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Abstract—A comparative study of the total Mott and Bloch correction and the Lindhard—Serensen correc-
tion in the point nucleus approximation to the Bethe stopping formula is performed for the ranges of a gamma
factor 1 < y < 10 and the ion nuclear charge number 6 < Z < 114. It is shown that the accurate calculation of
the Mott—Bloch correction based on the Mott exact cross section using a method previously proposed by one
of the authors gives excellent agreement between its values and the values of the Lindhard—Serensen correc-
tion in the Y and Zranges under consideration. It is also demonstrated that the results of stopping power cal-
culations obtained by the two above-mentioned rigorous methods provide the best agreement with experi-
mental data in contrast with the results of approximate methods, such as the methods of Ahlen, Jackson—

McCarthy, etc.
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INTRODUCTION

Research on the penetration of heavy ions in a
material and the material stopping power is of great
applied interest in the field of materials and surface
science, radiation medicine and biology, as well as for
medical, nuclear and aerospace engineering (in par-
ticular, in ion-beam therapy, ion implantation, ion
beam-analysis, and ion-beam modification of materi-
als) [1, 2].

Electronic stopping of a point relativistic heavy ion
in solids is described by the relativistic version of the
Bethe formula [3] that is obtained in the first-order
Born approximation. This formula, taking into
account the density effect, reads

dE E ) S
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or, in units MeV g~! cm?, it can be rewritten as follows:

m

(1)

In these equations, x denotes the distance traveled
by a particle; L is the so-called “stopping number” and

L, denotes the “Bethe logarithm”; E,, is the maxi-
mum transferrable energy to an electron of mass m and
classical radius r = ez/ (mcz) in a collision with the

particle of velocity Bc; I is the effective ionization
potential of the absorber atoms; Z is the charge number

of incident nucleus; 8/ 2 describes the density effect cor-
rection of Fermi; and N, is the electron density of a
material that is either measured in electrons/g
(N, = NoZ'/ A) or in electrons/cm* (N, = N,pZ'/ A),
where p is density of a material in g cm” , N 5 denotes the
Avogadro number, Z' and A refer to the atomic num-
ber and weight of the absorber [4, 5].

The above expressions are applicable if Z oc/ B<1,
where o is the fine-structure constant. If this condi-
tion is not satisfied, the Bloch correction ALg [6] to
the L, and the Mott correction ALy, based on the Mott
exact cross section [7] are also introduced:

ALy = () — Rey(l + iZo/P)
with the digamma function y and

~ E,
ALy = % j E[(ZT‘;)M - (ZTC;)FJdE. )

Here, € is some energy above which the atomic
electron binding energy may be neglected, and

(dG/dE)M(FB) are, respectively, the Mott and Born
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expressions for the scattering cross section of electrons
on nuclei. Switching in the expression (2) from inte-
gration over the energy F transferred to an electron to
integration over the center-of-mass scattering angle 6,
we can rewrite (2) in the form

ALy =2m NEE’”

< 1), ~(E52), Jon G

where 0, denotes the scattering angle corresponding to
€ and Q is the scattering cross section solid angle.

In the range vy < 10, the stopping power is well-
described by (1) including the stopping number

L = L, + AL with the sum of the above corrections,

The importance of this total “Mott—Bloch correc-
tion” was shown, in particular, for the interpretation of
the experiment at the GSI/SIS accelerator (y ~ 2) [8]
and other experiments (e.q. [9—11]).

The Mott correction was first observed experimen-
tally by Tarle and Solarz [12] and later measured with
greater precision by Salamon et al. [13]. It was first cal-
culated by Eby and Morgan [ 14, 15] by numerical inte-
gration of (2) for several values of Z and 3. These cal-
culations demonstrated the significance of Mott’s cor-
rection to the Bethe—Bloch formula for incident
nuclei with Z = 20.

Since the expressions (2) and (3) for AL, are
extremely inconvenient for practical application, the

analytical expressions for AL, in the second' and third
order Born approximations were also proposed [15]
based on the relevant approximate McKinley—Fesh-
bach and Johnson—Weber—Mullin results for the
Mott exact cross section [17, 18]. A closed third-order

Born expression for AL,; was also obtained by Ahlen
[19], and several other approximate expressions were
proposed for this correction (see e.g. [20]). The draw-
back of these approximate expressions is their
restricted range of application, roughly estimated by
the relation Z/B <100, and the essentially uncertain
accuracy. Moreover, the incorrect threshold (in the
limit B — 0) behavior of these expressions precludes
their use for calculating the total ranges of relativistic
heavy ions in matter. Therefore, obtaining convenient
rigorous expressions for corrections to the Bethe loga-
rithm is very important.

