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Intrinsic Symmetries for the Generalized Majorana Fields
in Electromagnetic and Gravitational Fields

We start with the generalized multicomponent matrix equation (I" Ha s m)y =0, and introduce the concept

of the intrinsic symmetry. These symmetries should preserve the form of the basic equation, this leads to the
commutation relation [Q,F#]f =0. The relevant Lagrangian should be invariant under the intrinsic symmetries,

which gives the restriction Q“7Q =7 for the matrix of the bilinear form 7 . We impose the additional requirement:
such symmetries should preserve the Majorana nature of the field. This means that if the function ‘¥, is real

(imaginary) part of the complete wave function, then while transforming the function W/, =Q,;'¥; remains real

(imaginary). The main accent is given to multicomponent Majorana fields, which can be related to one, two, three
and four Dirac fields; these are closely related to the Dirac — Kdhler field.

First we examine the case of classical fields, and find the generators for the corresponding intrinsic
symmetries. Finally, we take into account the presence of external electromagnetic fields, also we extend this
approach to Riemannian space-time geometry. Additionally, we consider in detail the relations between performed
symmetry analysis for the system 4 Dirac fields and the Dirac — Kdhler field. In the end, t we take into account the
presence of external electromagnetic and gravitational fields.

Key words: the systems of Dirac fields, intrinsic symmetry, Majorana fields, Lagrangian formalism, external
electromagnetic fields, the Riemannian space-time geometry, Dirac — Kéhler particle.

BHYTPEHHUE CUMMETPUU OBOBIIEHHBIX MAMOPAHOBCKHX ITOJIEA
B QJIEKTPOMATI'HUTHOM U T PABUTAITMOHHOM I10OJIAX

Paccmompum 06obwentoe muozokomnonenmuoe mampuunoe ypasnenue (I ”6 Wt M)y =0 u esedem nonsmue

BHYMPEHHUX CUMMEMpUl. Dmu cumMmempuu OONIICHbL COXPAHAMb (DOPMY OCHOBHO20 YPAGHEHUS, YMO NPUBOOUM

K kommymayuonnomy coomuouenuro [Q,T ,1]7 =0. Coomsemcmesyrowuii nazpansicuan donicen Gbims UHEAPUAHMEH

o + - « o
omHocumenbHo npeodpazosanuii cuvmenmpuy, 4mo daem ozparuyenue Q NQ =1 na mampuyy Guruneiinoti gopmer 1 .
Mul naxnadwvisaem 0ononHumenvHoe mpedosanue, Ymoobbl maKue CUMMempuL COXpaHsiu MatloOpaHOBCKULL Xapakmep
nons. 9mo osnauaem, umo ecau @ynkyus ¥, aenaemcea eewjecmeenHoll (MHUMOIL) 4ACIbIO HOTHOL BONHOBO (YHKYUL,

mo nocne npeoopasosanuti V), =Qg¥, ona domxcna ocmasamvca eewecmeennoti (muumotr). OchosHol akyerm

Oenaemcsi Ha MHO2OKOMNOHEHMHBIX MAUOPAHOBCKUX NOJUIX, KOMOpble MO2ym Oblmb CE53aHbL ¢ OOHUM, 08YMs, Mpems.
U YemuvIpb M OUPAKOBCKUMU NONAMU,; NOCTIEOHUe MeCHO céA3aHbl ¢ noaem Jupaka — Kenepa.

CHayana mvl paccmampusaem cayuail KiacCUdecKux nosell U Haxooum 2eHepamopbl 01l COOMBEMCmeayiouux
BHYMPEHHUX cuMMempui. B Kouye Mbl yuumvléaem HAIUYue GHEUHUX OIJIeKMPOMACHUMHBIX NOJel, d maKice
pacnpocmpansiem 3mMom nooxXo0 HA PUMAHO8Y 2eoMempuro npocmpancmea — epemenu. Kpome moeo, mvl noopobro
paccmampusaem ceasu Mexcoy nposedeHHbIM AHATUZ0M cummempuli u noiem Jupaka — Kenepa.

Knioueevte cnoea: cucmema Oupaxkosckux noneli, HympeHHAA cummempus, Matopanosckue nons,
Jlazpanoices (hopmanusm, sHewHue dnekmpomazHummbie nos, Pumanosea ceomempus, wacmuya JJupaxa — Konepa.
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1. Introduction
The theory of relativistic wave equations gives the base for describing the elementary
particles and their interactions. It started with investigations of P. A. M. Dirac [1], W. Pauli
[2], and M. Fierz [3]. These studies were proceeded by H. J. Bhabha [4; 5] and Harish-
Chandra [6; 7]. They proposed for description of any particle to apply the systems of first
order differential equations in matrix form
(o, +mWY¥ =0, 1)

“p

where ¥ stands for the multicomponent wave functions, T', designates square matrices, m

is the mass parameter. Invariant properties of these matrices can be associated with physical
characteristics of the particles.

