumus et al., 2018; Kadhim and Hussien, 2016). Research in as
trophysics, nuclear physics, atomic and molecular physics, biophysics, 
and many other areas is based on experimental techniques utilizing 
high-energy radiation and theoretical knowledge of the interaction be
tween radiation and matter. Various aspects of this problem have been 
explored by leading physicists of the 20th century([Rutherford, 1911; 
Bohr, 1915; Mott, 1929, 1932; Bethe, 1930, 1932; Bloch, 1933; Fermi, 
1940; and others). Many review articles, textbooks and monographs 
have been written on the subject of charged-particle penetration in 
matter and particle stopping (Bethe and Ashkin, 1953; Überall, 1971; 
Ahlen, 1980; Geissel et al., 2002; Weaver and Westphal, 2002; Sigmund, 
2006; Sigmund and Schinner, 2016; Bichsel et al., 2020). 

For studies on mean free paths of electrons it is necessary to have 
precise differential cross sections for these particles. Among such dif
ferential cross-section is one relating to elastic scattering of electrons 
and positrons by nuclei, first studied by Mott (Mott, 1929, 1932). Mott 
expressed an ‘exact cross section’ in terms of two conditionally 
convergent series that are defined as an expansion in Legendre poly
nomials. These resulting series were not summed up analytically, and 

numerical methods were required to obtain exact results. The numerical 
calculation of Mott’s cross section (or the ratio of Mott’s cross section to 
Rutherford’s cross section) has attracted the attention of many authors 
(Yennie et al., 1954; Doggett and Spencer 1956; Sherman, 1956; Bühr
ing, 1965; Idoeta and Legarda, 1992). However, since these calculations 
are time-consuming, numerous approximate expressions and their 
modifications have also been proposed for it (Mott, 1932; McKinley and 
Feshbach, 1948; Johnson et al., 1961; Lijian et al., 1995; Boschini et al., 
2013). 

For electrons bound in atoms, Bethe used the ‘Born theory’ (Bethe, 
1930) to obtain his theory of charged-particle passage through matter 
and particle stopping. At high energies, the Born differential cross sec
tion (dσ/dE)B of this theory (E is energy loss) must be additionally 
modified by polarization of the medium. The other corrections to the 
Born cross section will be discussed below. The relativistic version of 
stopping power formula was obtained by Bethe in (Bethe, 1932). Taking 
into account the density-effect, the average ionization energy loss by 
moderately relativistic charged heavy particles can be described in the 
first Born approximation as follows: 

−
dE
dx

= ζL, L = L0 = ln
(

Em

I

)

− β2 −
δ
2
,

ζ = 4πr2mc2⋅Ne⋅
(
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)
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A
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Z
β

)
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2mc2β2
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The function L0 of this form is derived originally from quantum 
perturbation theory (Weaver and Westphal, 2002). The first two of its 
terms are typically called the Bethe result and the third term is the 
familiar density effect correction of Fermi (Fermi, 1940). In these 
equations, x denotes the distance traveled by a particle; Em is the 
maximum transferrable energy to an electron of mass m and classical 
radius r in a collision with the particle of velocity βc; I is the effective 
ionization potential of the absorber atoms, Z is the charge number of 
incident nucleus, and Ne is the electron density of the material. The 
electron density is measured either in electrons/g (Ñe = NAZ′

/ A) or in 
electrons/ cm3 (Ne = NAρZ′

/A), where ρ is density of a material in g 
cm− 3, NA denotes the Avogadro number, Z′ and A refer to the atomic 
number and weight of the absorber. In the latter case, we can rewrite (1) 
as 

−
dE
ρdx

= ζ̃L, ζ̃ = 4πr2mc2⋅Ñe⋅
(

Z
β

)2

= 0.307075
Z ′

A

(
Z
β

)2

.

This is the ‘mass stopping power’ in units MeV g− 1cm2 (Bichsel et al., 
2020). 

The above expressions are applicable if Zα/β << 1, where α is the 
fine-structure constant. If this condition is not satisfied, the Bloch cor
rections ΔLB (Bloch, 1933; Sigmund and Schinner, 2020) and the Mott 
corrections ΔLM (Mott, 1929, 1932) are also introduced: 

ΔLB =ψ(1) − Reψ(1+ iZα / β)

with the digamma function ψ and 

ΔLM =
Ñe

ζ̃

∫Em

ε

E
[(

dσ
dE

)

M
−

(
dσ
dE

)

B

]

dE. (2) 

Here, ε is some energy above which the atomic electron binding 
energy may be neglected, and (dσ/dE)M(B) are, respectively, the Mott and 
Born expressions for the scattering cross section of electrons on nuclei. 
Switching in the expression (2) from integration over the energy E 
transferred to an electron to integration over the center-of-mass scat
tering angle θ, we can rewrite (2) in the form 

ΔLM = 2π ÑeЕm

ζ̃

∫π

θ0

[(
dσ(θ)

dΩ

)

M
−

(
dσ(θ)

dΩ

)

B

]

sin 2
(

θ
2

)

sin θdθ, (3)  

where θ0 denotes the scattering angle corresponding to ε and Ω is the 
usual scattering cross section solid angle. 

The Mott correction was first calculated by Eby and Morgan (Eby and 
Morgan, 1972; Morgan and Eby, 1973) by numerical integration of (2) 
for several values of Z and β. These calculations demonstrated the 
importance of taking account of Mott’s corrections to the Bethe− Bloch 
formula for incident nuclei with Z ≥ 20. Since the expressions (2), (3) for 
ΔLM are extremely inconvenient to evaluate the Mott correction, the 
analytical expressions for ΔLM in the second and third order Born ap
proximations were also proposed in (Morgan and Eby, 1973). Significant 
simplification of computing the Mott corrections is provided by a 
method of (Voskresenskaya et al., 1996) that reduces the problem to the 
numerical summation of an infinite series. 

This paper presents an adaptation of the method (Voskresenskaya 
et al., 1996) for calculating the Mott differential cross section (MDCS) 
normalized with respect to the Rutherford differential cross section 
(NMCS), as well as a comparison of this adopted method with some 
other rigorous and approximate methods for relevant calculations. The 
communication is organized as follows. Section 2 considers various 
approaches to the MDCS descriptions, namely: a standard description of 
the (normalized) MDCS (Section 2.1), the different approximations to 
the normalized Mott cross section (Section 2.2), another exact repre
sentation for the normalized MDCS (Section 2.3), and an intercompar
ison of applying all the mentioned methods (Section 2.3). Section 3 

presents some possible applications of the Lijian− Qing− Zhengming 
(LQZ) method. First we obtain an analytical expression for the Mott 
correction using this method (Lijian et al., 1995) and its modification, 
and also compare the obtained results with the corresponding result of 
Matveev (Matveev, 2002) (Section 3.1). Then we calculate the atomic 
displacement cross sections (ADCS) using the modified and twice 
modified LQZ expressions, as well as the LQZ method itself, and compare 
its values with the ADCS value estimated by the McKinley− Feshbach 
method (McKinley and Feshbach, 1948) and with Oen’s electron 
displacement cross section (Oen, 1973, 1988) (Section 3.2). Section 4 
contains a summary of our results and conclusions. Appendix A shows 
the derivation of the formula for the normalized Mott cross section. 
Appendix B presents a twice modified LQZ method. 

2. Mott’s differential cross section 

2.1. Basic formulae 

In 1911 Rutherford calculated the differential cross section for 
scattering of electrons by the Coulomb potential in the framework of 
classical mechanics, obtaining the well-known Rutherford formula: 

σR ≡

(
dσ
dΩ

)

R
=

(
Ze2

2mv2

)2 1
sin 4(θ/2)

. (4) 

Within the framework of nonrelativistic quantum mechanics, a so
lution to this problem was found independently by Gordon (Gordon, 
1928) and Mott (Mott, 1928). For the scattering cross section of rela
tivistic electrons through the Coulomb potential (5) an expression was 
provided by Mott in 1929–1932 (Mott, 1929, 1932). The last expression 
cannot be given in analytical form and contains slowly converging 
infinite series of Legendre polynomials (Pk): 

σM ≡

(
dσ
dΩ

)

M
=
( ℏ

mv

)
2( 1 − β2)

(
ξ2⃒⃒FM |

2

sin 2(θ/2)
+

⃒
⃒GM |

2

cos 2(θ/2)

)

, (5)  

where 

FM(θ) =
1
2

i
∑∞
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( − 1)k
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kC(k)

M + (k + 1)C(k+1)
M

]
Pk(cos θ) =

∑∞

k=0
F(k)

M Pk(cos θ),

GM(θ) =
1
2

i
∑∞

k=0
( − 1)k

[
k2C(k)

M − (k + 1)2C(k+1)
M

]
Pk(cos θ)

=
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k=0
G(k)

M Pk(cos θ),

with 

C(k)
M = − e− iπρk

Γ(ρk − iη)
Γ(ρk + 1 + iη), η =

Zα
β
, ξ = η

̅̅̅̅̅̅̅̅̅̅̅̅̅

1 − β2
√

, ρk =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

k2 − (Zα)2
√

,

α =
e2

ℏc
.