In 1996 it was shown that computing the integrals (2),
(3) can be reduced to a summing the fast converging
infinite series whose terms are bilinear in the Mott
partial amplitudes and a question was raised regarding
the choice of an efficient method for numerical sum-

3

I This result has been previously obtained by Jackson and
McCurthy [16].
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mation of these series [21]. In the same year, Lindhard
and Serensen proposed a correction to the Bethe
equation, taking into account a finite size of the pro-
jectile nucleus at ultrarelativistic energies (7y 2 10) [22]
and their prediction of the finite nuclear size effect was
confirmed at the CERN/SPS accelerator with the
160 GeV/u Pb beam (y = 168) [23]. As in the previous
period approximate methods for calculating the Mott
correction became widespread (the Jackson—McCurthy,
Ahlen methods and others), the Mott correction
began to be identified with its approximations and an
opinion began to form about the “approximate
nature” of this correction, as well as about replacing
the total Mott—Bloch correction with “more precise”
correction of Lindhard and Serensen [22, 24, 25].

In this work, we will carry out a numerical investi-
gation which shows that at moderately relativistic
energies (Y < 10), when a projectile can be considered
as a point-like particle, the method based on calculat-
ing the Mott-exact cross section and the Lindhard—
Sgrensen method give completely coinciding results,
while the results of approximate methods for calculat-
ing the Mott corrections and stopping power differ sig-
nificantly from these results. The outline of this paper
is as follows. We first consider the formulas that used
later in the calculation of the corrections to the Bethe
sopping power (Section 1). Then we present numeri-
cal results for these corrections (Sections 2—4) and the
stopping power (Section 5) based on them. Finally, we
short summarize our findings.

This paper is devoted to the memory of Alexan-
der Tarasov, who owns a decisive contribution to the
work [21].

1. BASIC FORMULAE

The Mott corrections were calculated by us with
the aid of the method [21] and using the approxima-
tions of Jackson and McCurthy (second Born approx-
imation) [16], Morgan and Eby (third-order Born
approximation) [15], Ahlen [19], and Matveev [20].

The second-order Born approximation to the Mott
correction obtained by Jackson and McCurthy [16]
and independently by Morgan and Eby [15], based on
the approximate McKinley—Feshbach results for the

Mott-exact cross section (d(s/ dE )MMF [17], reads
N,
ALy =5* | E{("—") —("—G) }dE
C 9 dE/mvr  \dE/rs (5)
1
=-mo~Z.
5 p

From the approximate Johnson—Weber—Mullin
results for the Mott-exact cross section (dG/ dE )M WM
[18], Morgan and Eby [15] obtained the following
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closed analytical form for the third-order Born
approximation to the ALy,:

|:(dE)MJWM (Z_E)FJ a®

= 5{mBZ +(0Z) (6)
x[1/3+1+ B {n’ (3/4 - In2) + 0.5((3) - 3)} ]}

Here {(3) is the Riemann Zeta function.

m

ALyvgs = % I
0
1

Ahlen [19] has taken advantage of the Z 7 expansion
derived by Curr [26] for the Mott cross section to
obtain an analytical expression for the Mott correc-

tion. The form recommended by Ahlen for ALy, is as
follows:

ALy, = %nBZ {[1.725 + 0.52m cos ]

+ M[3.246 — 0.451B%] +1’[0.987 + 1.552p°]
+ M'[-2.696 + B*(4.569 — 0.494p%)]

+ N [-1.170 + B?(0.222 + 1.254B2)]},
T(1/2 — imI'(1 + in)
r1/2+imI-im)’
n=Zo/p.

The function cosy is defined by Doggett and
Spencer [27] and is tabulated in [28] for various values
ofm.

(7)

cosy = Re

An another convenient approximate expression for
ALy, (with restriction Z< 92 and y< 10) is proposed by

Matveev [20]:
ALyyr =In [f(Z, B)],
F(Z,B) = 1+{0.222592B — 0.042948p
+(0.6016 +5.15280p ~3.73203p) zaw &)

2
— (0.52308 +5.71287B - 8.11358p°) (Z)’} .

