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Abstract
Lobachevsky geometry simulates a medium with special constitutive relations,

D' =nyd“E*,B' = p,1/*H* , where two matrices coincide: »#*(x) = £ (x) . The situation is specified in
quasi-Cartesian coordinates (X,Y,z) in Lobachevsky space, they are appropriate for modeling a me-

dium nonuniform along the axis z . Exact solutions of the Maxwell equations in complex form of Ma-
jorana — Oppenheimer have been constructed. The problem reduces to a second order differential equa-
tion for a certain primary function which can be associated with the one-dimensional Schrédinger

problem for a particle in external potential field U (z) =U . In the frames of the quantum mechanics,
the Lobachevsky geometry acts as an effective potential barrier with reflection coefficient R=1; in
electrodynamic context results are similar: this geometry simulates a medium that effectively acts as an
ideal mirror distributed in space. Penetration of the electromagnetic field into the effective medium along
the axis z, depends on the parameters of an electromagnetic waves , k{ +k?, and the curvature radius
o of the used Lobachevsky model. The generalized quasi-plane wave solutions f(t,x,y,z) =E +iB
and the relevant system of equations are transformed the real form, which permit us to relate geometry
characteristics with expressions for effective tensors of electric and magnetic permittivities.
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AHHOTAIUSA
I'eomerpust Jlo6baueBCKOro MOJENUPYET CPeAy ¢ MAaTEPUAIBHBIMU YPAaBHEHUSMHU CTIEUATBHOTO

suga: D' =y E*,B' = yu,1/"H" | rne nBa Temsopa cosmapmaror: nf* (x) = 4 (X). B mpoctpanctse Jlo-



0a4eBCKOr0 HCIOJB3YIOTCS KBa3UACKApTOBBIC KOOPAMHATHI (X,Y,Z), OHH MOJACIUPYIOT Cpely, HEO-
HOPOJHYIO BJIOJIb OCU Z . B 3THX KOOpAMHATax MOCTPOCHBI TOUHbIC PEILICHUs YpaBHEHHM Makcseiuia
B KOMIUTIEKCHOM popme Maitopanbl — Onmenreitmepa. 3agada cBoauTcs K auddepeHnuairHoMy ypaB-
HEHHMIO BTOPOTO MOpsAKa A HEKOTOPOH OCHOBHOHM (DYHKIMH, 3TO ypaBHEHHE MOKET OBITh CBSI3aHO

o v —_ 2
¢ opHOMepHO# 3anaueii LlIpeauHarepa uist 4acTHIBI BO BHEIIHEM noTeHnuansHoM noie U (z) =U e~ . B
KBaHTOBOI MexaHuke reomeTpus JlobaueBckoro aeiicTByeT Kak 3¢ (eKTUBHBIN MOTEHINAIBHBIN Oapbep

¢ ko3 dummentom otpaxkeHus R =1; B 2JIeKTpOAMHAMUYIECKOM KOHTEKCTE 3Ta T€OMETPHS ICHCTBYET
KaK pacrnpezieliCHHOE B IPOCTPAHCTBE HICATbHOE 3epKaiio. [[pOHMKHOBEHHUE AIIEKTPOMArHUTHOT'O TIOJIS B

3(deKTUBHYIO Cpely BIONb OCH Z 3aBUCHMT OT XapaKTEPMCTHK 3JIEKTPOMATHMTHOM BOMHBI @, K. + K2
U paanmyca KpuBH3HBI p mpoctpancTBa JloGaueBckoro. IlocTpoeHHbie 000OIIEHHBIC BOIHOBBIE pe-
mrernst f(t,X,y,Z) = E+iB u cooTBercTByIoIas cucTteMa ypaBHEHHI HPeoOpa3yrOTCsl B JICUCTBHU-
TEIbHYI0 (OPMY, UTO TO3BOJISIET CBSI3aTh FCOMETPHUCCKUC XaPAKTCPUCTHKU C BBIPAKCHUAMHE JUTS 3(-
(hEeKTHBHBIX TEH30POB AEKTPUUECKON U MATHUTHOMN MPOHHUI[AEMOCTEH.

