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ITERATION METHOD OF EXPLICIT TYPE FOR SOLVING INCORRECT
EQUATIONS OF FIRST KIND WITH APPROXIMATELY SPECIFIED OPERATOR

The article deals with the study of the explicit method of solving incorrect equations of the first kind
with nonnegative self-adjoint limited operator in Hilbert space. It aims at proving the method convergence
in case of a priori and a posteriori choice of the number of iterations in the basic norm of Hilbert space
on the assumption of existing errors not only in the equation right-hand member but in the operator as well. Er-
ror estimation, a priori stop moment and estimate for the a posteriori moment stop are obtained.

1. Problem statement
Let H and F be Hilbert spaces and AL (H,F),i.e. Aisa linear continuous operator

functioning from H to F. It is assumed that zero belongs to operator spectrum A, but it is not
its characteristic constant. The following equation is solved
Ax=y. Q)
The problem of searching for element x e H by element y € F is incorrect, for arbi-
trary small disturbances in the right-hand member y may result in arbitrary disturbances
in solution.
Let us suppose that the accurate development X eH of equation (1) exists and is the
unique one. We shall search for it with the help of iteration process
Xpa = Xp _an+1(AXn - y)’ Xp =0,
Oony =0, N=0,12..,0,,,=p n=012.., (2)
where E is an identity operator while o and (3 are an iteration parameters.
We consider that operator A and the right-hand member of equation (1) are specified
approximately, i.e. approximation ys, |y —ys| <8 is known instead of y, and operator A, ,

|A=A|<n is known instead of operator A. Suppose O0eSp(A,), Sp(A,)<[0d]
Then method (2) will look
Xn+1,5 = %n,5 _an+1(Aan,6 —Ys )’ X0,5 =0,
Oony =0, N=0,12..,0,.,=pB n=012,... (3)
The case of approximate right-member of equation yg and faithful operator A for the

method under consideration (3) has been studied in [1-2]. It deals with a priori and a posterio-
ri choice of a regularization parameter and the case of non-unique solution of problem (1).

Let us prove the method convergence (3) in case of a priori and a posteriori choice
of a regularization parameter in solving the equation A, x =z with the approximate operator

Ay, and the approximate right-hand member y;s and obtain estimated errors.
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2. The a priori choice of the number of iterations
Let H equal F, A=A" >0, A, =A >0, Sp(A,)<[0,1], 0<n<ng. The iteration
method (3) will be presented in the following way x,=9n(A)Ys,

where g, (L) :k_lb—(1—ak)”/2(1—Bk)”/2]2 0, (n - an even). There have been obtained

in [1-2] the conditions for functions g,(A) with 0<a <2, (o+B)? <8up, oc+[3<goc[3,

i+oc[3£oc+[3:

16
o+
sup [g, (M) <vn, v = ZB' n>o0, (4)
0<h<1
s —s s \°
sup AL—Agn (M) <vsn™°, vs =(a_+[3) ,(n>0), 0<s<oo (5)
0<A<1

(here s is the degree of source representability of exact solution X = ASz, s>0, lz| <p).

sup 1-Agn (M) <vo, vo=1 n>0. (6)
01

The following is valid:
Lemmal. Let A=A >0, A =A; >0, |A, A<, sp(A) <[0,1], ©<n<mnp),

0<a<2, (a+p) <8ap, % +aB<a+p and condition (6) be satisfied. Then [Gy,v| >0
at n—o, n—0 Vv e N(A)T =R(A), where N(A) = {x e H|Ax = 0
u Gnn = E_Ar]gn(Ar])-
1
Proof. We have HGnan = H(E - A,0n (Aq))vH = H é @-2g,(1)dE; v

}(1— o)V (L—p1)V2 dE, v .

€

[(L—o)"2(1—pA)"2 dE, v
0

}(1— o)V2(1—BA)"2 dE, v
0

<

+

- an)V2- ) dE | < " (e)

€

as for & e[e, 1] [1—ar)L-PL)| < q(e) <1.

1
[ dE,V| -0, n— oo,
te4

[L—an)"2(L—pr)"2 dE,v| <

0
properties [3—4]. Consequently, HGnan —0at n—>o, n—>0. Lemma 1 is proved.