The problem of calculating the Mott correction to
all orders in Zo, was solved by authors of [21] for the
limit e —0,

mC2B2
ALyystr = m
Em
x lim E[(d—") —(@) JdE,
e=0 . dE /v dE /B

where AL,, was expressed in terms of the rapidly con-
verging series,
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The Lindhard—Serensen correction was derived by
authors [22] using the exact solution to the Dirac
equation with spherically symmetric potential. For
pointlike nuclei, it can be represented as [24]

AL ¢ = 11 ;k[ - sm (Sk S )+ k ':11
2 2
><sin2(8_ -0, )+ n —n—},
CT @k - ng D K 10y

& = @ —argl'(p, +1+im) +g(1 —Pi)>
e2i(pk — k_lg l: k: k>09
P —im’ —k -1, k<0.
Here, 9, is the Coulomb phase shifts and v is iden-

-1/2
tical to the usual Lorentz factor y = (1 - Bz) .

The effect of finite nuclear size appears as a modi-
fication to the Coulomb phase shifts §, in (11).
If we represent the Bloch correction as a series [22],

( k 1
AL, = = (11)
’ kz—:‘[k2+n2 k]

we can write the difference between the Lindhard—
Sorensen and Bloch corrections as follows:

B 1w [k—l .
AL g ="+—=) k| Z=——sin"(d, — J,_
58 2kn2; oSG — )
+1 2
+ o, —6_,_ 12
2k+151n( k k-1) (12)

N n o }
@k =Dk +nY) K+

2. NUMERICAL RESULTS
FOR THE LINDHARD—-SORENSEN
AND MOTT—BLOCH CORRECTIONS

The numerical values of the A; ¢ and ALy, correc-
tions were found by us by the methods [22] and [21]
over the Z and [ ranges 6 < Z< 114 and 0.150 < B <
0.995 using the Wolfram Mathematica computing sys-
tem. These results were also compared with the total
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Fig. 1. Lindhard—Segrensen correction (A) in the point
nucleus approximation and the Mott—Bloch correction
obtained by the VSTT (B), MT (C), and ME (D) methods
overthe range 0.15< <0.995 for Z=6 (a), 52 (b), and 92 (c).
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Fig. 2. Dependence of the relative difference dAL between
the Lindhard—Sgrensen and Mott—Bloch corrections on
the upper summation limit N (for Z= 118, = 0.6).

Mott—Bloch correction computed in [15] by numeri-
cally integrating the Mott cross section (see Table 1
and Fig. 1).

As can be seen, there is a remarkable agreement
between the Lindhard—Serensen correction and the
total Mott—Bloch correction obtained by the method
[21]. In both cases, the summation was carried out up
to k£ = 5000. Since both results are based on the solu-
tion of the Dirac equation in the Coulomb field, this

agreement is explainable?.

For a number of values of Zand 3, there are signif-
icant differences in the corrections ALygysrr and
ALypve > Which was already noted in [29]. The coinci-
dence of the calculation results for AL; g and ALygystr

suggests that these discrepancies are related to the
typos or computational errors in [15].

The dependence of the AL, ¢ correction on the
v factor in Fig. 1 exactly corresponds to the same
dependence presented in [22].

3. RELATIVE DIFFERENCE
BETWEEN THE LINDHARD—-SORENSEN
AND MOTT—BLOCH CORRECTIONS

We also evaluated the relative difference SAL
between the Lindhard—Serensen and Mott—Bloch
corrections,

OAL = ALMBVZTT ~ALis 100%,
S

2 The authors of [21, 22] essentially consider one and the same
integral (4) [21], proportional to the difference of transport cross
sections (8) from [22], which is taken in different ways in these
works. Since this integral is the difference of two diverging inte-
grals, the result depends on the method of its finding. As a
result, the authors of [21] get only the Mott correction, which
must then be summed up with the Bloch correction, while the
authors of [22] immediately get this sum.
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Table 1. Lindhard—Sgrensen (AL, g) correction in the point nucleus approximation and the Mott—Bloch (AZLyg) correc-
tion obtained by the VSTT, MT, and ME methods over the Zand 3 ranges 6 < Z< 114 and 0.85< 3 <0.99

B/z 6 12 26 36 52

0.85 |ALg=0.059 AL =0.120 ALy =0.267 ALy s=0.377 AL =0.562
ALMBVSTT =0.059 ALMBVSTT =0.120 ALMBVSTT =0.267 ALMBVSTT =0.377 ALMBVSTT =0.562
ALMBMTz 0.061 ALMBMT =0.110 ALMBMT =0.258 ALMBMT =0.380 ALMBMT =(0.583
ALypye=0.065 | ALyypygg=0.125 ALypye="0269 |ALygye=0379 | ALypye=0.564
ALMBVSTT =0.063 ALMBVSTT =0.128 ALMBVSTT =0.288 ALMBVSTT =0.411 ALMBVSTT =0.621