In this field, very important investigations were performed by I. M. Gelfand and
A. M. Yaglom [8] in which the general method for constructing the wave equations in matrix
form (1) was developed, for particles with any sets of spin and mass states. They derived
general restrictions on the matrices T',, and several examples of application of this general

theory.

Substantial contribution in this theory was made by F. I. Fedorov [9-17]. In particular,
he elaborated the method of projective operators [9], which permits to perform complicated
calculations without the use of explicit form of the matrices T",. Important contribution

in study of the algebras of the matrices ", and development of the methods of calculation

was done by L. A. Shelepin [18].

Substantial contribution in this field was given by V. I. Fuschich and A. G. Nikitin [19].
They proved the existence of intrinsic symmetries for many relativistic wave equations.

There exists one special way for describing the intrinsic degrees of freedom
and additional characteristics of the particles within the general theory of relativistic wave
equations. It is based on the use of extended (repeated) sets of representations of the Lorentz
group [20] when constructing generalized wave equations for particles.

The known example of such a wave equation is the Dirac — Kéhler system referring
to the particle with two spin states (s =0,1) and degeneration in intrinsic parities [21-24].

Firstly, the Dirac — Kéahler equation was formulated in tensor form by C. G. Darwin [25].
He proposed for describing the electron in external magnetic field to apply the complicated
tensor system of equations. In this way, he derived the energy spectrum in presence
of external Coulomb field, which coincides with that in the Dirac theory. Later on, this
Darwin equation was rediscovered by many researchers. The best known is the paper
by E. Kdhler [26], where the formalism of differential forms was used. In the papers
of V. I. Strazhev with coauthors [27; 28], this system was studied in detail within
the conventional theory relativistic wave equations. In the literature, in different mathematical
approaches [29-31], they discuss intrinsic symmetries of the Dirac equation, which differ
from space-time symmetries.

2. Basic Definitions
Let us consider an arbitrary relativistic wave equation for a particle with nonzero mass
in the standard form
(r,0,+m)y =0, (2
where ‘¥ is multicomponent wave function, I", stands for squared matrices, m is the mass
parameter. For this equation, there exists the Lagrangian
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L=—y'n(,0,+my. €))
Under the intrinsic symmetry we mean the linear transformation
W= Que¥s, (4)

which obeys a number of conditions.
First, they should preserve the form of the basic equation (2). Acting by the matrix Q

on eq. (2), if the commutator is valid
[Q.I,]l =0, (%)
we obtain

o,+my =0.

“op

(r,o0,+mQy =0 = (I

Restriction (5) ensues invariance of eq. (2) under the transformation (4). Second,
the Lagrangian (3) should be invariant under the transformation (4) as well:

L'=~(w")n(,0,+m)y"=—Qy) n(,0,+mQy
=-y ' Qn(l,0,+mQy =L,

whence it follows " Qn(",0, +m)Qy =y n( 0, +m)y, or differently
Qn(,0,+mQ=n(,0,+m).

Thus, the intrinsic symmetry transformations are to obey the constraints

Q' ,Q=nl,, Q'nQ=n. (6)
Bearing in mind (5), we can conclude that two relations in (6) coincide
Q' Q=QnQr, =nl’, = QnQ=n. )

We will impose an additional requirement on symmetry transformations. Such
transformations should preserve the Majorana nature of the fields. This means that

if the function ¥, is real (imaginary) part of the complete wave function, then after
symmetry transformation the function ¥, =Q,,W; remains real (imaginary). In the

following, this requirement is called the Majorana condition.
Now let us specify the massless case

r,ow=0. (8)

Requirement of invariance of this equation leads to two alternative restrictions
r,o0Qy=0=[Q,I,] =0; 9
-T',0,Qy =0=[Q,T,], =0. (10)

Additional requirement of the Lagrangian invariance also leads to two possibilities.
The first is

L'=L, [Q.[,] =0; (11)

it coincides with the yet known constraint (7), which appears when considering the massive
case. The second possibility is
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L'=-L, |[Q.T,] =0; (12)
whence we obtain

-y Q;nl,0,Q =+y'nl’ 0w,
or Qnl",Q, =-7nI,. Bearing in mind the relation [Qz,l“/J]+ =0, we conclude that the last

relation is equivalent to the known restriction (7). Thus, the Lagrangian invariance
with respect to intrinsic symmetry both for massive and massless cases assumes one the same
constraint (7):

