V/IK 537.8

MATRIX STRUCTURE OF THE MAXWELL EQUATIONS
IN NONHOMOGENEOUS ANISOTROPIC MEDIA,
AND RIEMANNIAN SPACE GEOMETRY

A. M. Kuzmich
master's student, trainee teacher
Brest State A. S. Pushkin University

A. V. Bury
graduate student
B. I. Stepanov Institute of Physics of the National Academy of Sciences of Belarus

E. M. Ovsiyuk
Candidate of Science in Physics and Mathematics, Docent
Mozyr State Pedagogical University named after I.P. Shamyakin

In the present paper, we consider applications of the Majorana — Oppenheimer matrix complex
formalism in Maxwell electrodynamics. First we detail this approach in the vacuum case, also we
develop this technics in presence of any nonuniform and anisotropic media. After that we generalize
this approach to Riemannian space-time, for the vacuum case and in presence of any media. We
specify two simple examples: the non-uniform anisotropic media of special type, and the medium
which is non-uniform along the axis z, both of them can be simulated completely by Riemannian
geometry.
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Introduction

Special Relativity arose from the study of the symmetry properties of the Maxwell equations:
Lorentz [1-3], Poincare [4-6], Einstein [7—9], Minkowski [10]. Analysis of the Maxwell equations
with respect to Lorentz transformations was the first object of relativity theory [11-14]. After
discovering the relativistic equation for a particle with spin 1/2 by Dirac [15, 16], much work was
done to study spinors and vectors within the Lorentz group: Moglich [17], lvanenko — Landau [18],
Neumann [19], Van der Waerden [20], Juvet [21]. It was shown that any quantity which transforms
linearly under Lorentz transformations is a spinor of some rank, so the spinors may be considered as
fundamental quantities for the field theory. The spinor formulation of Maxwell equations was studied
by Laporte and Uhlenbeck [22], see also Rumer [23]. In 1931, Majorana [24] and Oppenheimer [25]
have proposed a new matrix equation for the Maxwell theory which is similar to the Dirac equation.
Before Majorana and Oppenheimer, the important study was done by Silberstein [26]; he showed the
possibility of formulating the Maxwell equations in the terms of complex 3-vector entities as well.
Silberstein in his second paper [27] wrote that the complex form of the Maxwell equations had been
known before; he refers to the second volume of the lecture notes on the differential equations of
mathematical physics by Riemann which were edited and published by H. Weber in 1901 [28]. This
fact was noted by Bialynicki-Birula [29, 30].

In the present paper, first we formulate the Majorana — Oppenheimer approach in
electrodynamics in the vacuum case and Cartesian coordinates. Then we extend this approach to



arbitrary nonhomogeneous anisotropic media. At this we need to introduce two complex 3-vector
variables. In this way, the matrix complex form of the electrodynamics in arbitrary media arises. After
that we generalize this approach to Riemannian space-time, for the vacuum case and in presence of
any media. We specify in detail the structure of the Maxwell equations in any anisotropic and
nonhomogeneous media, on the background of Riemannian space-time. We specify in detail one
simple example for a medium which is nonhomogeneous along the axis z. Also we discuss a special
class of media that may be simulated by Riemannian geometry.

Majorana — Oppenheimer formalism in electrodynamics

Let us start with the Maxwell equations in media:

divcB =0, rot E:—aC—B,div E:ﬁ, rot cB = pyu,cJ +m,ua—E. @
oct g oct
First we detail the vacuum case
divcB =0, rot E:—@,div E:B, rot cB = x,cJ +§. 2
oct m oct
With notations j* =(p,J /c), ¢®=1/mu,, the last equations may be presented shorter
divcB =0, rot E:—aC—B, divE:E, rot cB:i+a—E. 3
oct m m ~oct

In explicit component form they read

0,cB' +0,cB* +9,cB*=0, 0,E*-0,E*+0,cB' =0,
0,E'-0,E*+0,cB* =0, 0,E°-0,E'+0,cB* =0,
0,E'+0,E*+0,E*=j°Im, 0,cB°-0,cB*-0,E' = j'Im,
0,CB' —0,cB* ~0,E* = j*Imy, 0,B*-0,cB —0,E* = j*/m.