0.95 |AL = 0.067 AL =0.136 AL;g=0.309 ALy =0.443 AL, = 0.676
Al’]\/[BVSTT 0.067 ALl\’[BVSTT 0.136 ALMBVSTT 0.309 ALl\/[BVSTT 0.443 ALIV[BVSTT 0.676
ALy =0.073 | ALyyy=0.143 ALyne=0313 | ALyige = 0443 | ALyyye = 0.675

0.97 |AL s=0.068 ALLs=0.139 AL s=0.317 ALy s = 0.455 ALys = 0.698
AL’]\’[BVSTT 0.068 ALMBVSTT 0.139 ALMBVSTT 0.317 ALMBVSTT 0.455 ALMBVSTT 0.698
ALygage = 0.076 | ALyyppgr =0.119 ALypyir =0.288 | ALypyr=0443 | ALypyr= 0723

0.99 |AL s=0.070 ALy s=0.142 ALy =0.325 AL, = 0.467 AL s=0.718

B/z 60 80 92 104 114

0.85 |AL = 0.659 ALLs=0.903 ALy s = 1.040 AL s = 1.145 AL s = 1.170
ALMBVSTT = 0659 ALMBVSTT =0.903 ALMBVSTT = 1.040 ALMBVSTT = 1.145 ALMBVSTT =1.170

0.90 |AL =0.733 ALy = 1.024 AL = 1196 ALy s = 1338 ALLs = 1.392
ALMBVSTT =0.733 ALMBVSTT 1.024 ALMBVSTT 1.196 ALMBVSTT 1.338 ALMBVSTT 1.392
ALyne = 0736 | ALygug = 1,033 Alyoue = 1202 | Ay = 1343 | ALypaye = 1,392

0.95 |AL.g=0.802 AL = 1.140 AL, = 1.345 AL = 1.527 AL = 1.614
ALMB\/STT 0.802 ALMBVSTT = 1.140 ALMB\/STT =1.345 ALMBVSTT = 1.527 ALMBVSTT = 1614
ALygne = 0.804 | ALygyg = 1148 ALyone = 1354 | ALy = 1534 | ALygage = 1613

0.97 |ALLs=0.829 AL, = 1.184 ALy = 1.404 AL, s= 1.601 AL, s=1.702
ALMB\/STT 0.829 ALMBVSTT = L1184 ALMB\/STT = 1.404 ALMBVSTT = 1.601 ALMBVSTT = 1.702
ALy <0831 | Ay = 1196 Alyoe = 1419 | AlLygue = 1723 | Alyypue = 1723

0.99 |AL,g=0.855 ALjg=1.228 AL;g= 1.461 AL g=1.675 ALy = 1.789
ALMB\/STT =0.855 ALMBVSTT =1.228 ALMB\/STT = 1.461 ALMBVSTT = 1.675 ALMBVSTT = 1.789
ALy = 0.889 | ALygp = 1262 Alygue = 1506 |ALygug = 1719 | Alypue = 1.825
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We also examined how closely the difference 0.50 |- ) 7'7]1?
between the Lindhard—Serensen and Bloch correc- 025 - /A{/l'
tions AL; s_g coincides with the Mott correction ALy, ' A
Icul h hod [21], which 0 ol
calculated by the method [21], which does not use E3 00l 0.1 ] 10y

perturbation theory. In calculating the corrections (12)
and (9), summation to k£ = 5000 was performed using
the Wolfram Mathematica CAS. Table 2 shows the
results of these calculations for uranium (Z = 92). It

can be seen excellent agreement between the AL ¢ g
and ALysrr corrections with an accuracy of 6 signif-
icant digits. Thus, AL, ¢ g is close to the exact in Za
correction AL, and not to its linear approximation
(5) as stated in some references.

Figure 4 shows the values of these corrections, as
well as the Mott correction calculated by the approxi-
mate methods of Jackson and McCurthy (ALyjm),

PHYSICS OF PARTICLES AND NUCLEI LETTERS

Fig. 4. Difference between the Lindhard—Sgrensen and
Bloch corrections (A) in the point nucleus approximation
and the Mott correction obtained by the VSTT (B), JM
(C), ME (D), and A (E) methods over the range 0.0500 <
B <0.9999 for Z= 6 (a), 52 (b), and 92 (c).