The Mott series FM(θ) and GM(θ) converge only conditionally and are 
defined as 

FM(θ) = F0(θ) + F1(θ), GM(θ) = G0(θ) + G1(θ), (6)  

with 

F0(θ)=
1
2

i
∑∞

k=0
( − 1)k

[
kC(k)

Z +(k+ 1)C(k+1)
Z

]
Pk(cos θ),

G0(θ) =
1
2

i
∑∞

k=0
( − 1)k

[
k2C(k)

Z − (k + 1)2C(k+1)
Z

]
Pk(cos θ),
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F1(θ) =
1
2

i
∑∞

k=0
( − 1)k[kD(k) + (k+ 1)D(k+1)]Pk(cos θ),

G1(θ)=
1
2

i
∑∞

k=0
( − 1)k[k2D(k) − (k + 1)2D(k+1)]Pk(cos θ).

The functions C(k)
Z and D(k) are given by: 

C(k)
Z = − e− iπk Г(k − iη)

Г(k + 1 + iη), D(k) = C(k)
M − C(k)

Z .

Hence, the functions F0(θ) and G0(θ) may be written as follows: 

F0(θ) =
i
2

Г(1 − iη)
Г(1 + iη) exp

{

iη ln
[

sin2
(

θ
2

)]}

, G0(θ) = − iη F0(θ)
tan 2(θ/2)

. (7) 

The series F1(θ) and G1(θ) are only conditionally convergent and 
converge very slovly (the series G1 

is more slovly convergent than F1). The formula (5) is referred to as 
an exact formula for the differential cross section, because no Born 
approximation of any order is used in its derivation. 

The first numerical summation of the above series was performed by 
Mott himself (Mott, 1932) for scattering of electrons with relative ve
locity β from 0.1 to 1.0 by gold nuclei (Z = 79) at 90◦. Starting from this 
work, such calculations began to include a quantity equal to the ratio of 
the MDCS (σM) to the modified RDCS (σ̃R), 

R(θ)= σM
/

σ̃R, σ̃R = σR
(
1 − β2), (8)  

that is, the normalized Mott cross section (NMCS). In the original paper, 
the indicated quantity has the form: 

RM(θ)=
4sin2(θ/2)

η2

[

ξ2⃒⃒FM
⃒
⃒2 + ​ tan2

(
θ
2

)
⃒
⃒GM

⃒
⃒2
]

. (9) 

Since the ‘exact’ MDCS (5) and NMCS (9) are expressed in terms of 
slowly converging Legendre polynomial series, their application to 
calculate integrals (2), (3) is a difficult problem. In this regard, it be
comes important to use analytical approximations to them and to obtain 
their other representations. 

2.2. Some approximations to the normalized Mott cross section 

One way to obtain such approximations is to expand the exact NMCS 
in terms of power series in αZ. We will present below such results for the 
above function R(θ). 

The first such expansion was obtained by the author of the exact 
solution to the scattering problem (Mott, 1932), the so-called Mott−
Born result: 

RB(θ) = 1 − β2sin 2
(

θ
2

)

. (10) 

Further approximations were obtained by McKinley and Feshbach, 

RMF(θ) =RB + αZπβsin
(

θ
2

)[

1 − sin
(

θ
2

)]

(11) 

as well as Johnson, Weber, and Mullin (McKinley and Feshbach, 
1948; Johnson et al., 1961) 

RJWM = RMF + (αZ)2 sin
(

θ
2

){

L2

[

1 − sin 2
(

θ
2

)]

− 4L2

[

1 − sin
(

θ
2

)]

+ 2 sin
(

θ
2

)

ln 2
[

sin
(

θ
2

)]

+
π2

2

[

1 − sin
(

θ
2

)]

+
π2

6
sin
(

θ
2

)

+ β2 sin
(

θ
2

)(

L2

[

1 − sin 2
(

θ
2

)]

+
sin 2(θ/2)ln 2[sin(θ/2) ]

1 − sin 2(θ/2)

+
π2

4
1 − sin(θ/2)
1 + sin(θ/2)

−
π2

6

)}

,

(12)  

where L2 denotes Euler’s dilogarithm defined by 

L2(x)= −

∫x

0

ln(1 − y)
y

dy.

Another approach was proposed by Lijian, Qing, and Zhengming 
(Lijian et al., 1995), where the exact NMCS is approximated by the 
following expression: 

RLQZ

(

θ;Z,E

)

=
∑4

j=0
aj(Z,E)(1 − cosθ)j/2 , aj

(

Z,E

)

=
∑6

k=1
dZ(j,k)(β − β

)k− 1

,

β=0.7181287.
(13) 

The authors calculated 30 coefficients dZ(j,k) for 90 elements of the 
Periodic System with target atomic number Z from 1 to 90 in a wide 
range of energy. Investigations in this direction were continued by 
Boschini, Consolandi, Gervasi et al. in the work (Boschini et al., 2013), 
where the coefficients dZ(j,k) were obtained for 118 elements of the 
Periodic Table of Elements both for electrons and positrons. 

2.3. Another representation for the normalized Mott cross section 

In (Voskresenskaya et al., 1996) we obtained the following repre
sentation for the exact Mott differential cross section: 

σVSTT ≡

(
dσ
dΩ

)

VSTT
=
( ℏ

mv

)2
(

1 − β2

)(
ξ2⃒⃒FM |

2
−
⃒
⃒F′

M |
2

sin 2(θ/2)

)

≡
( ℏ

mv

)2
(

1 − β2

)

ωVSTT ,

ωVSTT(θ)=ωZ(θ) + λ(θ)
/

sin 2
(

θ
2

)

,

λ(θ)
/

4= ξ2
[
2Re

(
ΔFF*

Z

)
+ |ΔF|2

]
+ 2Re

(
ΔF′F*

Z

′)
+ |ΔF′

|
2
,

ωZ(θ)=
[

ξ2 + η2cos 2
(

θ
2

)]/

sin 2
(

θ
2

)

≡ ωB(θ),ΔF ≡FM − FZ ,

FZ(θ)=
i
2
∑∞

l=0
( − 1)kF(k)

Z Pk(cos θ) =
i
2

Г(1 − iη)
Г(1 + iη)sin2iη

(
θ
2

)

,

F(k)
Z = kC(k)

Z + (k+ 1)C(k+1)
Z ,

F′

M ≡ dFM(θ)
/

dθ = − tan(θ / 2)GM . (14) 

This representation reduces computing the integrals (2), (3) to a 
summing of the fast converging infinite series whose terms are bilinear 
in the Mott partial amplitudes and can be simply implemented using the 
numerical summation methods of converging series for a given level of 
precision. 

It leads to the following exact expression for the normalized Mott 
cross section (see Appendix A): 

RKHV(θ)=RB(θ) + λ̃(θ)sin 2
(

θ
2

)

,

λ̃(θ)
/

4 = η− 2
{

ξ2
[
2Re

(
ΔFF*

Z

)
+ |ΔF|2

]
+ 2Re

(
ΔF’F*

Z
’)
+ |ΔF’|

2
}
. (15) 

Taking into account (6), (7), we can rewrite ̃λ(θ) in terms of functions 
F0(θ) and F1(θ), 

λ̃(θ)
/

4= η− 2
{

ξ2
[
2Re

(
F1F*

0

)
+ |F1|

2
]
+ 2Re

(
F1

′ F*
0

′)
+ |F1

′

|
2
}
,

and then calculate the ratio RKHV(θ), for instance, by the method of 
‘reduced series’ (Yennie et al., 1954). However, our calculations show 
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that the elimination from (5) of the slowest converging function G1(θ)
alone provides even faster convergence of this series compared to that 
given by the above ‘reduction method’ (Table 1). 