QnQ=n.
For infinitesimal one-parametric symmetry transformations
Q=1+wl (13)
relation (7) takes on the form
(wd)'n=—nwl. (14)

3. One Dirac Equation in Electromagnetic Field
Let us take into account the presence of external electromagnetic field

(}Qﬁﬂ - ieyﬂAﬂ +m)y =0, (15)
where e stands for electric charge, and A, = (A, A,, A, A,) is an electromagnetic 4-potential,
(A, =1p). Let us separate in the wave function real and imaginary parts:

7i* =7/i172 =—7/4,8: =8i1aj1 =-0,, A* =A, AZ =-A

so we have two equations
(7.0, —ley, A, +my =0, (16)
(7ﬂ6ﬂ + iEyﬂAﬂ +m)y” =0.

Summing and subtracting them, for 8-component function ¥ (19) we obtain
an equation in the standard matrix form

(r,0,—ieG,A, +m)¥ =0, (17)
where I, =1, ® y,, and additional matrices G, are
G,u = O_l ®7,u (18)

Note that the last equation contains two sets of matrices, I', and G, .

Now we will search for restrictions on intrinsic symmetries Q, in presence

of electromagnetic fields they may differ from previously established for a free particle. Such
transformations ¥’ = QW should preserve the form of the main equation (17):

(r,0,—ieG,A +mQ¥=0 = (I',0,—ieG,A +m¥ =0.
So, there arise two constraints

[Q.r,1 =0, (19)
[Q,G,] =0. (20)

The Lagrangian for the case under consideration has the structure
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L=-%¥"5,0,-ieG,A, +m)¥. (22)
Let this structure be invariant with respect to transformation (4):

L'=—(¥)'n(T,0, —ieG,A, +mQ¥' = (Q¥)'n(T,0, —ieG,A, +mQY =

M
=-¥"Q'n(,0,-ieG A, +mQ¥Y =-¥'5( 0,6 —ieG A, +mY¥ =L,

u'

so we derive

wQ(T,0, —ieG, A, +mQW = Wn(T,0, —ieG,A, +m)¥,

'

whence (bearing in mind (19) and (20)) it follows
QmQ=n. (22)

The last condition coincides with the previously established in absence of external
fields; its consequences were studied in the above.

Thus, the presence of external electromagnetic fields leads to one additional constraint
(20). For infinitesimal transformations Q =1+ wJ it takes the form

[J,G,] =0, (23)

where J stands for any generator related to intrinsic symmetries.
Now we should verify which generators from established in the above (in the case

of one Dirac field) satisfy the constraint (23). In Majorana basis w",y' (17), there exists only
one generator which satisfy restrictions (19) and (22):

J,=0,®l,. (24)

By direct calculation, we can verify that p J, obeys the above additional constrain (23).

In other words, the intrinsic symmetry in presence of external field is the same as in the case
of a free particle.

4. The Case of n Dirac Fields
Let us consider n Dirac fields in presence of electromagnetic fields

(r.0,—iey, A, +my, =0, k=1,..n. (25)
The conjugate equation is
(yﬂ@ﬂ + ie}/ﬂAu + m)l//: =0; (26)
further we obtain

7,0, +w)—iey A (v, —w,)+m(y, +,) =0,

< “ N (27)
7.0,(w—w,)—iey A (v, +y, ) +m(y, —y,) =0.

Thus, we have (n+n) new equations
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7,0 w1 —iey Ay +my; =0,

7,0,y —iey, Ay, +my, =0;
7,0, —iey Ay +my, =0,

7,0, Wn —iey, Ay +my, =0.
With the use of the 2n-component wave function ¥ with the structure
W= (W W W W) = (W ') the column,

we can present the above system (28) as follows

Vu Vu

—iejy, A, +m

r

7

7

7
v

yﬂau =0,

or in the matrix form
(r,0,—ieG,A, +m)¥ =0,
where

r,=,®1,®y,), G,=0,®(,®y,).

(28)

(29)

(30)

(31)

(32)

Now, we should find restrictions on the intrinsic symmetries Q imposed by the

requirements (19) and (20).