=||Esv| = 0, & — 0 owing to integrated spectrum

€
JdE,Vv
0

The convergence condition for method (3) is given by
Theorem1. Let A=A">0, A, = A; >0, HAn - A” <n,  Sp(A) <[01],
(0<n<mng), yeR(A), [y-ys|<8 and conditions O<a<2, (a+B)®<8ap,

10



Byuonwia 3anicki 2016 * Boin. 12
Y. 2 « IIpvipooasnayuvisi HAgyKi

%+a[3 <o+, (4) be satisfied. Let us choose parameter n=n(d,n) in approximation (3)

so that (8+m)n(8,m) 0 at n(8,1) o0, 80,1 —> 0. Then Xy(5.,) > X at 8—>0,n—0.
Proof. We have xn =0n(A,)Ys. Then

Xn =X =0n(A))Ys =X =-CngX +GnyX +0n(Ay)Ys —X =

=—GyX +(E=Agn(ADX +9n(Ag)Ys =X =-GppX +0n(A)(Ys — AgX ).

Condition (4) being as follows Hgn(An)H < sup g, ()| <y, v = OCTJFB, then
0<a<l

*
X

N RN e RSN

an (Al ~ A | <[Gnx |+ (3]

As appears from Lemma 1, HG””X*H_)O at n—>o, n—0, and according to the

*
Gm]x H+

Consequently, Xn(d,m) ~ X*H < ‘

Xn(&n) - X |—= 0,

condition of Theorem 1, n(6+m)—>0 at 6—>0, n—>0. Thus,

8 — 0,1 — 0. Theorem 1 is proved.
Theorem2. Let A=A >0, A,=A7>0, [A,-Al<n, sp(A)c(o1],

(0<m<mng), YeR(A), |ys - | <8 and conditions 0 < o <2, (o +p) <8ap, a+B<§aB,

%+a[3£oc+[3, (4), (5), (6) be satisfied. If the exact solution is source representable,

ie. x =A%, s>0, |lz| < p, then error estimation is equitable

*

Xn(S,n) X min(,s)

p+ysn_sp+yn(8+nHX*H), O<s<oo.

<YocsN
Proof. Using the source representability of the exact solution we have

HGnn XH = HGnn ASZH < HGnn (AS -A )ZH +HGnnA32H <yoen ™" p+y5n~0p,

as according to Lemma 1.1 [5, p. 91]

A; —ASHSCSnmi”(l'S), Cs =const, (¢, <2for 0<s<1).

min(1,s)

Then {Xqe,m) — X*H <Y0CsM p+y N °p+ yn(s + on*H), 0<s<om, (7)

Theorem 2 is proved.

11
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If the right side of estimation (7) is minimized by n, we get the meaning of a priori

1/(s+1)
L -1/(s+1)
stop. moment:  n_, = P stpll(s+l)[8+nx } ,  Where
y(8+ X n)
oy 6D
ds =(£J . Consequently,
Y
a+p - *
o =S( ' j o-s/(s+1) p1/(s+1)(6 ol )-1/(5+1)_
Let us substitute ngp,; in estimation (7) to get
* i —S *[\S/(s+1)
Xn(s,m) — X opt S\(Ocsnmm(l’s)pJFYsP(dsPl/(S-H)) (5+1‘| X ) +

*

T | S T |

I(s+1)(
)5 (ds sy /D |y o6+ )=

T/(s+1)

where ¢, = gy, +7yd; = (51/(s+1) N S—s/(s+l))Ys/(s+l)yé/(s+l) — (1+5)275D, Hence
. S/(s+1
Scsnmln(l,s)p+(1+ s)z—s/(s+1) p1/(3+l)(6+n ) ( )_
opt

Note 1. Optimal error estimation does not depend on o and §, whereas n,,,, de-
pends on o and . Thus, for the contraction of computing it is necessary to take o and 8

*

min(L,s) X

=7Y0CsM p+(5+n

*

=yocsnmin(l’s)erp1/(5+1)C;(6+n X

* *

X

Hxn(&n) —X

probably big of conditions 0 < a. <2, (a+p)* <8ap, a+B<§aB, %+a[33a+[3, (4), (5),

(6) and it, that n,,, € Z .