2.4. Comparison of methods 

Table 2 lists the results of calculating the normalized Mott cross 
section R(θ) by the above methods. It shows an excellent agreement 
between the results obtained from Eqs. (15) and (9), as well as an 
increasing deviation from these results in the transition from (13) to 
(10). This allows us to carry out further comparison with respect to the 
results obtained on the basis of (15). 

Fig. 1 compares the results obtained on the basis of Eq. (10)− (13), 
(15) for scattering of electrons with energies of 0.005 MeV, 1 MeV, and 
10 МeV by nuclei of charge number Z = 13, 47, and 92. 

From Fig. 1 it can be seen that the results of Lijian et al. and Boschini 
et al. (Lijian et al., 1995; Boschini et al., 2013) obtained from Eq. (13) 
significantly differ from the exact ones only in the area of low energies 
and high charge numbers (e.g. for Z = 92, 0.005 MeV). In other cases, 
they are close to rigorous results. For light elements, all approximations 
give fairly accurate results. For elements with moderately high values of 
Z at medium and high energies, the approximation (12) gives higher 
accuracy than (11) and (10). For heavy elements, the approximate 
methods based on Eq. (10)− (12) are not applicable. 

Additionally we evaluated relative difference between the ratios RLQZ 
and RKHV obtained by the methods of (Lijian et al., 1995; Boschini et al., 
2013) and (Voskresenskaya et al., 1996) as a function of the scattering 
angle for electrons with energies from 0.005 MeV to 10 МeV scattered by 
nuclei with charge number from 13 to 92 (Fig. 2): 

δR(θ; Z,E)=
RLQZ(θ; Z,E) − RKHV (θ; Z,E)

RKHV (θ; Z,E)
.

Fig. 2 shows that at low energies (e.g. 0.005 MeV), the maximum 
value of the relative difference modulus | δR(θ; Z,E) | increases from 
0.036 to 16 percent in the transition from nucleus charge number Z = 13 
to Z = 92. From Fig. 2 also follows that at medium energies (1 MeV), this 
value varies between 0.07 and 3.5 percent for nuclei with Z values of 13 
to 92. At high energies1 (e. g. 10 MeV), the approximation (13) differs 
significantly (up to 70 percent) from the exact expression (15) only in 
the range of scattering angles from 160 to 180◦, where the values of the 
ratios RLQZ and RKHV are very small, while over the θ range from 0 to 
150◦, the relative difference between RLQZ and RKHV is almost zero. 

3. Applications of the Lijian¡Qing¡Zhengming method 

3.1. Mott’s corrections 

In this section, we give an analytical expression for the Mott 
correction ΔLM (3), based on the NMCS approximation (13) from [Lijian 
et al., 1995], and compare it with some other expressions for ΔLM. A 
modification of the LQZ method is also considered. 

In terms of the NMCSs (8)− (10), the expression (3) can be rewritten 
as follows: 

ΔLM = 2π ÑeЕm

ζ̃

(
Ze2

2mv2

)
2( 1 − β2)

∫π

θ0

RM(θ) − RB(θ)
sin 2(θ/2)

sin θdθ.

Thus, we obtain: 

ΔLM =
1
4

∫π

θ0

RM(θ) − RB(θ)
sin 2(θ/2)

sin θdθ.

The authors of (Banko and Kats, 2019) have shown that to obtain the 
reference ΔLM value when comparing different methods for the calcu
lation of ΔLM, it is convenient to use the precise representation of this 
correction obtained by (Voskresenskaya et al., 1996) in the limit θ0→0 in 
the form of the following absolutely converging series: 

ΔLMVSTT =
2
η2

∑∞

k=0

k(k + 1) + ξ2

2k + 1

(⃒
⃒
⃒F(k)

M

⃒
⃒
⃒

2
−

⃒
⃒
⃒F(k)

Z

⃒
⃒
⃒

2)
,

F(k)
M =

i
2
(− 1)k

[
kC(k)

M +(k+ 1)C(k+1)
M

]
, F(k)

Z =
i
2
(− 1)k

[
kC(k)

Z +(k+ 1)C(k+1)
Z

]
,

C(k)
Z = e− iπk Γ(k − iη)

Γ(k + 1 + iη), C(k)
M = e− iπρk

Γ(ρk − iη)
Γ(ρk + 1 + iη), η =

Zα
β
, ξ =

η
γ
,

ρk =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
k2 − Z2α2

√
.

Let us find the Mott correction using expressions (13) and (10) in the 
limit θ0→0: 

ΔLMLQZ =
1
4

lim
θ0→0

∫π

θ0

RMLQZ(θ) − RB(θ)
sin 2(θ/2)

sin θdθ ≡
1
4

lim
θ0→0

I(θ).

This way we get:   

Table 1 
Comparison of the R(θ) values obtained by different methods for the scattering of electrons by nuclei of charge number Z = 80. RM: the summation up to N = 200; RKHV: 
the summation up to N = 80; RM

(2): the summation up to N = 150, the series were ‘reduced’ with m = 2.  

θ/β 0.2 0.4 0.5 0.6 0.7 0.8 0.9 

30◦ RM = 1.02 
RKHV =1.01 
RM

(2) = 1.01 

RM = 0.991 
RKHV = 1.00 
RM

(2) = 1.00 

RM = 1.04 
RKHV = 1.03 
RM

(2) = 1.03 

RM = 1.09 
RKHV = 1.08 
RM

(2) = 1.08 

RM = 1.14 
RKHV = 1.15 
RM

(2) = 1.15 

RM = 1.19 
RKHV = 1.22 
RM

(2) = 1.22 

RM = 1.26 
RKHV = 1.29 
RM

(2) = 1.29 
60◦ RM = 0.986 

RKHV = 0.979 
RM

(2) = 0.979 

RM = 1.12 
RKHV = 1.12 
RM

(2) = 1.12 

RM = 1.28 
RKHV = 1.27 
RM

(2) = 1.27 

RM = 1.39 
RKHV = 1.42 
RM

(2) = 1.41 

RM = 1.52 
RKHV = 1.55 
RM

(2) = 1.55 

RM = 1.68 
RKHV = 1.67 
RM

(2) = 1.67 

RM = 1.82 
RKHV = 1.78 
RM

(2) = 1.78 
90◦ RM = 0.956 

RKHV = 0.963 
RM

(2) = 0.963 

RM = 1.38 
RKHV = 1.41 
RM

(2) = 1.41 

RM = 1.62 
RKHV = 1.58 
RM

(2) = 1.58 

RM = 1.69 
RKHV = 1.71 
RM

(2) = 1.71 

RM = 1.74 
RKHV = 1.80 
RM

(2) = 1.80 

RM = 1.83 
RKHV = 1.86 
RM

(2) = 1.86 

RM = 1.93 
RKHV = 1.89 
RM

(2) = 1.89 
120◦ RM = 1.35 

RKHV = 1.33 
RM

(2) = 1.33 

RM = 1.79 
RKHV = 1.75 
RM

(2) = 1.75 

RM = 1.75 
RKHV = 1.81 
RM

(2) = 1.80 

RM = 1.79 
RKHV = 1.79 
RM

(2) = 1.79 

RM = 1.82 
RKHV = 1.72 
RM

(2) = 1.72 

RM = 1.67 
RKHV = 1.60 
RM

(2) = 1.60 

RM = 1.42 
RKHV = 1.44 
RM

(2) = 1.44 
150◦ RM = 1.95 

RKHV = 1.93 
RM

(2) = 1.93 

RM = 2.13 
RKHV = 2.06 
RM

(2) = 2.06 

RM = 1.89 
RKHV = 1.95 
RM

(2) = 1.95 

RM = 1.75 
RKHV = 1.76 
RM

(2) = 1.76 

RM = 1.66 
RKHV = 1.50 
RM

(2) = 1.50 

RM = 1.33 
RKHV = 1.18 
RM

(2) = 1.18 

RM = 0.817 
RKHV = 0.810 
RM

(2) = 0.810  

1 At energies higher than 10 MeV, the results are very close to those of 10 
MeV, according to (Lijian et al., 1995), since β in this case is close to 1. 
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Since θ→0 leads to RM(θ)→1 (Doggett and Spencer, 1956), we have 
a0 = 1, and the last term in the above expression for I(θ) vanishes. This 
leads to the following approximate expression for the Mott correction in 
the LQZ formalism: 

ΔLMLQZ =
β2

2
+

̅̅̅
2

√
a1 + a2 +

2
̅̅̅
2

√
a3

3
+ a4. (16) 

Let us compare this result with another convenient approximate 
expression for ΔLM proposed by Matveev (Matveev, 2002): 

ΔLMMT = ln[f (Z, β)],

Table 2 
Comparison of the R(θ) values obtained by different methods for the scattering of electrons with an energy of 10 МeV by nuclei of charge number Z = 47.  