KiroueBble cioBa: ypaBHeHuss MakcBeia, Gopmanusm Maiiopansl — Onmnenreiimepa, reo-
MeTpus JIobaueBCKOro, TOUHbIE PELICHUs, MOIEIMPOBAHNE MaTEPUAIbHBIX CPEl

Introduction

To treat Maxwell equations we make use of complex representation of them according to the
known approach by Majorana — Oppenheimer [1-11], also see [12, 13] and references therein for ex-
tending this approach to curved space-time models.

The situation is specified in quasi-Cartesian coordinates (X,y,z) in Lobachevsky space, they
are appropriate for modeling a medium nonuniform along the axis z . Exact solutions of the covariant
Maxwell equations in complex E+iB form of Majorana — Oppenheimer have been constructed. The
problem reduces to a second order differential equation for a certain primary function which can be as-
sociated with the one-dimensional Schrodinger problem for a particle in external potential field
U(z) =U,e”*. In quantum mechanics, curved geometry acts as an effective potential barrier with re-
flection coefficient R=1; in electrodynamic context results are similar: the Lobachevsky geometry
simulates a medium that effectively acts as an ideal mirror. Penetration of the electromagnetic field into
the effective medium along the axis z, depends on the parameters of the electromagnetic waves
o, kl +k?Z, and the curvature radius p of the used Lobachevsky space. These generalized quasi-plane
solutions f(t,X,y,z) = E+iB and the relevant system of equations are transformed the real form, which

permit us to relate geometry characteristics with expressions for effective tensors of electric and mag-
netic permittivities.

1. Cartesian coordinates in Lobachevsky space
We will apply the coordinate system in Lobachevsky space H,
dS? = dt* —e?*(dx® + dy?) —dz? , dV = e *dxdydz . (1)
It is helpful to have at hand some details of the parametrization of the model H, by coordinates
(X,¥,2) . Itis known that this model can be identified with a branch of hyperboloid in 4-dimension flat

space
2

2 2 2 2 — 2 2
U2 —u?—uZ—uZ = p? U, =+/p? U

Coordinates (X, Y, z) are referred to u, by relations



-z

uo:%[(ez+e‘z)+(x2+y2)e‘z], u =xe’,

4 =ye, Uy =2l e )+ (¢ +y)e ]
We will employ the Poincaré realization for Lobachevsky space as the inside part of the 3-Sphere
g =—"= u‘ . g0 <+L

Uy \/pz +U/ +ul +u?
Quasi-Cartesian coordinates (X,y,z) are referredto g, as follows

g = 2X 6, = 2y X yr4e? -1 @
o tyR e+l Y X Hyi e 41 0 P ayi4eP 4l
inverses to (2) relations are
2
=t y= b e NTT 3)
1-q, 1-q, 1-q,

In particular, note that on the axis g, =0,q9, =0,q €(-1,+1) relations (3) assume the following para-

metrization of the axis z:
x=0, y=0, e'= ,1+_q3
1-q,

0, >+1,e* >4,z —>+40; 0,—>-1l,e" >+0,z—>—o0.

Solutions of the Maxwell equations, constructed in the following, can be of interest for descrip-
tion of electromagnetic waves in special media, because the Lobachevsky geometry simulates effectively
a special medium [12, 13], inhomogeneous along the axis z . Effective electric permittivity tensor

ni*(X) is given by

so that

10 O
m(x) = —J-g g°(g* (=0 1 0,
0 0 e”
whereas the effective magnetic permittivity tensor is
g%g® 0 0 10 0
W x=y-g| 0 g%g* 0 |=p 1 0|
O O glngZ 0 0 eZZ

The constitutive relations read
D' =mpl'E,, B, = ppu“H";
two tensors coincide, ni*(x) = ()" (x).