3. The a posteriori choice of a number of iterations.

The equation is considered Ax =y from section 1. Iteration method (3) is used for its
solution.

Let’s proove the convergence of a method (3) in case of a posteriori method of choice

of parameter of regularization for the solution of equation A,x =z, where the operator A,
and the right-hand member of the equation are approximately: HA,]—A”sn, ly—ys|<8.

Such questions were studied in [5], but for other methods. We consider, that zero is not
the eigenvalue of the operator Ay, but belongs to its spectrum. Let's consider that the equa-
tion A x =Yg has the only solution.

Let’s set stop level £>0 and define the moment m stop of iteration method (3)
the condition

12
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| Ay = s> & (0 <m),

[ Anxmeen — Vs <&
Let’s suggest that in the initial approximation xqs ,,) discrepancy is big enough, more

6= b(8+Hx*Hn), b>1. ®)

than the level of stop ¢, so HA,]XO(S,T]) —y5H>s. Let’ show the possibility of application
of the rule (8) to the method (3).
Let H=F, A=A >0, A, =A" >0, Sp(A,) < [0,1], 0<n<no. Valid

Lemma3. Let A=A" >0, A, :An* >0, HAq—A”sn, HAqugl (n — an even) and
the condition is satisfied (5). For G =E-A9n(Ay) the relation to is fair for Yuv e R(A):

N|AGnqu| =0 if n >, n—0. 9)

Proof. We will use the theorem Banach — Steingaus [4]. Here ||Bn||:nHAnG

and on a condition (5) norms ||By,| are limited in total

|G| =4 (E - Agn ()] =

o

=n sup AL-Ag,(A)|< L=y, (n>0,m>0).
0<i<l

For form elements v = A®, making in R(A) a dense subset, by virtue of (5) we have

Ay G 0| = 1| Ay G A < 1| A Gy (A= A ) +
+ n“AﬁGn11 Aﬂ(DH < (ym +n sup A2 1-2rg, (k)|j||co|| <
0<A<l

< (yln + nyzn_2 )|u)|| = (yln + y2n_l)|(x)|| —0, n—>o,n—0.
According to Banach — Steingaus theorem nHAannoH —>0 at n—>ow,m—>0. Lemma 3
is proved.
Lemma4. Let A=A >0, A=A, =0, HAn —Aﬂ <n, HAT]H <1, and the conditions

are satisfied (4), (6). If for some vge R(A), npsﬁzconst and mp —>0 we have
Aannpnpoo —0at p—>wo,so annpUO —0.

Proof. Owing to an inequality (6) the sequence Up:ann vy Is limited,
p

50 HupH: <yo|vo|, peN ={2,...} Thus in Hilbert space out of it sequence we

G v
npnp 0

can remove poorly agreed subsequence vp——>v, (p eN'c N). Then Anp‘)p -— Anpo,

13
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(p e N’). Under the condition Op = Anpop — 0, it means, AnpU =0. But as zero is not the

eigenvalue of the operator Anp , S0 v=0. And now

”Upuz :(Up'annpUOj:(Up’(E_Anp gnp(Anp))JO):(Up’Uo)—
—(quvpygnp(quFo)=(0plvo)—(®p19np(qu})0)—>(U-Uo)=(0100)=0, (peN)

as wp —0, on a condition (4) On,, (Anp ]‘Synp <yn. So, any weakly convergent subse-

quence of a limited sequence v, aspires to zero on norm. Thus it follows, that all the se-
quence v, — 0, p — oo is on norm. Lemma 4 is proved.

We'll use the proved lemms to prove the following theorems.

Theorem3. Let H=F, A=A >0, Ay=Ay 20, ”An—AHSn, HAT]HS1
(0O<n<ng), yeR(A), |y-vs|<8 and the conditions are satisfied O<oa<2,

(a+[3)2 <8af, %+ af<a+p, (4), (5), (6). Let the parameter m(d,m) (m-an even) is cho-

sen by the rule (8). So (5+m)m(8,n) >0, Xm(s,n) —> X under 3 —0, n—0.
Proof. We have Xn(sn) = 9n(Ay)Ys, then
Xn(5,m) ~ X =—X + gn(An)y(g = —Gnnx* +Gnnx* -
X"+ g (Ay)Y5 = ~GnyX” +(E— Aygn (A -
X"+ Gn(Aq)Y5 = ~GrX+ X"~ Angin (A K-
X+ gn(An)yS = —Gnnx* + gn(AanS - Anx*).