R/ θ  15 30 45 60 75 90 105 120 135 150 165 180 

RM 

RKHV  

RLQZ 

RJWM 

RMF 

RB  

1.116 
1.116 
1.118 
1.143 
1.105 
0.983 

1.215 
1.215 
1.214 
1.228 
1.140 
0.933 

1.256 
1.256 
1.255 
1.240 
1.108 
0.854 

1.226 
1.226 
1.225 
1.171 
1.020 
0.751 

1.122 
1.122 
1.123 
1.042 
0.886 
0.630 

0.958 
0.958 
0.959 
0.867 
0.724 
0.501 

0.753 
0.753 
0.753 
0.667 
0.549 
0.372 

0.533 
0.533 
0.532 
0.463 
0.377 
0.252 

0.324 
0.324 
0.323 
0.278 
0.224 
0.149 

0.154 
0.154 
0.153 
0.131 
0.105 
0.069 

0.042 
0.042 
0.043 
0.036 
0.029 
0.019 

0.0032 
0.0032 
0.0041 
0.0032 
0.0026 
0.0026  

Fig. 1. Cross section ratio, R(θ), as function of scattering angle obtained from Eq. (15) (A), 13 (B), 12 (C), 11 (D), 10 (E) for scattering of electrons with energies of 
0.005 MeV, 1 MeV, and 10 МeV on nuclei of charge number Z equal to 13, 47, and 92. 

I(θ)=
∫π

θ0

a0 + a1(1 − cos θ)1/2
+ a2(1 − cos θ) + a3(1 − cos θ)3/2

+ a4(1 − cos θ)2
−
[
1 − β2sin 2(θ/2)

]

sin 2(θ/2)
sin θdθ

=

{

−
(
2a2 + 2a4 + β2)cos θ −

4
3
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − cos θ

√
[ − 3a1 − a3(1 − cos θ)] +

1
2
a4 cos(2θ) + 4(a0 − 1)ln[sin(θ / 2)]

}

|
π
θ0
.
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f (Z,β)=1+
{

0.222592β − 0.042948β2+
(
0.6016+5.15289β− 3.73293β2)Zα

−
(
0.52308+5.71287β− 8.11358β2)(Zα)2}2

.

To do this, we use the relative difference 

δ=
|ΔLM − ΔLMVSTT |

ΔLMVSTT
⋅100 % 

that is presented in Table 3. In this Table the δ values in excess of 
10% are highlighted. It is obvious that the difference of ΔLMLQZ correc
tion substantially exceeds the ΔLMMT difference for small and medium-Z 
values. For Z ≥ 80 and some β, the relative difference of ΔLMLQZ is large 
enough. It can be assumed that this is due to the fact that the authors of 
papers (Lijian et al., 1995) and (Boschini et al., 2013) did not use the 
asymptotics lim

θ→0
RM(θ) = 1. A consequence of which may be, in partic

ular, the proximity, but not exact equality to unity of the coefficient a0 

from (13). To test this assumption, we will consider a modification of the 
LQZ method. 

Let us represent the normalized Mott cross section as   

In this case, the indicated asymptotics is performed automatically. To 
find new coefficients dz(j,k), we will use the method described in (Lijian 
et al., 1995), but with some modifications. Since RMLQZm is expressed 
directly through β, we will immediately consider the interval of the 
relative velocity β from 0.1 to 0.999 (the upper limit corresponds to the 
electron energy of 10.92 MeV), and not the energy range. In (Lijian et al., 
1995) and (Boschini et al., 2013), energies up to 900 MeV were 
considered, but, firstly, at energies above 10 MeV, the results differ very 
little from the results at 10 MeV, since β changes very insignificantly 
near 1 (Lijian et al., 1995), and, secondly, we leave the region of 
applicability of the point-nucleus approximation considered here at 
these energies. For the considered interval of β, the average β value is β 

Fig. 2. Relative difference between the ratios RLQZ and RKHV obtained from Eqs. (13) and (15) as function of scattering angle (in degrees) for electrons with energies 
of 0.005 MeV, 1 MeV, and 10 МeV scattered by nuclei of charge number Z = 13, 47, and 92. 

RMLQZm

(

θ; Z, β

)

= 1 +
∑4

j=1
aj(Z, β)(1 − cos θ)j/2, aj

(

Z, β

)

=
∑6

k=1
dZ(j, k)(β − β

)k− 1

, β = 0.668269. (17)   
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= 0.668269. In this case, the number of parameters dz(j, k) turns out to 
be equal to 24, and not 30 for each Z, since the coefficient a0 from (13) is 
equal to one, but is not expressed in terms of the parameters dz(j,k). 

To estimate the accuracy of the approximations (13) and (17), the 
value of the relative error ER (Lijian et al., 1995) was calculated 
(Table 4): 

ER =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

∑36

i=0

[
RMLQZ(m)(θi; Z, β) − RMVSTT(θi;Z, β).

]2

∑36

i=0
RMVSTT(θi; Z, β)2

√
√
√
√
√
√
√
√

⋅100 %.

Table 4 shows that the reduction in the number of parameters did not 
lead to a noticeable deterioration in the accuracy of the NMCS calcu
lations. Table 5 presents the relative difference between the Mott 
correction calculated by the approximate LQZ, LQZm methods and the 
precise VSTT method. 

It can be seen that in all cases, except for Z = 100 and β = 0.3, the 
relative deviation of the Mott correction obtained using the LQZm 
method does not exceed 10%. In cases where the Mott correction ob
tained by the LQZm method turns out to be less accurate than that found 
by the LQZ method, the δLQZm value does not exceed 6%. 

3.2. Analytical expression for primary displacement cross sections by fast 
electrons on the basis of the modified and twice modified LQZ methods 

To study the damaging effect of high-energy electrons on materials, 
the calculation of the atomic displacement cross section (ADCS) is used 
(Sherman et al., 1966; Sunko et al., 2020). In particular, the cross section 
for producing primary atomic displacements is (Oen, 1973) 

σp(E, Td)=

∫Tm

Td

dσ
dT

dT, (18)  

where E is the energy of an electron; Tm is the maximum energy that can 
be transferred to the nucleus of an atom of mass M in a collision with an 
electron of mass m; Td is the threshold energy, that is, the minimum 
transferred energy at which an atom can be displaced from its equilib
rium position; and dσ/dT is the differential scattering cross section for 
transferring an energy T to an atom by an electron of energy E. Switching 

Table 3 
Relative difference between the corrections ΔLM (ΔLM = ΔLMLQZ, ΔLMMT) and ΔLMVSTT over the Z and β ranges 10 ≤ Z ≤ 100 and 0.3 ≤ β ≤ 0.999.  

β/Z 10 20 30 40 50 

0.3 δMT ¼ 22.2 δLQZ = 2.56 δMT ¼ 15.3 δLQZ = 1.12 δMT = 6.83 δLQZ = 2.28 δMT = 0.975 
δLQZ = 4.00 

δMT = 6.89 δLQZ = 3.42 

0.4 δMT ¼ 12.3 δLQZ = 1.41 δMT = 8.34 δLQZ = 2.76 δMT = 3.99 δLQZ = 1.49 δMT = 0.514 δLQZ = 2.15 δMT = 1.91 δLQZ = 6.45 
0.5 δMT = 5.71 δLQZ = 0.899 δMT = 3.34 δLQZ = 2.50 δMT = 0.844 δLQZ = 2.71 δMT = 0.407 δLQZ = 0.507 δMT = 0.837 

δLQZ = 3.46 
0.6 δMT = 2.40 δLQZ = 0.903 δMT = 0.929 δLQZ = 1.49 δMT = 1.086 δLQZ = 2.33 δMT = 1.582 δLQZ = 2.53 δMT = 1.17 δLQZ = 0.883 
0.7 δMT = 1.96 δLQZ = 0.979 δMT = 1.05 δ LQZ = 0.787 δMT = 1.39 δLQZ = 1.61 δMT = 2.20 δLQZ = 3.21 δMT = 1.85 

δLQZ = 3.40 
0.8 δMT = 4.00 δLQZ = 0.820 δMT = 3.42 δLQZ = 0.831 δ MT = 0.0757 δLQZ = 1.41  δMT = 1.99 