Morgan and Eby (A Ly\g3), and Ahlen (AL, ) over the
range 0.0500 < 3 <0.9999 for a number of elements.

Figure 4a shows that for small Z, all approxima-
tions give a result close to that obtained in [22]. How-
Vol. 18
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Table 2. Difference between the Lindhard—Serensen correction in the point nucleus approximation and the Bloch correc-
tion, AL g_g (12), as well as the Mott correction (9) obtained by the VSTT method for Z= 92 over the J range 0.1 < <0.9

B 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
AL 0.0372735 | 0.139856 | 0.293763 | 0.485402 | 0.703029 | 0.936563 | 0.177409 | 1.418710 | 1.655487
ALyvstr 0.0372735 | 0.139856 | 0.293763 | 0.485402 | 0.703029 | 0.936563 | 0.177409 | 1.418710 | 1.655487

ever, at medium and high values of Z, the method of
Jackson and McCarthy gives very underestimated val-
ues of Mott’s correction (Figs. 4b and 4c). The
method of Morgan and Eby provides the best result for
small Z. However, as can be seen from Fig. 4, this
method gives the incorrect behavior of the Mott cor-
rection at small B values, which is especially noticeable
at medium and high Z values. Equation (6) also pre-
dicts a nonzero value of Mott’s correction when [3
tends to zero. Ahlen’s approximation gives a correc-

tion, ALy, that is less than AL g correction by 8%

at Z = 52 (Fig. 4b) and more than AL ¢ by 4% at
Z =92 and B = 0.9999 (Figs. 4c), which is consistent
with the conclusions of [21]; in other words, AL,,, has
uncertain accuracy. At low energies, this approxima-
tion leads to non-physical negative values of ALy,
according to performed calculations. So, for example,
while ALyystr = AL g_g = 0.125079 for Z =52 and
B = 0.2, the corresponding AL,,, value is —0.772283.
Thus, the obtained results confirm the conclusion of
[21] about the incorrect behavior of some approxi-
mate results for Mott’s corrections at § — 0, as well
as about their limited range of applicability and uncer-
tain accuracy.

6.5- i s A
- —eo—B
e 6.0 C
2 &/\; v-D
Py ¥ —e—E
g 5.5+ \
S
= 50¢ \5
g 45}
~
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T 40} &
2 4
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Fig. 5. Tonization losses of relativistic (f = 0.839) Xe particles
in the Be, C, Al, Cu, and Pb targets (left to right): experimen-

tal (A) and calculated values with the corrections AL; g (B),
ALypystT (O, ALMpa (D), and ALyigyy (E).
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5. NUMERICAL RESULTS
FOR STOPPING POWER

To compare various methods for calculating stop-
ping power between each other and with experiment,

we calculated the quantity S(E)=-dE / (pdx) (1)
with the stopping numbers [, and L =L, + AL,
where the AL means the total Mott—Bloch correction

ALyp (4)3, calculated using formulas (5), (7)—(9), and

the Lindhard—Segrensen correction AL; ¢ (10) (Tables
3.1, 3.2 and Fig. 5).

The results of calculations from [8] in the first-
order Born approximation (third column) and based
on the Mott exact cross section (seventh column),
when they are different from our results, are given in
brackets.

Tables 3.1 and 3.2 show that the results obtained by
the method [21] are close to those obtained in [8] by
integrating the Mott scattering cross section. Since the
calculations by the latter method are much simpler,
this demonstrated the efficiency of using this method
instead of the standard method of integrating the
Mott-exact scattering cross section in the case when
the lower integration limit tends to zero. Table 3 also
demonstrates that the results obtained by the latter
method coincide with the results of calculating the
stopping power by the method of Lindhard and
Sgrensen up to the seventh significant digit. It is also
obvious from it that the results obtained by these
three methods [8, 21, 22] and the Matveev method
are consistent with the experimental ones within the
experimental error, whereas the Ahlen and Jackson—
McCarthy methods give understated values in com-
parison with the experiment (see Table 3.1 and Fig. 5).

The results obtained confirm the conclusions
made in [15] that the Bethe formula gives a large
error in the computing the ionization losses by heavy
ions in solids.