Consequently,

X — X" =G+ g (Alys — A (10)
Hence

A ~ArX ==AGnnX +A0n(A)Ys ~ Aygn(A)AX
A = A = AGnnX + Aqgn (Ag)Ys — Aqdn (A A
A¥n(sn) — Y5 =~ PG X = Vs +(E = Aygn (A JApx +

+ AqGn (A Y5 = =AGmX +GnAgX ~(E- Angn(An))yé =

==AGnnX +GnnAgX =GnyYs =—AqGnnX Gy (y8 — ApX )
Thus,
AnXn@sm) — Vs = —AnGnnx* —-Gnyy (YS - Anx*). (11)
According to lemma 1 it follows that
HGnnx*H —50,n—> 0, 1—0. (12)
Let’s show that

14
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oo (5.

On a condition (4) Hgn(An 1‘ Soiagl|gn(k)| <yn, and Hy5 —~ AnX*H <
P M T I P S

O EL )

thus

By virtue of lemma 3

Opn = nHAnGnnX*H —>0,n—> oo, n1—>0. (14)

We will apply the rule of stop (8), then HAnXm(&n) —y5H£b[8+Hx*Hn), b>1 and from (6)
and (11) we get
AGmn X*H <(b+ 1)(6 + Hx*Hnj. (15)
G| <A = 5] +[emlvs - 4| <

< b(S + X*Hnj + (6 + HX*HT]) =(b +1)(8 + HX*HnJ.
For Vn<m [ A Xy — Y| > & consequently

O S s

Thus, for Yn<m

Rea |, from (11)

20351 =
From (16) and (14) we have Gr:;—_&zn :HAqu_zlnx*Hz(b—l)(6+Hx*Hn) under

n=m-2 or (m- 2)(8 + Hx*Hn)g thzzvﬂ —>0,06>0,n—>0  (because from (14)

Smn 0, m—o0,n—0). If it m(§,n) > under §—>0,n—0, so, using (10), (12)

fins =< |+ famtanls - A’ | <

and (13), we get
< HGmnX*H +ym(s, n)(a + Hx*unj 50, M—>00,8->0,1->0,

*

so that Xm(&n) —>X .
If for any §,, and m, the consequence m(8,,,n,) will be limited, even in this case

Xm(8y,mp) X, dy = 0,n, —0. It is true, out of (15 is  made

15



Byuonwia 3anicki 2016 * Boin. 12
Y. 2 « IIpvipooasnayuvisi HAgyKi

Aq G x*H <(b +1)(5n +Hx* Tln) 50,8, — 0,1, —0. Thus, we have
AnnGmnnX* — 0,98, > 0,n, = 0 and under lemma 4 we get that under 6, —0,n, =0

it is made Gmnnx* — 0. Thus
me(g)n,nn) —X H sHGmnnx H+ym(8n,nn) (Sn +Hx Hnnj -0, 8, »0,n, 0.

Theorem 3 is proved.
Let the following theorem 3 conditions are satisfied.

Theorem 4.
If X =A%z, $>0, Ilz] <. that are true the assessment
si1 oL+ .
m<2+ ;
a+p . 1/(s+1)
[(b —l)(5+ HX Hn) —csymp}

me(s,n) - X*“ < csnmin(l,S)p + |:csylnp + (b +1)(5 + HX*Hnﬂs/(sﬂ) pl/(s+1) N

a+p), s+1 pt/(s+)

2 a+B[ i (04 n) a7)

) (b —1)(8 + HX*H’H) - csvmp}

Proof. Let’s value again HAnGm—Z,nX*H' By vitue of (5) and lemma 1.1 [5, p. 91]
A B R N e O
+HA$]+1Gm—2,nZHS(Bm—Z,sn+Ys+1(m_2)_(S+1)) ,
where Bm—z,s =Cs SUp 7‘(1_7‘gm—2(7\-))s [(m—Z)((x+B)]_1CS =C5Y1(m_2)_l: Bm—Z,S —0,