(4)

Let us introduce the complex variable y*=E*+icB¥, k=1,2,3; then the 8 real equations (4) may be
combined into 4 complex ones

O, +0,¥° +0,%° = J° Imy, — 10y + (@° —0w°) =i j' Im,

5
_iaow2 +(aal//l _all//s) =i j? I'ng, _iao'//3 +(81'//2 _azl//l) =i j’ I'ng. ©
These equations may be presented in the matrix form

0 j°

. . y' 1ijt
(mid, +alo) ¥ =3, ¥=|",|, I==| |, (6)

4 mJ

s i j°

where 4-dimensional matrices are specified by the formulas



0 10 O 0 010 0 0 01
a1:—1000 aZ:O 0 0 1 a3:00—10
000 -1 -1 0 0 0 01 00
001 O 0 -1 00 -1 0 00
these matrices possess simple algebraic properties:
(a1)2=_|1 (al)2=—|, (0{1)2=—|, 0(10(2=—0(20(1=0(3,

(7)

a’a’ =-d’a’ =o', o’a'=-a'a’=a’.
Matrix form of the Maxwell theory in arbitrary media

According to Minkowski approach [10], in presence of any medium, we should use two
electromagnetic tensors, F2° and H2 and two subsystems (without sources and with sources)
F*, divB=0, o,cB+rot E =0, @)
H*, divD=p, —-9,D+rotH/c=j;
they transform independently by as antisymmetric tensors under the Lorentz group. To these tensors
Fab and H2®, there correspond different complex vectors

f(x) = E(x)+icB(x), h(x) = i(D(x)+i¥). (9)
m

By this reason, in the Majorana — Oppenheimer approach we should use two sets of the matrices ' and

A, and two field functions. It should be mentioned that the vectors f(x) and h(x) transform as 3-vectors

under the complex rotation group SO(3.C), the last is isomorphic to the real Lorentz group SO(1.3).
For homogeneous isotropic medium, the constitutive relations have the form

D=mmE, H=

B. For inhomogeneous and anisotropic media, the constitutive relations

Hidy
become more complicated (for simplicity we assume that the matrices ng(x), £4;(x) are digonal)
1 7. (X)
D, =mm(X)E;, H, = B, =——B,, (10)
" : Ho s (X) J Mo

where 3-dimensional matrices n(x),z; (x) are tensors of dielectric and magnetic permittivities.
Instead of the component form, we will apply the matrix notations

X
DO =mNER), H0)= 2By (11)
0
recall that x=(xo=ct,X,y,z). The matrices #(x) and £(x) are defined as follows
x) 0 0 7,(x) O 0
mx)=| 0 m(x) 0| £'(¥)=]0 5(x 0 =€x). (12)
0 0 m(X) 0 0 7,(X)
Below we will take into account the constitutive relations
f(x) = E(x)+icB(x), h(x)=mx) E(X)+i &X) cB(X). (13)
The Maxwell equations in such media may be presented in the complex form as follows
div (2+i cB) = i,o, —iao(2+icB)+rot (E +i H /C) =1 j. (14
m m m m m

It is convenient to apply the complex quantities



M:h+f, N:h_f; (15)
2 2
they transform as different representations under the group SO(3.C): M'=0M, N'=0*N. For
Euclidean rotations we have O*=0; for Lorentzian rotations we have O*=0",
In the defining formulas (15), let us take mto account the constitutive relations (13), so we get