2. Maxwell equations in complex form, separation of the variables
In the coordinates (1), we will use the tetrad

1 0 0 O 1 0 0 0
, _[oe 0o 0 € 0 0
€ = : o' G T 2 ’

0 0 e 0 00 —e 0

0O 0 0 1 00 0 -



in this tetrad, the matrix equation (see notations in [12, 13]) has the form

(-0, +a'e’0, +a’e’0, +a’0, —a's, + a’s)) Ligl™ 0. (4)
Let us apply the substitution
0 _ oot gl gy = ol taxHpy=et) _ o
E+iB f(2)
Equation (4) gives
0
f,(z
(~o+a'e’ik, +a’e’ik, +a’ 4 —a's, +a’s,) 1(2) =0.
dz f,(2)
f:(2)

After calculation with the use of explicit expressions for all involved matrices (see [12, 13]), we derive
the first order system for functions f,(z), f,(z), f,(2):

H z H z d d H z —_
ik, e f, +ik, e f2+(a—2)f3=0, —a)fl—(a—l)fﬁ'kze f, =0,

-of, + (di—l) f—ike'f, =0, —of,—e’ik,f +ike’f, =0.
z
Allowing for three last equations in the first one, we get the identity 0=0. So, there exist only
three independent equations (we will simplify notations, k, =a,k, =b):
of, =—ibe’ f, +iae’f,,

d - d ., (5)
of,=~(-Df, +ibe’ f,, of, =+(--1)f,~iae'f,
With substitutions f, =e’F(z), f, =e’F,(z), from egs. (5) we get
of, = -ibe”’F, +iae”’F,, oF, :—di F, +ibf,, oF, :diFl—iafs. (6)
z z

There exists a particular case readily treatable, when a=0,b=0, f,=0:

d d tiwz — Linptioz
wFlz_EFz' a)F2:+EF1 = F/(2)=e™", F, = zie?'"",

which leads to the following plane wave solutions

0

. 0 s eiiwz
B E+iB‘_ +i g*7|

0

whence we get
E, +iB, = cos(at — wz) —isin(wt — wz),
E, +iB, =sin(et —wz) +icos(wt — wz),
and
E, +iB, =cos(at + wz)—isin(wt + wz),
E, +iB, =—sin(wt + wz) —icos(at + wz).
Let us present this solution in the real form



E =cos(at-wz), E, =sin(at-wz),E; =0,
B, = —sin(wt-wz), B, =cos(wt—wz),B; =0,
and
E, =cos(wt+wz), E, =-sin(et+wz),E; =0,
B, =—sin(at+wz), B, =-cos(wt+wz),B; =0.
In turn, from complex-valued identities (in this case, we have ¢ =—wt)
E+iB=¢"f(2) =e“(F(2) +iG(z)) = (cos p+isin ¢)(F(2) +iG(z)),
F'=F, G =G, @ =kX+k,y—at,
we derive expressions for real vectors E and B:
E =cospF(z)—sinpG(z), B=sinpF(z)+cospG(z), ¢ =-wt.
Let us turn back to the general system (6); with the help of the first equation we eliminate the
variable f,, so producing the system of linked equations for F, and F,:

abeZZ b2€22 _a)2

d

(—+ )F,=—F,

dz 1) 1) )
d abe® w* —a%e*

— - F=2"°" F,.

(OIZ - )F - 2

In the new variable Z, e* = Z, two last equations are written as

Z(ijtabZ)F2 = +(b’Z% - w)F,
“ ®)
Z(d—z—abZ)Fl =—(a’°2° - w)F,.
This system can be solved straightforwardly in terms of the Heun confluent functions. Indeed,
from (8) it follows a second order differential equation for F,

2 2 2
d Izl_ a’z 2+a) dF, a)2 N 22a2ba) (@ +b))a)F, =0,
dz? z(@a’z a))dZ Z° al'-w
where we note the presence of an additional singular point Z=+Jw/a . In the new variable
y=a’Z?/w, we arrive at the equation
d F 1 o’ 2abw+(a® +b?)w? bw
cE- T (@ Aer@ab)e Do e o
y y-1dy 4y 4a°y 2a(y-1)
With the use of the substitution F, = y°g,(y),c = +iw/ 2, further we derive
d? 2c+1 1 .d 2c—-w’ 12-bwl/a-b*w’/(2a’) —2c+bw/a
% ) e, )0, =0,
dy y y-1dy 2,y 2(y-1)
which can be identified with the confluent Heun equation. Below we will develop a method that makes
possible to construct solutions of the system (7) in terms of more simple Bessel functions.