SUMMARY AND CONCLUSIONS

* In this work, numerical implementation of the
VSTT method [21] based on the calculation of the
Mott exact cross section is given and the preference for
using this method instead of the standard method of

3The “Mott—Bloch—Ahlen correction” [24] was calculated
according to [30] to ensure its correct comparison with the
Mott—Bloch correction calculated by other methods.

No.3 2021



274

KATS et al.

Table 3. Electronic stopping power S(E) in MeV cm? mg~', calculated without AL, with the total Mott—Bloch corrections
ALyigims ALvga > ALyigmt> and ALygystr, as well as with the Lindhard—Serensen correction AL; g, in comparison with
experimental data from [8]

3.1. Low-Z particles

Projectile | Target So SMBIM SMBaA SMBMT SMBVSST Sis Experiment
Be 0.125035 0.125933 0.126061 0.126004 0.126022 0.126022 | 0.125 £ 0.002
120 C 0.137066 0.138077 0.138220 0.138156 0.138178 0.138178 | 0.138 = 0.004
?gozl\gz\l/g)l Al 0.122963 0.123937 0.124076 0.124014 0.124035 0.124035 | 0.123 £ 0.004
Pb 0.082791 0.083591 0.083705 0.083655 0.083671 0.083671 | 0.084 £ 0.002
Be 0.573850 0.582735 0.585039 0.583828 0.584732 0.584732 | 0.578 £ 0.016
C 0.628435 0.638435 0.641029 0.639665 0.640683 0.640683 0.640£0.019
?gAr (0.629)
?gs l\(/)[%\;{tl; Al 0.568963 0.578608 0.581110 0.579794 0.580776 0.580776 | 0.584 +0.019
' Cu 0.494021 0.503157 0.505526 0.504280 0.505210 0.505210 | 0.494 +0.016
Pb 0.386315 0.394237 0.396292 0.395211 0.396018 0.396018 | 0.389 = 0.012
3.2. Medium-Z particles
Projectile | Target So SMBIM SMmBa SmBMT SMBVSST Sis Experiment
86
36Kr 2.43738
900 MeV/u |Be 2.34572 2.40567 2.43801 2.43794 ('2 438) 2.43738 2.432 +0.037
(B =0.861) )
Be 5.48721 5.65418 5.70788 5.82166 5.81012 5.81012 5.861 = 0.076
(5.812) (5.812)
36 C 6.01291 6.20084 6.26128 6.38934 6.37635 6.37635 6.524 +0.084
54 Xe (6.014) (6.378)
Zg()zl\geg\;/;; Al 5.40984 5.59110 5.64940 5.77291 5.76038 5.76038 5.806 £ 0.121
' (5.404) (5.755)
Cu 4.70236 4.87404 4.92926 5.04624 5.03438 5.03438 5.077 £ 0.066
(4.703) (5.036)

integrating the Mott cross section is demonstrated for
the case when the lower integration limit tends to zero.

+ Using the latter result, the Mott correction
(ALy;) and the total Mott—Bloch corrections were

computed for the ranges of a gamma factor of approx-
imately 1 <y < 10 and the ion nuclear charge number
6<Z<114.

* The Lindhard—Segrensen corrections in the point
nucleus approximation and also the difference
between the Lindhard—Sgrensen and Bloch correc-
tions (AL g ) were also calculated in the y and Z
ranges under consideration.

« It is shown that the difference between the Lind-
hard—Serensen and Bloch corrections and the Mott

PHYSICS OF PARTICLES AND NUCLEI LETTERS

correction obtained by the exact in Zoo VSTT method
coincide up to the seventh decimal digit over the range
of approximately 1 Sy < 15.

* In contrast by the two above-mentioned rigorous
methods, the approximate methods have a very lim-
ited range of applicability and either (i) give a large dif-

ference in the AL,; values (as, for example, the Jack-
son—McCarthy method in the y range about from 1.01
to 15), or (ii) have an incorrect threshold behavior
(e.q. the Morgan—Eby method in the y range from 1
to 2), or (iii) are characterized by an uncertain accu-
racy (for example, Ahlen’s method in the y range
about from 1.01 to 15, which also gives non-physical
negative values at y less than 1.01) for medium- and
high-Z ions. For low-Z ions, these methods give the
Vol. 18
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AL, values rather close to those obtained by rigorous
methods.

» Calculation of the total Mott—Bloch correction
(ALyg) by the VSTT methods and the Lindhard—

Serensen correction (AL, g) over the ¥ and Z ranges
0.01 £y-1<10and 6 £ Z< 114 gives excellent agree-
ment. The relative difference between these two cor-
rections is less than 0.1% at the upper summation limit
N >600.