h+ f

M = 5, " —(1+n€(x))E(x)+ (1+ Hx))cB(x); (16)
h—f"
N = > —E(l—rﬂX))E(X)+5(1—ﬂX))CB(X)- (17)
In M, N-notations, Maxwell equations (14) may be presented shorter
d|vM+d|vN—£p, —i0,M +rot M —ig,N —rot N:Lj; (18)
m m
in the matrix notations they take the form
_ : 0 0
(cid, + @M +(—io, + fOIN =3, M=| |, N=| |, 3=27 (19)
M N m 1]
Matrices A" are specified by the formulas
01 0O 001 O 0O 0 0 1
-1 0 0O 0 00 1 0O 010
1 = ’ 2 = ’ 3 - : 20
ﬂOOO 'B—loooﬁO—lOO (20)
00 -10 0 10 O -1 00O
algebraic properties of all 6 matrices are
(@) =-1, (@) =-1, (&®)=-1,
aa’=-a’a' =+a’, a’a’= a3 *=+at, dlat=-a'a’ =+a?, 21)
(B =-1.(B) =-1.(B) =
ﬂlﬂzz_ﬂzﬂlz_ﬂ3 ﬂZﬂSZ_ﬂSﬂZ:_ﬂl ﬂ?;ﬁl:_ﬂlﬂS:_ﬂZ.
these two matrix sets commute with each other, a*g'=pla.
In the nonuniform and anisotropic media, the quantities M and N are specified as
. (1+m)E, (1+ 7,)CB,
M = —(1+rﬂx)) E(x)+ (1+ﬂx)) cB(x) = > (L+m)E,|+— 5 (l+z‘2)C82 :
(1+m)E, (1+17,)cB, 22)
1 (1-m)E, (1 7,)cB,
= ——(1 (X)) E(X)+ (1 £x)) cB(x) = -= (1 m)E, |+~ 5 |@-7,)cB,|
?la-mye,| *|a-z)es,
In explicit form, equation (19) reads
O, (M;+N,))+0,(M,+N,)+0,(M; +N,) = p/nm,
—i0,(M; +N,)-0,(M,—N,)+0,(M;—N,)=1ij, /ng, (23)

63(M1 + Nl)_iao(Mz + Nz)_al(Ms - Ns) = ijz /n6 |
—0,(M; = N;)+0,(M; = N,) —i6,(M; + Ny) =ij; /mg.
Taking into account expressions for components of the vectors:



1 i 1 i .
M;+N, = E(1+ng)El +E(1+ 7,)cB; —E(l—n;g)El +E(1—11)CBl =mE, +icB,,

1 [ 1 i .
M,-N, = E(l+ng) E, +§(1+ 7,)CB, +§(1—ng) E, —E(l—z'l)CB1 = E +irCcB,

M, +N, =mE, +icB,, M,+N, =mE,+icB,, M,—N,=E, +ir,cB,, M,—N,=E, +ir,B,,

we can rewrite equations (23) as follows
[OmE, +0,mE, + 0ynE;]+1[0,CB, + 0,CB, + 0,CB,] = p/my,
[0,cB, +10,7,cB, —10,7,CB,] =i}, /m,
[0,cB, +10,7,cB, —10,7,cB,] =], /m,
[0,cB; +10,7,cB, —10,7,cB] = 1], /ng.
Let us write down equations conjugated to (24):

[OmE, +0,mE, + 0ymE,]1—1[0,CB, +0,cB, + 0,cB,] = p/m,
[0,cB, —10,7,cB, +10,7,CB,] = —i], I mg,
[0,cB, —10,7,CB, +10,7,cB,] = —i], I m,
[0,cB; —10,7,cB, +10,7,cB,] = —i ], / m.

Summing corresponding equations from (24) and (25), we obtain
omE, +0,mE, +0mE, = ip, [0,E, —0,E,]+0,cB, =0,
mn
[0,E, —0,E;]+0,cB, =0, [0,E,—0,E]+0,cB; =0;

similarly after subtracting corresponding equations we get

0,B,+0,B,+0,B, =0, —0gE, +[0,7,cB, —0,7,CB,] = 1 Jis
m

1. 1.
—0gnE, +[0,7,CB, —0,7,CB;] = n_g Jp» —OgnE, +[0,7,cB, —0,7,cB | = ”_6 )5

As expected, there arise two groups of equations for real variables:

0,B,+0,B,+0,B,=0, 0,E;,-0,E,+0,cB, =0,
0,E,-0,E;+0,cB, =0, 0,E,-0,E +0,cB,=0;
and

1 1.
omE, +0,mE, +0mE, = n—ap, —OynE, +[0,7,cB, —0,7,CB,] = n_s i

1. 1.
—0gnE, +[0,7,cB, —0,7,cB,] = n_g J,» —OgmE,+[0,7,cB, —0,7,cB]= % Is

equations with sources may be presented differently

(24)

(25)

(26)

(27)

(28)

(29)



1
[10,E, +m0,E, +m0,E,1+[(0m)E, +(0,m)E, + (04m)E;] = n_gp’