0<<1
m—o. Here Ccg=const (cg<2 under 0<s<l).

we get (b —1)(8+Hx*Hnj < (ﬁm—z,sﬂ +vg41(M —2)_(S+1) )p. Hence we have
(m-2)C+D ¢ Vs+1P . and, consequently,

l:(b_1)[8+HX*HTIJ_Bm—2,snP:|

Comparing it with (16),

1/(s+1)
s+1 p
oa+Bl (b —1)(6 + Hx*Hn) ~Pm-2,smP

m<2+

16
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<cC as at m> 2
m—2 sT1 ( m_2

o) (b—1)(5+HX*H11)—Bm—2,sﬂPZ(b—l)[5+HX*HnJ—CstP, and, it means, we get the fol-

As Bm-2,5 =Cs¥1 <1),

il pl/(s+)

a+B[

lowing assessment for m: m<2+

. 1/(s+1)
(b —1)[8 + HX Hnj - CsYlﬂP}

We have HGmnx*H:HGmnASzHsHGmn(AS —A,S])zH+HGmnA§zH. Under lemma 1.1
[5, p. 91] HGmn(AS —Aﬁ)z”écsnmi“(l's)p, that gives the contribution O((8+n)5/(5+1)) to an

assessment me(&n) — X*H [5, p. 111]. We will estimate norm HGmnArSiZH with the help of ine-

quality of moments, lemms 1.1 [5, c. 91] and (15):

“GmnA,S]zH - HAﬁGngH = HA;HGng HGmn z”ll(SH) <

< HAnGmnASZHSI(SH)”Z”U(HD < (HAnGmn (Arsl - AS)ZH +

o | Bronp-+(0+3)5+ Hx*”nﬂs“s”) RYCE)

Then

Hs/(s+1)

Dengs =] < G Jam(Aalys ~ Ak )] < sn™ 90+ rgnp + 0+
x(6+ HJTI(S+1)91/(S+1) +ym(6+‘ n)SCsnmin(l,s)p+

+ [Csylnp +(b+ 1)(6 + Hx*HnﬂS/(sm pH/(s+1) 4

*

*
X X

1P o-n(o 4 n)-conno

+

T/(sﬂ) (5+“X*H”j'

Theorem 4 is proved.

Note 2. The order of evaluation (17) is O((6+n)5/(s+1)), and, as it comes from [5],
Is optimum in a class of problems with sourse representable decisions.

Note 3. Though the formulation of theorem 4 is given with the indication of degree
of source representable s and source representable element z, in practice their value are not
required,because they are not held in the stopping rule for the discrepancy (8).

17
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Mampicuxk O.B. UTepanMoHHBI MeTO SIBHOTO THNA IS PelIeHUS] HEKOPPEKTHBIX YpaBHEeHU
MEepPBOro poaa ¢ NPUOJIMKEHHO 32JaHHBIM OIIepPATOPOM

Cmamus nocesaujena uzy4eHuio A6H020 Memood peuieHus HeKOPPEeKMHbIX YPAGHEHUll Nepeozo pood
C HEOMPUYAMETLHBIM CAMOCONPSICEHHBIM OZPAHUYEHHIM ONepamopom 6 2uivbepmosom npocmpancmee. /o-
KA3aHa cXoOuMOCmb Memood 6 clyyde anpuopHozo U anoCmepuopHo20 6blOOpa YUCIa umepayuii 8 UCXOOHOU
HOpMe 2ubhepmosa NPOCMPAHCmMeda, 8 NPeono0NHCEeHUU, YO NOZPEUHOCIU eCMb He MOIbKO 8 NPABOll Hacmu
ypasnenus, Ho u 6 onepamope. Ilonyuenvi oyenka nocpewtHocmu Memood, anpuopHblil MOMEHM OCMAH08A
U OYeHKa 05t AnOCMEPUOPHO20 MOMEHM OCIMAHOBA.
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