δLQZ = 2.61 
δMT = 2.42 δLQZ = 2.98 

0.9 δMT = 8.14 δLQZ = 0.479 δMT = 7.71 δLQZ = 1.29 δMT = 2.72 δLQZ = 1.73 δMT = 0.891 δLQ Z = 1.58 δMT = 2.66 
δLQZ = 0.970 

0.99 δMT ¼ 13.4 δLQZ = 0.436 δMT ¼ 13.0 δLQZ = 1.11 δMT = 6.35 δLQZ = 1.56 δMT = 0.816 δLQZ = 1.59 δMT = 2.53 δLQZ = 1.19 
0.999 δMT ¼ 14.0 δLQZ = 0.472 δMT ¼ 13.5 δLQZ = 1.01 δMT = 6.77 δLQZ = 1.47 δMT = 1.02 

δLQZ = 1.71 
δMT = 2.50 
δLQZ = 1.51 

β/Z 60 70 80 90 100 
0.3 δMT ¼ 10.3 δLQZ = 1.94 δMT ¼ 15.3 δLQZ = 1.12 δMT = 9.51 δLQZ = 5.54 δMT = 5.66 δLQZ ¼ 19.8 δMT = 0.00667 δLQZ. ¼ 34.3 
0.4 δMT = 3.11 δLQZ = 9.50 δMT = 3.08 δLQZ = 6.19 δMT = 1.95 δLQZ = 6.32 δMT = 0.00124 δLQZ = 0.58 δMT = 2.26 δLQZ = 3.76 
0.5 δMT = 0.691 δLQZ = 7.76 δMT = 0.114 δLQZ = 7.18 δMT = 0.715 δLQZ ¼ 10.34 δMT = 1.49 δLQZ = 5.44 δMT = 1.66 δLQZ = 4.65 
0.6 δMT = 0.352 δLQZ = 2.83 δMT = 0.556 

δLQZ = 5.65 
δMT = 1.299 δLQZ ¼ 11.46 δMT = 1.542 

δLQZ ¼ 11.76 
δMT = 0.702 δLQZ = 2.06 

0.7 δMT = 0.952 δLQZ = 0.875 δMT = 0.0716 δLQZ = 3.47 δMT = 0.872 δLQZ = 9.66 δMT = 1.07 
δLQZ ¼ 13.23 

δMT = 0.0822 δLQZ = 6.17 

0.8 δMT = 1.92 
δLQZ = 1.46 

δMT = 1.00 δLQZ = 1.86 δMT = 0.0764 δLQZ = 6.29 δMT = 0.414 δLQZ = 9.65 δMT = 0.141 δLQZ = 5.44 

0.9 δMT = 2.96 δLQZ = 0.0492 δMT = 2.34 δLQZ = 1.16 δMT = 1.28 δLQZ = 3.21 δMT = 0.314 δLQZ = 4.43 δMT = 0.0846 δLQZ = 2.18 
0.99 δMT = 3.84 δLQZ = 0.354 δMT = 3.62 δLQZ = 0.739 δMT = 2.47 δLQZ = 2.48 δMT = 0.988 δLQZ = 3.60 δMT = 0.0957 δLQZ = 1.81 
0.999 δMT = 3.92 δLQZ = 0.694 δMT = 3.75 δLQZ = 0.663 δMT = 2.59 

δLQZ = 2.58 
δMT = 1.06 δLQZ = 3.98 δMT = 0.117 δLQZ = 2.15  

Table 4 
Relative error ER in the calculations of the normalized Mott cross section ac
cording to (13) and (17).  

β/Z 90 100 

0.2 ERLQZ = 1.60 ERLQZm = 1.65 ERLQZ = 4.36 ERLQZm = 4.38 
0.5 ERLQZ = 0.946 ERLQZm = 0.949 ERLQZ = 0.893 ERLQZm = 0.892 
0.9 ERLQZ = 0.629 ERLQZm = 0.678 ERLQZ = 0.659 ERLQZm = 0.679  

Table 5 
Relative difference between the values of approximate Mott’s corrections 
ΔLMLQZ, ΔLMLQZm and the exact ΔLMVSTT value.  

β/Z 90 100 

0.3 δLQZ ¼ 19.8 δLQZm = 4.00  δLQZ ¼ 34.3 δLQZm ¼ 25.0  
0.4 δLQZ = 0.58 δLQZm = 1.04  δLQZ = 3.76 δLQZm = 4.11  
0.5 δLQZ = 5.44 δLQZm = 2.68  δLQZ = 4.65 δLQZm = 4.41  
0.6 δLQZ ¼ 11.8 δLQZm = 5.57  δLQZ = 2.06 δLQZm = 0.64  
0.7 δLQZ ¼ 13.2 δLQZm = 6.13  δLQZ = 6.17 δLQZm = 3.82  
0.8 δLQZ = 9.65 δLQZm = 4.88  δLQZ = 5.44 δLQZm = 3.72  
0.9 δLQZ = 4.43 δLQZm = 3.18  δLQZ = 2.18 δLQZm = 1.96  
0.99 δLQZ = 3.60 δLQZm = 2.83  δLQZ = 1.81 δLQZm = 2.07  
0.999 δLQZ = 3.98 δLQZm = 2.93  δLQZ = 2.15 δLQZm = 2.32  
0.9999 δLQZ = 4.03 δLQZm = 2.94  δLQZ = 2.19 δLQZm = 2.35   
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in (18) from integration over the transferred energy T to integration over 
the center-of-mass scattering angle θ, we can rewrite (18) in the form 
(Sunko et al., 2020): 

σp(E,Td)= 2π
∫π

θ(Td )

dσ
dΩ

sin θdθ, (19)  

where the relationship between the scattering angle and the transferred 
energy can be written as follows: 

sin 2θ
2
=

T
Tm

, Tm =
2E(E + 2mc2)

Mc2 .

Only relativistic electrons can cause the displacement of atoms, so 
(19) includes the Mott differential scattering cross section (5). But since 
the MDCS is expressed in terms of slowly converging series and the 
calculation of integrals using this cross-section is very difficult, one of 
the common methods for the ADCS calculations is to use the analytical 
McKinley− Feshbach approximation for the MDCS (McKinley and Fes
hbach, 1948), which leads to the following analytical ADCS expression 
(Khandelwal and Merzbacher, 1963): 

σpMF =
πZ2e4

m2c4β4

(
1 − β2)

{
1
y
− 1 + β2 ln(y) + παβ

[
2
̅̅̅y√ − 2 + ln(y)

]}

, y

=
Td

Tm
.

(20) 

(see, e.g. (Nagase et al., 2012)). However, as noted in (Khandelwal 
and Merzbacher, 1963), the expression (20) is not applicable for large 
charge numbers Z, since the McKinley− Feshbach approximation is ob
tained for small Z. In this regard, an another possible approach to finding 
the ADCS using the analytical LQZ approximation (Lijian et al., 1995) is 
advisable (Sunko et al., 2020). 

According to (Oen, 1973), the cross section for the formation of the 
primary displacement of an atom can be represented as 

σp(E, Td)=
πZ2e4

m2c4β4

(
1 − β2)

∫1

Td/Tm

R(x,E)
x2 dx, x = sin 2θ

2
=

T
Tm

. (21) 

After substituting (13) into (17), we get 

σp(E, Td)=
πZ2e4

m2c4β4

(
1 − β2)

∫1

y

∑4
j=0aj(Z,E)(2x)j/2

x2 dx. (22) 

Integration of expression (22) leads to the analytical expression 

σpLQZ =
πZ2e4

m2c4β4

(
1 − β2)

y
{(

1 − ̅̅̅
y

√ )(
a0(Z,β)+

(
a0(Z,β)+2

̅̅̅
2

√
a1(Z,β)

) ̅̅̅
y

√

+4
( ̅̅̅

2
√

a3(Z,β)+a4(Z,β)
)

y+4a4(Z,β)y3/2) − 2a2(Z,β)y ln y
}
.

(23) 

In Section 3.1, a modified LQZ method (17) was proposed that pro
vides the correct asymptotic NMCS behavior in the limit θ→0. In the 
twice modified LQZ method (see Appendix B), the expression for NMCS 
can be represented as follows: 

RLQZm2(θ, Z,E)= 1 +
∑5

j=1
aj(Z,E)(1 − cos θ)j/2

.