1.
[-m0,E, +c7,0,B, —7,0,cB,]1+[-(0ym)E, + (0,7,)CB, — (0,7,)cB,] = —,,
(30)
[-m0,E, +7,0,B, —7,0,CB,]+[-(0y1)E, + (0,7,)¢B, — (0,7;)cB,] = — |,
[-(0y1)E, + (0,7,)cB, — (0,7,)cB ]+ [-m(J,E;) + 7,0,cB, —7,0,CB,] = — |,
Below, for brevity we will simplify the notation, cB—B.
Simple examples
Let us restrict ourselves to the isotropic nonuniform media:
m(X) =m(X) =m(X) =m(x), 7,(X) = 7,(X) = 7,(X) = 7(X), (31)
then equations with sources become simpler
81El+62Ez"'ae,Ea"'(a;m)El"'(6Lm)Ez G%E ___,01
m
[-26,E, +0,B,-,B,]+ [—maO’”E %t g _ 05" |3]_ll .
T m T mT
0 0, 0, 1. (32)
[_TﬁoEz+6381_61Bs]+[_’11inE2 TB __TB]—__ J
T m T T mT
m mOogn 0,7
[——(6 E,)+0,B,-0,B/]+ [———E B—— ]———
m T T
With the use of notations
1om_o Lom_o lom_, 10t _p 107 _p 10v_p 1om_o m_, (33)
m OX, m OX, m OX, T ax T OX, T OX, m OX, T
equations (32) may be written sorter
11
(0, +&,(X)E, + (0, +&,(X))E, + (05 +&5(X))E; = n_g;ip’
11.
_A(X)(ao + eo(x)) E1 + (52 + b2 (X)) Bs - (83 + bs(x))Bz = _; Jis
'1’61 (34)
_A(X)(ao + eo(x)) Ez + (63 + b3(X)) Bl - (81 + bl(x)) Bz = n_g; j2’
11.
_A(X)(ao + EO(X)) E3 + (81 + bl(x))B (a +b (X))B - "_6; J3’
below we add equations without sources
co,B, +0,E;-0,E, =0, +co,B,—-0,E;+0,E =0, (35)

co,B,+0,E,-0,E =0, 0,B,+9,B,+0,B,=0.
In equations (34), the quantities A(X),z(x),e,(x),e (x), b.(x), may be associated with some effective
potentials, which are determined by the tensors of electric and magnetic permittivities. In order to



simplify the problem, let us impose one additional constraint A¢x)=1; this leads to
7(X) =m(x), b(x)=e (x). For such media, the structure of equations with sources becomes much

more simple

11
(0, +€)E +(0,+€,)E, +(0, +&)E,; = n_?);’lp’

11.
—(0,+¢,)E, +(0,+e,)B,—(0,+&;)B, = —— |,
ngm
11 (36)
—(0y +€y)E, +(0; +€;)B, (0, +€)B, =——|,,
ngm

11.
—(0y +€y)E; +(0,+€)B, —(0,+€,)B, = —= |,.
ngm

It should be noted that the media of the type z(x) =n(X), b.(x)=¢(x) related to egs. (36) may be

simulated by the Riemannian geometry [31, 32].
Now, let us consider another example: the non-uniform media anisotropic along the axis xs=z,
and without sources. So we impose the following constraints

m(X) =1m(X) =Lm(xX) =m(z), 7,(X) =1,7,(x) =1,75(x) = 2(2), @37)
then equations with sources become simpler
0,E, +0,E, +53E3+Lng(z)E3 =0, -%4,E,+0,B,-0,B, —ir;(z)s2 =0,
m(z) r 73(X) (38)

M5 E, +0,B,—~0,B,+—7!B,=0, ~"0,E, +0,B,-8,B,=0.
T 7, T

In order to simplify the problem, let us impose one additional constraint n; =z, =U(z); for
such a media, the structure of the Maxwell equations becomes much more simple

0,E, +0,E, +83E3+UUE3 =0, 8,B,+0,B,+0,B,=0,

~0,E, +0,B,-0,B, _UU B, =0, —0,E,+0,B,—0,B, +UUBl =0,-0,E,+0,B,-0,B,=0, (39)

0B, +0,E,-0,E, =0, 0,B,-0,E;+0,E =0, 0,B,+0,E,-0,E =0;

recall that we have made the change in notations, cBi — Bi, cdo = 0:. It should be noted that the
media with equations (39) may be simulated by the Riemannian geometry [31, 32] .