2

3. Solutions in terms of the Bessel functions
Let us perform a linear transformation over the system (7):
F=aG+pG,, F,=mG,+nG,;
G =nF-pF,, G,=—mFK+akF,; 9)
suppose the constraint an— Am =1. Combining equations from (7), we get



nz (%—ab Z)F-BZ (%+ab Z)F,=-n(@’Z*-w)F, - B (b°Z%*-w) F,

-mZ (%—ab Z)F+aZ (%+ab Z)F,=m(@°Z°-w)F, +a (0°Z* -w) F,

whence it follows

VA diZ Gl—Z2 ab (nF + pF,) = Ny (na2F2 +ﬂb2Fl)+a) (nF, + gF),
Z diZ G,+Z?%ab (mF, +aF,) = 2% (ma’F, + ab’F,) - o (MF, + aF). (10)

Taking into account (9), we reduce egs. (10) to other form

Z diz—zzab(na + M) +Z*(a’mn +b*af) — (nm +aﬂ)}Gl =

=[-Z%(an-bp)’ +o(n’+ 5%)]G,,

Z dlz+ Z*ab (mpB+na)-Z*(@’mn+b’ap) + o(nm +aﬂ)}Gz =

=[Z*(am-ba)’ - (M’ +a°) |G,.
Let us impose additional restrictions:
the first one is

an—-bg =0 =

[Z diz— Z%ab(na + pm)+Z?*(a’mn +b’ap) - o(nm+ap)IG, = +o(n* + f)G,,

S

oo

[Z % +Z%ab(mpB +na) - Z*(@’mn+b’af) + o(nm + af)]G, =

=[Z2%(am—ba)? — o (M* +a*)]G;; (11)
the second one is
o

am—-ba =0 =

m b’

[Z % —Z%ab(na + Am) + Z*(a’mn + b*efB) — o(nm + ap)1G, =

=[-Z*(an-bp)’ +o(n’ + 5°)IG,,
[Z %Jr Z’ab(mg +na) —Z*(a’mn +b’af) + o(nm+ ap)]G, = —o(m* + a*)G,.

These two possibilities are equivalent to each other, for definiteness we will use the variant (11).
It can be presented in more symmetrical form

b a
F=aG+pG,=+ G, + G
1 1 2 \/a2+b2 1 \/a2+b2
a b

F,=mG,+nG, :_\/a2+b2 Gl+\/a2+b2 G,; (12)

at this egs. (6) lead to



d ,  b*—-a* _,  b?-a? ab ab
Z——Z"ab +Zab — (- + G
123z b? + et U aan T
b? a’
=+ + G,,
a)(a2+b2 a2+b2) ?
d ,  b*—a* _,  b?-a? ab ab
Z—+Z%ab —Z°ab +o(— + G, =
123z a? + b’ 20t e T
a2 b2 a2 b2
=[Z°(- - 2 + G,
2 JaZ+b? a2 +b2) a)(a2 +b* @’ +b2)] '
whence it follows
Z%Glza)Gz, Z%GZ:[ZZ(a2+b2)—a)]Gl. (13)
From (13) we derive a second order equation for G,:
2
(Z? ddZZJrZ %+w2—a)(a2+b2)22)61:0. (14)
It is convenient to translate this equation to the initial variable z, then it reads
2
e =JoZ, (%+wz — (@’ +b*)e*)G, =0. (15)
It can be associated with the Schrodinger equation
d 2
(P +m-U(2))e(z) =0 (16)

with the potential function U (z) = (a®+b?)e**, the corresponding effective force acts on the left,
F, =-2(a’ +b*)e” . The situation described by eq. (15) can be illustrated by Fig.1.