Using these methods, the following analytical σр expressions can be 
obtained: 

σpLQZm =
πZ2e4

m2c4β4

(
1 − β2)

{

− 1 − 2
̅̅̅
2

√
a1(Z, β)+ 4

( ̅̅̅
2

√
a3(Z, β)+ a4(Z, β)

)

+
1
y
+ 2

̅̅̅
2

√
a1(Z, β)

/
̅̅̅
y

√
−

− 4
̅̅̅
2

√
a3(Z, β)

̅̅̅
y

√
− 4a4(Z, β)y − 2a2(Z, β)ln y

}
, (24)  

Table 6 
Comparison of the displacement cross sections (20), (23)− (25), and (21) for 
platinum atoms as functions of electron energy.  

E, MeV σpMF σpLQZ σpLQZm σpLQZm2 σpO 

1.38 
1.39 
1.42 
1.46 
1.51 
1.58 
1.66 
1.77 
1.91 
2.12 
2.39 
2.73 
3.14 
3.69 
4.37 
5.19 
6.15 
7.11 
8.20 
9.57 
11.60 
13.60 
20.50 
27.30 
41.00 
68.40 
136.00 
273.00 

0.14 
0.27 
0.72 
1.45 
2.54 
4.33 
6.64 
10.12 
14.82 
21.97 
30.77 
40.76 
51.08 
62.26 
72.83 
82.19 
90.03 
95.69 
100.40 
104.64 
108.85 
111.57 
116.27 
118.16 
119.71 
120.61 
121.03 
121.14 

0.37 
0.77 
2.38 
5.33 
10.01 
17.86 
27.90 
42.44 
60.72 
85.63 
111.87 
136.20 
155.61 
170.42 
178.51 
180.79 
178.96 
175.36 
170.75 
165.21 
158.22 
152.75 
141.07 
135.19 
129.51 
125.47 
123.00 
122.03 

0.37 
0.77 
2.37 
5.32 
10.01 
17.85 
27.90 
42.43 
60.70 
85.59 
111.78 
136.08 
155.46 
170.27 
178.39 
180.74 
179.00 
175.48 
170.96 
165.51 
158.60 
153.19 
141.55 
135.63 
129.86 
125.67 
123.04 
121.96 

0.38 
0.79 
2.40 
5.32 
9.96 
17.73 
27.71 
42.21 
60.49 
85.50 
111.85 
136.26 
155.68 
170.43 
178.45 
180.69 
178.88 
175.31 
170.77 
165.32 
158.43 
153.04 
141.50 
135.63 
129.91 
125.74 
123.10 
122.00 

0.39 
0.80 
2.43 
5.38 
10.04 
17.83 
27.82 
42.30 
60.55 
85.51 
111.85 
136.32 
155.82 
170.63 
178.63 
180.77 
178.83 
175.17 
170.55 
165.09 
158.26 
152.94 
141.97 
136.53 
130.70 
126.21 
123.44 
120.93  

Table 7 
Comparison of the displacement cross sections (20), (23)− (25), and (21) for gold 
atoms as functions of electron energy.  

E,MeV σpMF σpLQZ σpLQZm σpLQZm2 σpO 

1.39 
1.40 
1.43 
1.47 
1.52 
1.59 
1.67 
1.78 
1.92 
2.13 
2.40 
2.75 
3.16 
3.71 
4.40 
5.23 
6.19 
7.15 
8.26 
9.63 
11.70 
13.70 
20.60 
27.50 
41.30 
68.80 
137.00 
275.00 

0.16 
0.29 
0.75 
1.49 
2.59 
4.39 
6.72 
10.24 
14.99 
22.21 
31.11 
41.52 
51.93 
63.23 
74.06 
83.60 
91.51 
97.22 
102.06 
106.33 
110.64 
113.38 
118.11 
120.05 
121.61 
122.52 
122.95 
123.06 

0.44 
0.86 
2.56 
5.65 
10.54 
18.70 
29.15 
44.24 
63.17 
88.92 
115.95 
141.53 
161.10 
175.87 
183.78 
185.62 
183.31 
179.31 
174.26 
168.39 
160.93 
155.26 
143.24 
137.14 
131.37 
127.32 
124.88 
123.94 

0.44 
0.87 
2.56 
5.65 
10.52 
18.67 
29.08 
44.13 
63.04 
88.78 
115.83 
141.44 
161.05 
175.85 
183.80 
185.67 
183.40 
179.43 
174.42 
168.57 
161.13 
155.47 
143.42 
137.28 
131.45 
127.31 
124.77 
123.77 

0.45 
0.88 
2.58 
5.64 
10.48 
18.57 
28.94 
43.98 
62.93 
88.77 
115.94 
141.61 
161.19 
175.89 
183.72 
185.50 
183.19 
179.24 
174.27 
168.50 
161.16 
155.59 
143.73 
137.67 
131.85 
127.66 
125.01 
123.91 

0.46 
0.90 
2.61 
5.69 
10.56 
18.67 
29.05 
44.08 
62.98 
88.79 
115.95 
141.67 
161.34 
176.10 
183.90 
185.57 
183.14 
179.08 
174.03 
168.25 
160.99 
155.49 
144.23 
138.63 
132.70 
128.16 
125.36 
122.74  
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σpLQZm2 =
πZ2e4

m2c4β4

(
1 − β2)

{

− 1 − 2
̅̅̅
2

√
a1(Z, β)+ 4

( ̅̅̅
2

√
a3(Z, β)+ a4(Z, β)

)

+
1
y
+ 2

̅̅̅
2

√
a1(Z, β)

/
̅̅̅
y

√
−

− 4
̅̅̅
2

√
a3(Z, β)

̅̅̅
y

√
− 4a4(Z, β)y − 2a2(Z, β)ln y+

8
3
̅̅̅
2

√
a5(Z, β)

(
1 − y3/2)

}

.

(25) 

Tables 6 and 7 show the results of σpLQZ, σpLQZm, and σpLQZm2 cal
culations for platinum (Z = 78, M = 195.09 amu) and gold (Z = 79, M =
197.00 amu) at Td = 36.0 eV. For comparison, the data of the numerical 
σpO calculations from (Oen, 1973) using exact MDCS, as well as the σpMF 
calculations in the McKinley− Feshbach approximation (McKinley and 
Feshbach, 1948) are also presented. Cross sections are given in barns. 

It follows that the expression (20) is not applicable to the ADCS 
calculations for atoms of heavy elements, except for cases of very high 
electron energies, where it gives a result close to that obtained by the 
numerical MDCS integration. Note, however, that at such high energies, 
the size of the nucleus already plays a role, which is not taken into ac
count in the MDCS calculations. As for the other methods, the results of 
applying the modified and twice modified methods, as well as the LQZ 
method itself, are in very good agreement with the results of precise 
calculations. 

To compare the accuracy of these methods, the average relative error 
was calculated: 

δ=
1
28
∑28

i=1

⃒
⃒σp(Ei) − σpO(Ei)

⃒
⃒

σpO(Ei)
.

As a result, we got: δLQZm = 0.68 %, δLQZm2 = 0.44 %, δLQZ = 0.67 % 
for platinum and δLQZm = 0.61%, δLQZm2 = 0.45 %, δLQZ = 0.67 % for 
gold. 

Thus, we can conclude that all three methods provide an average 
error of less than 1%. The highest accuracy for the considered elements 
on average in energies is provided by the twice modified LQZ method. 

4. Summary and conclusions  

• In the present work, an new exact representation for the normalized 
MDCS is proposed that reduces the calculation of the NMCS in terms 
of the Mott series FM(θ) and GM(θ) to its calculation in terms of FM(θ)
alone, exсluding the most slowly converging series in the NMCS 
computation.  

• Numerical results are obtained on the basis of the obtained formula 
and the following exact and approximate expressions for the 
normalized Mott cross section: i) the conventional Mott-exact ‘phase- 
shift’ formula (point-charge nucleus, no screening) (Mott, 1932), ii) 
the approximate Lijian− Qing− Zhengming expression (Lijian et al., 
1995), iii) the Johnson− Weber− Mullin formula (Johnson et al., 
1961), iv) the McKinley− Feshbach expression (McKinley and Fes
hbach, 1948), and v) the Mott− Born result (Mott, 1932).  

• An intercomparison of the obtained numerical results is presented in 
the range of nucleus charge number from Z = 13 to Z = 92 for 
electron energies from 0.005 MeV to 10 МeV and scattering angles 
over the range of 0− 180◦.  
• It is shown that while all the methods discussed give sufficiently 

accurate results for low-Z nuclei in the entire range of energies, the 
approximate Mott− Born, McKinley− Feshbach, and John
son− Weber− Mullin methods are not applicable for high-Z nuclei 
at the same energies.  