Maxwell equations in Riemannian space-time
Maxwell equation in Minkowski space for the vacuum case

0

40
E+icB (40)

(@’0, +a'o;)¥ =J,a° =il ,‘I’:‘

3= 1‘_’? ‘

g (1)
may be extended to an arbitrary Riemannian space dS? = gus(x)dx*dx?. The new form of the main
equation is based on the use of tetrad formalism, and the generalized form reads as follows



a”(x)[0, + A, )I¥(x) = I(x),

prx . op 1wy (41)
a’(x) =a'el,(x), A (x)= Ej €)Y ,€mp
where €°)(x) stands for a tetrad; A,(x) is the so called connection; I}, stands for the covariant
derivative; j2° designate generators of the 3-vector representation of the complex group SO(3.C), their
explicit form is given in [32].

This new equation (41) takes into account the influence of the external gravitational fields on
Maxwell electrodynamics. Besides, it gives tools to study the Maxwell equations with the use of any
curvilinear coordinates parameterizing the space-time, in Minkowsky space as well. Equation (41)
may be presented with the use of the Ricci rotation coefficients

a (e(c)(x)6 += J7abc(x)) P(X)=J(X), Voae =— (b)ﬂae(ﬁa)e(c) (42)

This new equations (41), (42) are symmetric under the local Lorenz group; this property correlates
with the 6-parametric freedom in choosing the tetrad e%c)(x) at the fixed metrical tensor gas(x).

Maxwell equations in Riemannian space in presence of media

Now we turn to the matrix form of the Maxwell equations in media, and extend it for an
arbitrary Riemannian space-time. We start with the equation in Minkovski space

(-0, +a'8,) M(X) + (=0, + B'8,) N(X) = J(X); (43)
its generalized form, consistent with requirements of General Relativity, is
a”(x)(0, + A, (X)) M(x)+ B7(x)(0, +B,(x)) N(x) = J(x), (44)

two conections A(x) and B,=A*(x) correspond to different fields variables, M(x) and N(x).
The constitutive relations in Riemannian space-time

Let us turn again to the Maxwell equations in Riemannian space-time
a’(@,+A)M +47(0,+B,)N =1, (45)
and take into account the above definitions

E+icB=f, S(D+iH/c)=h,
m

M :M:1(2+E)+L(CB+1), (46)
2 2 'm 2 mC

N _u_E(E_EHl( B—i)
2 2 'm 2

In more detailed form, the main equation (45) reads

—i(eg0, +2 b7abo)M+ak(e(lf<)a +21ab7/abk)M

. a 1
—I(e(’;)ﬁ + 2 J b7abo)N +,B (eg()a += 2 7/abk)N =J(x). 47)

Below we will use the following notations (expressions for the spin matrices s' are given in the [32])



€0 (X)0, =0q,  €4y(X)3, =0,

1, . . .

2 J b7/abc = Sl(7/23c +'701c)+52(731c +1702c) +33(7/12c +17030) »
) (48)
2 j*ab7abc = 51(723c —1%01) +32(731c _i702c)+33(712c —10e) »

(Yoter Vozer Yoze) = Ve (X)s (Fazer Vatar Y12e) = P (X), €=0,1,2,3,

the quantities vc(x) and pc(x) represent 24 Ricci rotation coefficients.Further, allowing for the
constitutive relations, from (47) we get

(a0 + 5V, +a"spk)§‘(1+?ﬁ)E +(8(0)+sp0—ozksvk)—‘(1 Oﬁ)B‘Jr
+('Bka<k>_Svo+ﬂk5pk)%‘(_1f,ﬁ)5 + (O + P + B sV,) = ‘(1 @B‘—%‘g‘ (49)
(a0 + 5V, +oz"spk)—‘(1 Oﬁ)B‘—(a(o)+sp0—aksvk)—‘(1 @E‘+
+( Oy — SV + B¢ spk) 2l ﬁ)B‘ () + 5Py + B¢ svk) 2l 1+n6)E ——M (50)