* We also showed that the results of stopping power
calculations obtained by the LS and VSTT methods
coincide with each other also up to the seventh signif-
icant digit and provide the best agreement with exper-
imental data, while the approximate methods of Ahlen
and Jackson—McCarthy give understated values in
comparison with the experiment for medium-Z parti-
cles (Z= 36, 54).

Thus, we can conclude that at intermediate ener-
gies, when a heavy ion can be considered as a point-
like particle, both methods, the method based on cal-
culating the Mott exact cross section and the Lind-
hard—Sgrensen method, can be successfully used in
electronic stopping calculations for relativistic heavy
ions.

ACKNOWLEDGMENTS

The authors express their gratitude to Professor Peter
Sigmund (University of Southern Denmark) for his interest
in our work.

REFERENCES

1. P. Sigmund and A. Schinner, “Progress in understand-
ing heavy-ion stopping,” Nucl. Instrum. Methods
Phys. Res., Sect. B 382, 15—25 (2016).
https://doi.org/10.1016/j.nimb.2015.12.041

2. N. Forcellini and E. Artacho, “Floquet theory for the
electronic stopping of projectiles in solids,” arXiv:
1908.09783 [cond-mat.mtrl-sci] (2019).

3. H. Bethe, “Bremsformel fiir Elektronen relativistischer
Geschwindigkeit,” Z. Phys. 76, 293—299 (1932).
https://doi.org/10.1007/BF01342532

4. H. Bichsel, D. E. Groom, and S. R. Klein, “Passage of
particles through matter,” in Review of Particle Physics,
Ed. by M. Tanabashi et al., Chap. 33, Phys. Rev. D 98,
030001—030039 (2018).

5. P. Sigmund, Particle Penetration and Radiation Effects:
General Aspects and Stopping of Swift Point Particles,
Vol. 151 of Springer Series in Solid State Sciences
(Springer, Berlin, Heidelberg, 2006).

6. F. Bloch, “Zur Bremsung Rasch Bewegter Teilchen
Beim Durchgang durch Materie,” Ann. Phys. 16, 285—
320 (1933).
https://doi.org/10.1002/andp.19334080303

7. N. FE. Mott, “The polarization of electrons by double
scattering,” Proc. R. Soc. London, Ser. A 135, 429—
458 (1932).
https://doi.org/10.1098 /rspa.1932.0044

PHYSICS OF PARTICLES AND NUCLEI LETTERS

Vol. 18

275

8. C. Scheidenberger et al., “Direct observation of sys-
tematic deviations from the Bethe stopping theory for
relativistic heavy ions,” Phys. Rev. Lett. 73, 50—53
(1994).
https://doi.org/10.1103/PhysRevLett.73.50

9. C. Scheidenberger, H. Geissel, Th. Stohlker, et al.,
“Charge states and energy loss of relativistic heavy ions
in matter,” Nucl. Instrum. Methods Phys. Res., Sect. B
98, 36—40 (1994).

10. S. D. Bogdanov, S. S. Bogdanov, E. E. Zhurkin, and
V. F. Kosmach, “Investigation of the passage of 100—
1000-MeV/nucleon superheavy ions through homoge-
neous media,” J. Exp. Theor. Phys. 88, 220—226
(1999).

11. H. Geissel, H. Weick, C. Scheidenberger, R. Bimbot,
and D. Gardes, “Experimental studies of heavy-ion
slowing down in matter,” GSI Preprint No. 2002-24
(2002).

12. G. Tarle and M. Solarz, “Evidence for higher-order
contributions to the stopping power of relativistic iron
nuclei,” Phys. Rev. Lett. 41, 483—486 (1978).

13. M. H. Salamon, S. P. Ahlen, G. Tarle, and K. C. Creb-
bin, “Measurement of higher order corrections to stop-
ping power for relativistic Ne, Ar and Fe beams,” Phys.
Rev. A 23, 73-76 (1981).