• The approximate Lijian− Qing− Zhengming method gives fairly 
accurate results in the entire range of charge numbers and electron 
energies, except for the area of low energies and high charge 
numbers.  

• The results of the rigorous methods considered are remarkably 
consistent.  

• The accuracy was estimated, and the range of applicability was 
established for the Lijian− Qing− Zhengming method, which gives 
the best approximation to rigorous results.  
• We managed to show that for Z < 90, this method can be applied 

with an error of less than 1%, in accordance with (Lijian et al., 
1995), but only over the θ range from 0 to 150◦ at high energies.  

• In the case of Z ≥ 90, the specified method can also be applied with 
the same error, however also only in the θ range of 0− 150◦ for high 
and medium energies.  

• Outside of the specified ranges, the error can increase up to 16 
percent (for Z = 92, 0.005 MeV) and even up to 70% (for Z = 92, 
10 MeV, and θ = 180◦).  

• Thus, we can conclude that both the rigorous method suggested in 
this work and the approximate Lijian− Qing− Zhengming method can 
be recommended for practical calculations of the normalized Mott 
cross section R(θ).  
• Although the second method has somewhat limited accuracy, its 

advantage compared to first method is the ability to perform 
integration with a given lower integration limit.  

• The advantage of the first method over the second one is its greater 
accuracy, as well as the possibility of its use beyond the applica
bility of the approximate method by Lijian, Qing, and Zhengming.  

• Therefore, each of these methods is preferred in its application 
area for relevant calculations of the NMCS.  

• Possible applications of the LQZ method for fitting Mott’s corrections 
and the 
atomic displacement cross sections by fast electrons are also 
considered.  
• The derivation of the analytical expression for the Mott correction 

in the LQZ technique (ΔLMLQZ) is given.  
• A comparison of ΔLMLQZ with some other representations of Mott’s 

correction is carried out. It is shown that the accuracy of ΔLMLQZ 
correction substantially exceeds the accuracy of the Mott correc
tion in the Matveev approximation (ΔLMMT) for small and medium- 
Z values.  

• A modification of the LQZ method (the LQZm method) is also 
proposed. The relative differences between the Mott correction 
calculated by the approximate LQZ, LQZm methods and the pre
cise VSTT method are evaluated.  

• A twice modified LQZ method (the LQZm2 method) has also been 
developed.  

• In addition, analytical expressions for the primary displacement 
cross sections by fast electrons are obtained on the basis of the 
modified, twice modified LQZ methods, and the LQZ method itself.  

• It is shown that the results of applying these three methods to the 
calculations of ADCSs are very well consistent with the results of 
their precise calculations. In the electron energy range considered 
for platinum and gold atoms, they provide an average error of less 
than 1%. The twice modified LQZ method has the highest 
accuracy. 
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Appendix A. Derivation of the formula for the normalized Mott cross section 

The derivation of the formula (15) in terms of F0(θ) and F1(θ) can be represented as follows. 
Substituting the expression for GM from (14) into (9) and taking into account (6), we have 

RM(θ)=
4sin2(θ/2)

η2

[
ξ2⃒⃒FM |

2
+ ​
⃒
⃒FM

′

|
2
]
=

4sin2(θ/2)
η2

[
ξ2⃒⃒F0 +F1|

2
+ ​
⃒
⃒F0

′

+F1
′

|
2
]
. (A1) 

After carrying out a number of transformations in (A.1), we can write it as 

RM(θ) =
4sin2(θ/2)

η2

[
ξ2(F0 +F1)(F0

* +F1
*)+ ​

(
F′

0 +F1
)
(F0

′ *
+F1

′ *
)
]
=

=
4sin2(θ/2)

η2

{
ξ2
⃒
⃒
⃒F0|

2
+ ​
⃒
⃒
⃒F0

′

|
2
+ ξ2

[
2Re

(
F1F*

0

)
+ |F1|

2
]
+ 2Re

(
F1

′F*
0

′)
+ |F1

′

|
2
}
,

⃒
⃒
⃒
⃒F0|

2
=

1
4
,

⃒
⃒
⃒
⃒F0

′

|
2
=

η2

4tan 2(θ/2)
.

Thus, we get as a result the following expression for the normalized Mott cross section: 

RKHV (θ) =RB(θ) + λ̃(θ)sin 2
(

θ
2

)

,

λ̃(θ) =
4
η2

{
ξ2
[
2Re

(
F1F*

0

)
+ |F1|

2
]
+ 2Re

(
F1

′

F*
0

′)
+ |F1

′

|
2
}
,

RZ(θ)=
4sin2(θ/2)

η2

[
ξ2

4
+ ​

η2

4tan 2(θ/2)

]

= 1 − β2sin 2(θ / 2) ≡ RB(θ). (A2) 

This normalized Mott cross section (A.2) can be calculated for instance by the Sherman method (Sherman, 1956). 

Appendix B. Twice modified Lijian− Qing− Zhengming method 

Section 3.1 shows that the use of the LQZm method reduces the error in calculating the Mott correction in comparison with the LQZ method in 
some cases. However, when using the LQZm method, only 24 parameters are calculated for each chemical element. As a result, the error in calculating 
the Mott cross section by this method can be higher than when using the unmodified LQZ method. 

Let us сonsider a method that can be called the twice modified LQZ method (LQZm2 method). In this case, we will use the NMCS fitting formula of 
the form: 

RLQZm2

(

θ,Z,E

)

= 1 +
∑5

j=1
aj(Z,E)(1 − cos θ)j/2, aj

(

Z,E

)

=
∑6

k=1
dZ(j, k)(β − β

)k− 1

, β = 0.6682692. (B1) 

In this way, the correct asymptotics for θ → 0 is ensured and 30 fitting coefficients dz(j, k) are used for each element, as in the LQZ method, instead 
of 24 coefficients. 

To test the LQZm2 method, we calculate parameter values for elements with Z = 70, 81, 83 and 88. As for the LQZm method, we use a value β =

0.6682692 that is different from β value in (13) due to a different partition of the velocity interval for which the approximation is performed. As a 
result, the following values are obtained for the parameters in the LQZm method (Table B1) and in the LQZm2 method (Table B2).  

Table B1 
Coefficiens dz(j, k) for the modified Lijian− Qing− Zhengming fitting formula.  

Z = 70 

j/k 1 2 3 4 5 6 

1 
2 
3 
4 

− 0.117097 
2.115626 
− 1.613745 
0.170306 

1.590253 
1.045715 
− 2.089075 
− 0.323641 

2.100864 
− 10.010708 
10.203722 
− 3.546846 

− 17.930588 
52.239196 
− 42.377089 
10.193186 

8.231681 
2.973975 
− 29.896816 
16.852913 

81.723154 
− 276.776871 
261.057158 
− 73.634195 

Z = 81 
j/k 1 2 3 4 5 6 

1 
2 
3 
4 

− 0.286297 
2.049489 
− 0.642491 
− 0.333937 

0.202209 
6.944500 
− 6.211913 
− 0.042929 

6.715470 
− 23.437792 
22.701869 
− 7.635192 

− 4.527384 
− 17.655068 
48.086061 
− 23.627474 

− 26.697815 
147.514284 
− 197.176984 
75.439762 

28.340698 
− 1.297584 
− 104.539343 
67.117769 

Z = 83 
j/k 1 2 3 4 5 6 

1 
2 
3 
4 

− 0.295129 
1.897427 
− 0.285968 
− 0.486802 

− 0.149815 
8.122841 
− 6.776373 
− 0.145317 

7.509213 
− 25.252749 
24.107223 
− 8.081800 

− 0.141828 
− 37.360225 
71.805643 
− 32.109415 

− 34.752023 
178.242481 
− 230.941099 
86.830333 

10.832988 
77.814789 
− 202.411330 
103.156404 

(continued on next page) 
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Table B1 (continued ) 

Z = 70 

j/k 1 2 3 4 5 6 

Z = 88 
j/k 1 2 3 4 5 6 

1 
2 
3 
4 

− 0.266864 
1.252624 
0.919089 
− 0.970317 

− 1.086932 
10.746192 
− 7.291868 
− 0.859607 

9.066972 
− 27.599468 
25.076862 
− 8.376039 

13.178267 
− 94.044275 
137.912154 
− 55.244544 

− 55.323832 
253.003571 
− 310.181533 
112.805746 

− 41.953018 
305.867615 
− 476.915000 
202.331290   

Table B2 
Coefficiens dz(j, k) for the twice modified Lijian− Qing− Zhengming fitting formula.  