Y

Figure 1 — Effective potential curve

Therefore, we should expect the properties of the electromagnetic solutions similar to those existing in
the relevant quantum-mechanical problem. Note that when a =k, =0,b =k, =0, this force vanishes. In



accordance with (16), an equation below ©? =U(z)  * = (a®+b?)e’™ determines a critical point z,
in which behavior of the function G,(x) must change dramatically. To such a point z, there corre-

sponds z, = X, = iva? +b?e® = iw.Expression for the turning point z, is given by the formula

(4
Z,= pln——;
0 P+ k(' +k;
the last relation is written in the usual units; the p isa curvature radius of the Lobachevsky space, itis a

free parameter of the model description.
The primary variable G,(x) determine all remaining ones. Let us turn back to eq. (14); in the

variable x = i\/a)(a2 +b%)Z =iv/a’ +b%e” it takes the Bessel form

d> 1d o’
—+——+1+—)G, =0.
(dx2 X dx X2 G,
The first order system (13), being transformed to the variable x, reads
2 2
96 =we, xle =-2FXg.
dx dx 0]
The second function is determined by relation
G2 = ixiGz = iiGl
w dx w dz

In turn, taking into account the transformation (12), we get (see (6))

f,=——(-ibF +iaF,)= Y2 "2 %G (2).
(0} Il w

Let us write down the final expressions for obtained solutions:
E(z) +iB(z) = (cosp+ising) f(z), ¢=ax+by—iat,

where
(2) = €'F (2) = € (+——— G, + ——2—G,),
Ja2 +b? Va2 +b?
a b
f,(2) =e’F,(2)e’ (- G, + G,),
? ? Ja? +b? ' Ja? +b? ?
2 2
f(2) =i —“aw*b G, (2)
2 2
@l %6 m=0, 6,@=1%6) x=iJai+bie.
dx® xdx X w dz
Conclusion

In the frames of the quantum mechanics, the Lobachevsky geometry acts as an effective potential
barrier with reflection coefficient R =1; in electrodynamic context results are similar: this geometry
simulates a medium that effectively acts as an ideal mirror distributed in space. Penetration of the elec-
tromagnetic field into the effective medium along the axis z, depends on the parameters of an elec-
tromagnetic waves o, k” +kZ, and the curvature radius p of the used Lobachevsky model. The gen-
eralized quasi-plane wave solutions f(t,Xx,y,z)=E+iB and the relevant system of equations are

transformed the real form, which permit us to relate geometry characteristics with expressions for ef-
fective tensors of electric and magnetic permittivities.
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Mecto padoTbl M 3aHMMaeMasi JOJKHOCTb: aCHUPAHT, MJAIIIMKA Hay4dHbId cOTpyaHuK Llentpa
«DyHnaMeHTanbHbIle B3auMOACHCTBUA U acTpodu3ukay MuctutyTta pusuku mmenn b.U. CtenanoBa
HammonansHol akagemun Hayk benapycu, Munck, benapych

E-mail: anton.buryy.97@mail.ru

3. OBcuiok Enena MuxaiijioBHa

Yuenas crenenb: KaHauaaT Gu3.-MaT. HayK

Yuenoe 3BaHue: JIOIECHT

Mecto paGoThl M 3aHUMaeMasi 10JLKHOCTD: 3aBeyIOIIMi kadeapoil TeopeTnueckoi pU3MKu U npu-
kinagHoi nHpopMaTukd YO «MO3BIpCKUN TOCYIAapCTBEHHBIN MEJarorndeckuii YHUBEpCUTET UMEHH
N.II. lamskuHa», Mo3bips, benapych

Anpec:

ciyx.: 247760, benapycse, 'omensckast 06:1., T. Mo3bips, yi. CtyaeHdeckast, 28,

YO «Mo3blpckuii rocynapcTBeHHbIN neparornyeckuit yuusepcutetr umenu W.I1. Hlamsxunay, Gusm-
KO-MH)KEHEpHBIN (akybTeT, Kadeapa TeopeTuueckon (GU3UKN U MPUKIaIHON HHPOPMATUKU

nom.: 247760, benapycs, ['omensckas 0071., T. Mo3bIpb, yia. Manuauna, 1. 48, kB. 39

Tel.: (+37529)534-50-90 (MTC), (+375236)23-39-82 (oM., Mo3bIpb)

E-mail: e.ovsiyuk@mail.ru

JInno pist neperosopos — Oscurok E.M.
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