14. P. B. Eby and S. H. Morgan, Jr., “Charge dependence
of ionization energy loss for relativistic heavy nuclei,”
Phys. Rev. A 6, 2536—2541 (1972).
https://doi.org/10.1103/PhysRevA.5.2536

15. S. H. Morgan, Jr. and P. B. Eby, “Corrections to the
Bethe-Bloch formula for average ionization energy loss
of relativistic heavy nucley,” Nucl. Instrum. Methods
Phys. Res. 106, 429—-435 (1973).
https://doi.org/10.1016/0029-554X(73)90303-0

16. J. D. Jackson and R. L. McCarthy, “Z3 corrections to
energy loss and range,” Phys. Rev. B 6, 4131—4141
(1972).
https://doi.org/10.1103/PhysRevB.6.4131

17. W. A. McKinley and H. Feshbach, “The Coulomb
scattering of relativistic electrons by nuclei,” Phys. Rev.
74, 1759—1763 (1948).
https://doi.org/10.1103/PhysRev.74.1759

18. W. R. Johnson, T. A. Weber, and C. J. Mullin, “Cou-
lomb scattering of polarized electrons,” Phys. Rev. 121,
933-939 (1961).

19. S. P. Ahlen, “Zl7 stopping-power formula for fast heavy
ions,” Phys. Rev. A 17, 1236—1239 (1978).
https://doi.org/10.1103/PhysRevA.17.1236

20. V. 1. Matveev, “Effective stopping of relativistic com-
posite heavy ions colliding with atoms,” Tech. Phys. 47,
523-528 (2002).
https://doi.org/10.1134/1.1479976

21. O. O. Voskresenskaya, A. N. Sissakyan, A. V. Tarasov,
and G. T. Torosyan, “Expression for the Mott correc-
tions to the Bethe—Bloch formula in terms of the Mott
partial amplitudes,” JETP Lett. 64, 604—607 (1996).
https://doi.org/10.1134/1.567276

22. J. Lindhard and A. H. Sorensen, “Relativistic theory of
stopping for heavy ions,” Phys. Rev. A 53, 2443—2456
(1996).
https://doi.org/10.1103/PhysRevA.53.2443

No.3 2021



276

23.

24.

25.

26.

KATS et al.

S. Datz, H. F. Krause, C. R. Vane, H. Knudse, P. Graf-
strom, and R. H. Schuch, “Effect of nuclear size on the
stopping power of ultrarelativistic heavy ions,” Phys.
Rev. Lett. 77, 2925—2928 (1996).
https://doi.org/10.1103/PhysRevLett.77.2925

B. A. Weaver and A. J. Westphal, “Energy loss of rela-
tivistic heavy ions in matter,” Nucl. Instrum. Methods
Phys. Res., Sect. B 187, 285—301 (2002).

I. L. Rakhno, N. V. Mokhov, and S. I. Striganov,
“Modeling heavy ion ionization loss in the MARS15
code,” arXiv: physics/0505043v2 [physics.comp-ph]
(2005).

R. M. Curr, “The Coulomb scattering of high-energy
electrons and positrons by nuclei,” Proc. Phys. Soc.
London, Ser. A 68, 156 (1955).

PHYSICS OF PARTICLES AND NUCLEI LETTERS

27.

28.

29.

30.

J. A. Doggett and L. V. Spencer, “Elastic scattering of
electrons and positrons by point nuclei,” Phys. Rev.
103, 1597—1601 (1956).
https://doi.org/10.1103/PhysRev.103.1597

S. P. Ahlen, “Theoretical and experimental aspects of
the energy loss of relativistic heavily ionizing particles,”
Rev. Mod. Phys. 52, 121—173 (1980).
https://doi.org/10.1103/RevModPhys.52.121

D. N. Banko and P. B. Kats, “Methods for calculating
the Mott correction to the Bethe—Bloch formula,” in
Proceedings of the Republ. Sci.-Pract. Conference on
Mendeleev Readings, 2019, Ed. by N. Yu. Kolbas
(BrGU, Brest, 2019), pp. 8—11.

S. P. Ahlen, “Calculation of the relativistic Bloch cor-
rection to stopping power,” Phys. Rev. A 25, 1856—1867
(1982).

https://doi.org/10.1103/PhysRevA.25.1856

Vol. 18 No.3 2021



	INTRODUCTION
	1. BASIC FORMULAE
	2. NUMERICAL RESULTS FOR THE LINDHARD–SØRENSEN AND MOTT–BLOCH CORRECTIONS
	3. RELATIVE DIFFERENCE BETWEEN THE LINDHARD–SØRENSEN AND MOTT–BLOCH CORRECTIONS
	4. MOTT’S CORRECTION AND DIFFERENCE BETWEEN THE LINDHARD–SØRENSEN AND BLOCH CORRECTIONS
	5. NUMERICAL RESULTS FOR STOPPING POWER
	SUMMARY AND CONCLUSIONS
	REFERENCES