Z = 70 

j/k 1 2 3 4 5 6 

1 
2 
3 
4 
5 

− 0.007282 
1.431259 
− 0.237090 
− 0.941892 
0.3133138 

− 0.330475 
13.015653 
− 26.167469 
19.129275 
− 5.476952 

7.951533 
− 46.471966 
83.548176 
− 62.801776 
16.683174 

15.554740 
− 156.440748 
377.397686 
− 328.942541 
95.483370 

− 48.045321 
353.691213 
− 735.389863 
586.820219 
− 160.473800 

− 89.362043 
789.422924 
− 1883.680712 
1659.097930 
− 487.849225 

Z = 81 
j/k 1 2 3 4 5 6 

1 
2 
3 
4 
5 

0.096814 
− 0.338052 
4.160220 
− 4.214043 
1.092441 

− 2.204374 
21.942278 
− 36.381026 
24.330674 
− 6.862367 

9.981497 
− 43.791614 
63.645050 
− 40.713158 
9.313073 

44.211996 
− 321.397985 
659.086869 
− 517.254570 
138.980280 

− 78.485094 
470.251653 
− 846.386505 
599.935650 
− 147.671362 

− 216.454163 
1524.259479 
− 3173.307523 
2546.373292 
− 698.032239 

Z = 83 
j/k 1 2 3 4 5 6 

1 
2 
3 
4 
5 

0.149837 
− 0.875590 
5.292156 
− 4.993365 
1.268819 

− 2.488075 
22.694832 
− 36.088986 
23.536321 
− 6.667544 

9.539049 
− 37.902647 
49.553407 
− 28.639753 
5.788074 

48.739025 
− 341.984796 
684.579962 
− 527.169330 
139.383689 

− 79.319061 
455.983441 
− 789.637094 
538.200411 
− 127.082853 

− 234.643058 
1607.616983 
− 3279.718900 
2589.310894 
− 699.974638 

Z = 88 
j/k 1 2 3 4 5 6 

1 
2 
3 
4 
5 

0.336236 
− 2.505887 
8.479606 
− 7.078453 
1.719740 

− 2.958256 
22.408245 
− 30.750931 
18.092953 
− 5.336077 

6.926453 
− 14.259792 
− 1.756857 
13.302903 
− 6.103687 

56.793358 
− 365.852719 
684.674465 
− 496.973407 
124.368378 

− 71.294719 
352.533846 
− 510.393869 
274.557143 
− 45.540965 

− 263.026130 
1683.591176 
− 3248.305419 
2441.335542 
− 630.389703  

To compare the accuracy of the LQZ, LQZm, LQZm2 methods, we recalculated the coefficients dz(j, k) from (13) for elements with Z = 70, 81, 83, 
and 88, since these coefficients are given in (Lijian et al., 1995) with typos (see, e.g. (Jun et al., 2009)). First, we found five aj(Z, β) coefficients for each 
value of the relative velocity β from a certain interval using the least squares method. In contrast to (Lijian et al., 1995), we did not consider the energy 
interval, but the interval of relative velocities, since exactly this value, and not the energy, is included in the formulas for the NMCS. When considering 
26 β values of from the range from 0.1 to 0.999, we calculated 26 values of the aj(Z, β) coefficients. Then we found six dz(j, k) values for each aj(Z, β)
using the least squares method. As a result, we obtain 30 dz(j, k) values for each given Z, as in (Lijian et al., 1995) and (Boschini et al., 2013) These 
coefficients are presented in Table B3.  

Table B3 
Coefficiens dz(j, k) for the Lijian− Qing− Zhengming fitting formula.  

Z = 70 

j/k 1 2 3 4 5 6 

0 
1 
2 
3 
4 

1.010882 
− 0.202571 
2.313632 
− 1.789798 
0.223441 

− 0.090371 
2.300050 
− 0.598580 
− 0.627081 
− 0.764889 

0.150291 
0.920433 
− 7.276158 
7.772348 
− 2.813028 

1.527942 
− 29.931479 
80.040084 
− 67.095730 
17.653578 

− 1.938665 
23.458506 
− 32.300008 
1.466389 
7.387109 

− 7.280354 
138.905128 
− 409.242835 
378.836800 
− 109.181549 

Z = 81 
j/k 1 2 3 4 5 6 

0 
1 

1.037813 
− 0.583293 

0.003422 
0.175331 

− 0.370637 
9.626561 

0.536148 
− 8.738443 

0.635975 
− 31.692940 

− 3.927775 
59.190559 

(continued on next page) 
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Table B3 (continued ) 

Z = 70 

j/k 1 2 3 4 5 6 

2 
3 
4 

2.737501 
− 1.254224 
− 0.149308 

7.006764 
− 6.267274 
− 0.026221 

− 30.181535 
28.697942 
− 9.444881 

− 7.899862 
39.412401 
− 21.009656 

159.085834 
− 207.465612 
78.544998 

− 72.763401 
− 40.996844 
47.939856 

Z = 83 
j/k 1 2 3 4 5 6 

0 
1 
2 
3 
4 

1.029074 
− 0.523482 
2.426423 
− 0.756315 
− 0.344846 

− 0.046521 
0.215570 
7.276400 
− 6.023777 
− 0.372460 

− 0.246270 
9.443489 
− 29.733630 
28.091314 
− 9.284248 

1.189134 
− 9.481625 
− 15.723945 
52.568149 
− 26.303301 

0.477234 
− 38.500352 
186.925741 
− 238.661658 
89.160493 

− 5.480766 
53.880486 
− 21.907692 
− 113.744945 
76.395792 

Z = 88 
j/k 1 2 3 4 5 6 

0 
1 
2 
3 
4 

1.034780 
− 0.540038 
1.885451 
0.356422 
− 0.800497 

0.004077 
− 1.118956 
10.820377 
− 7.357828 
− 0.839699 

− 0.465651 
12.724330 
− 36.071988 
32.610046 
− 10.649647 

0.484244 
9.374875 
− 85.233457 
130.078180 
− 52.880154 

2.220917 
− 72.767548 
293.413137 
− 346.110945 
123.649688 

− 2.340048 
− 23.573612 
263.290462 
− 439.058319 
190.905675  

Let us present the arithmetic mean of the relative error for the considered elements using the LQZ, LQZm, and LQZm2 methods (Table B4). For 
comparison, we also give the ER arithmetic mean obtained by the LQZ method using the parameters from (Boschini et al., 2013) (ER,%).  

Table B4 
Arithmetic mean of the relative error ER for elements with Z = 70, 81, 83, and 88.  

Z 70 81 83 88 

〈ER〉,%  0.55 0.95 1.04 1.26 
〈ER〉LQZ,%  0.40 0.78 0.85 1.08 
〈ER〉LQZm,%  0.43 0.84 0.93 1.16 
〈ER〉LQZm2,%  0.30 0.42 0.44 0.52  

Table B4 shows that the modified LQZ method did not lead to an increase in accuracy compared to the conventional LQZ method for the considered 
elements, although it gave a higher accuracy than the LQZ method with parameters from (Boschini et al., 2013). The twice modified LQZ method 
provided the highest accuracy in calculating the NMCS. 

The relative deviations of the Mott correction calculated using the twice modified LQZ method from ΔLM correction calculated by summing the 
series according to (Voskresenskaya et al., 1996) are also less in most cases than when using the LQZ and LQZm methods (Table B5). In this Table, 
relative deviations exceeding 10 percent are highlighted.  

Table B5 
Relative deviations of the Mott corrections ΔLMLQZ, ΔLMLQZm, and ΔLMLQZm2 from the 
correction ΔLMVSTT .  

β/Z 90 100 

0.3 δLQZ ¼ 19.8 δLQZm = 4.00 
δLQZm2 = 1.57  

δLQZ ¼ 34.3 δLQZm ¼ 25.0 
δLQZm2 = 2.72  

0.4 δLQZ = 0.58 δLQZm = 1.04 
δLQZm2 = 7.29  

δLQZ = 3.76 δLQZm = 4.11 
δLQZm2 = 6.71  

0.6 δLQZ ¼ 11.8 
δLQZm = 5.57 
δLQZm2 = 2.39  

δLQZ = 2.06 δLQZm = 0.64 
δLQZm2 = 6.34  

0.7 δLQZ ¼ 13.2 δLQZm = 6.13 
δLQZm2 = 0.86  

δLQZ = 6.17 δLQZm = 3.82 
δLQZm2 = 2.91   
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