If we restrict ourselves to static metrics of the following diagonal structure (they not depend on
the time variable)

1 0 0 0 1 0 0 0
9,(x) 0 0 0 e(1>(X) 0
o X) = y a ) (51)
9=l "o g0 o | ¥ o 2w o
0 0 0 gu(x 0 0 0 &
we get more simple equations
(e(ll)al + P, - p3)Bl + (e(zz)az +P;— pl)BZ + (e(33)83 + P - pz)Ba = 01
( (3) pz)E +(e(2)a + p3)E (ps + pz)E1+aoBl =0,
(54)
—(e} 01— P3) E; +(e(3)8 +p)E, - (p;+p,)E,+6,B, =0,
_(9(22)62 - pl)El + (e(11)61 + pz)Ez _(p1 + pz)Es +6083 = O'
(9(11)81 + P, — Py)mE, + (8(22)82 +P;— PmE, + (6(33)83 +p,— P,)mE; = p
_(9(33)63 —P,)7,B, + (9(22)62 + P3)75B; —(p; + P,)7,B, +6,F, = Jl
" (55)
_(e(ll) - P3)75B; +(e(3)6 +p)7,B, —(p; + p,)7,B, + I, E, J
i

_(e(zz)az -p)r,B + (e(ll)al +P,)7,B, = (P, + P,)7:B; + 0, E; =



These equations are valid for any anisotropic nonuniform media, when using any curvilinear
coordinates. W should remember that explicit form of the above equations depends on the choice of
tetrad, and besides it depends on the used coordinates. In particular, relationships between the field
functions specified for different tetrads are determined by the local gauge transformations; for more
details see in [31, 32].

Conclusion

We have focused on application of the known Majorana — Oppenheimer formalism for
Maxwell electrodynamics in nonuniform anisotropic media, this formalism is extended to space-time
with non-Euclidian geometry. This aproach is effective when using the curvilinear coordinates in
Minkowsky space as well.

In particular, we detail the case of special isotropic and nonuniform medium for which the
tensor of electric and magnetic permittivity are proportional to each other; the situation is of special
interest because the relevant constitutive relations may be simulated by Riemannian geometry [11-14,
31, 32]. We consider one simple example of such media, when it is nonuniform along the axis z. It
may be noted that there are known many exact solutions of the Maxwell equations on the background
of different space-time models, and each of these solutions may be considered as exact solutions in
flat space but in some special media.
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Kysbmuy  A.M., bypeiii A.B., Oscuiok EM. MATPHYHAA CTPYKTYPA
YPABHEHUU MAKCBEJUIA B HEOJHOPOJHbLIX AHM3OTPOIIHbBIX CPEJAX U
I'EOMETPUA ITIPOCTPAHCTBA

HccnenoBano mpuMEHEHHWE MAaTPUYHOTO KOMIUIEKCHOTO dopMmanm3ma Maiiopansl —
OnnenreiiMepa B anekTpoanHamuke MakcBemia. CHaudana 3TOT TOJAXOJ JETATU3UPOBAH st
BaKyyMma, Jajiee Y4YUTBHIBAETCS HAJIMYUWE HEOJHOPOJHBIX M aHU3O0TPOIMHBIX cpel. BrimonHeHo
0000111eHIe KOBAPUAHTHOTO (popMasii3Ma Ha PUMaHOBY T€OMETPHUIO TPOCTPAHCTBA—BPEMEHU TaKHM
0o0pa3oM, 4yToObI y4ecTh NMPUCYTCTBUE MaTepUaJIbHBIX Cpell. PaccMOTpeHbl ABa MPOCTHIX MpUMEpA:
HEOJIHOPO/IHAsl aHU30TPOIIHAS CPE/la CIIELUAIbHOIO TUIIA U CPENIA, HEOJAHOPOAHASI BAOJIb OCH Z. DTH
Cpellbl MOKHO MOJICIHPOBATH C MOMOIIBI0 PUMAHOBOI '€OMETPHUH.
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AQHU30TPOIHBIC CPE/bl, MATEPUAIbHBIC YPABHEHUS, PUMaHOBA T€OMETPHSI, MOJICIIUPOBAHUE CPE/I.