From the constraint [Q,T",]. =0 (see (19)), taking into account the structure of ", (32),

we get the possible structure of the transformation Q'

Q=A®(B®I,),

(33)

where A and B are complex matrices with dimensions 2x2 and nxn respectively. Indeed,

we readily prove the identity (it is valid for any A and B)
[QT,]l =[A®B®I,,1,®1,®y,] =(A®B®I1)(1,®1,®y,)-
~(1,®1,®y,)A®B®I1,)=A®B®I,)(,®y,)-
~A®(1,®y,)(B®1,)=A®(B®y,)-A®(B®y,)=0.
Substituting (33) into (20):
[Q.G,] =[A®B®I,,0,®1,®y,] =(A®B®1,)(0,®1,®7,)-

~(0,®1,®y )A®B®I,)=0,A®(l,®y )B®I1,)-Ac, (BRI )I ®y,)=

=0,A®(B®y,)-Ac,®(B®y,) =(0;A-Ac)®(B®y,) =0,
we get the restriction on the matrix A:
[0, AL =0;

for the matrix B no restrictions arise.

(34)
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Thus the intrinsic symmetry Q should have the structure (33) with additional

constraint (34). It is evident that the corresponding generators should obey the structure
similar to (33):
J=a®(b®l,), (35)

where a and b are complex matrices of dimensions 2x2 and nxn respectively besides, they
should satisfy the constraint

[o,a] =0. (36)
For the case of one Dirac equation (15), there exists only one generator (24); a=o;
and eq. [o;,a]. =0 is satisfied, and b =1.

5. Two Dirac Fields in Electromagnetic Fields
In the case of two Dirac fields, the matrices T', and G,, have the form
Fﬂ:I2®(I2®7y), Gﬂ:al@(lz@)yﬂ). (37)
The intrinsic symmetry generators for free fields were found in the above
Ji=n®l, J;=y3®l, J,=iyn®l, (38)
J, =iy @, Iy =iy, ®l,, Jy, =iyy, ®l,.

It is convenient to present them differently. To this end, we take into account eq. (16),
7s = —0, ®1, and the multiplication rule o,0; =ig; o, +5;. Then we obtain

va0h = (0,®0,)(0,®0,) =0,0,®0,0, =il,®¢,,0, =il, ®a,,
similarly
1.7 =10, ®l,, y,y, =lo,®0,, y,y=-10,®0,.
With the last relations in mind, the generators (48) are presented as follows

J,=0,8(0,81,),1;=0,8(c,®1,),J,, =-1,®(c,®1,),

(39)
J,=-0,8(1,®1,),,=0,8(c,®1,),J,, =—0,(®c,®1,).

All six generators have the structure J =a®(b®]l,), where
a,be{o,, 0, 0, 1,}. (40)
Evidently, the additional condition [a,0,]_0 is satisfied only for generators of the type
ae{o,, 1,}; so remain only 4 generators

‘]1"]3"]11"]7’ (41)

note that J,, J,,J;; obey the Lie algebra su(2). The generator J, commutes with J;,J;,J;;.
Thus, we have 4-parametric group with the structure SU (2) ®U (1). Taking in mind
the explicit form of the J,
J,=—0,®(1,®1,)=-0,®ly,

we readily find expression for corresponding finite transformation Q, :
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Q, =’ ®1, = (cosQ+isinQ o) ®1,. (42)

6. Three Dirac Equations in Electromagnetic Fields
For three Dirac equations fields (64), (65) in presence of external electromagnetic
field, the matrices ', and G, in (31) take the form

r,=L®Ley, G, =0&l,0y,. (43)

The intrinsic symmetry generators in absence of electromagnetic fields were found
in the above, they are

J=(g®l)®l,, J,=(,%)®l,, J,=(1,9«)®I,,
Ju=(1L,®x)®I, J,=(0,9x)®1,, J;=(0,92,)®I,,
Ju=(0,®x)®1,, J;=(0,®q,)®l, J;=(0,®ax%)®l,
I = (0, @) ® 1, Iy =(0,®0;)®1,, I, =(0,®0)®1,,
Jiy=(0,00,)®1,, J,,=(0,0,)®1,, J;u=(0,00,)®I,.

All these generators have the structure J =a®(b®]l,), where ae{o,,0,,0;,1,},
and 3-dimensional matrices b are Gell-Mann matrices, b e{e, ..., o, 1}
Additional condition (34) is satisfied only for generators of the type ae{o;, 1,}:

‘]l’ ‘]9’ JlO’ Jll’ JlZ’ J13’ J14’ ‘]15’ Jlﬁ; (44)

they make up a 9-parametric group, in which we can separate two noncommuting subgroups
with the structure SU(2): Jq,J,5,J,, and J,y, J,,,J;c. On the matrices b no restrictions arise.

7. Four Dirac Fields
For the case of 4 Dirac fields, the matrices r, and G, have the structure

r,=Lel,®y,), G,=0&(,®y,). (45)

The generators of the intrinsic symmetry in absence of external fields were found
in the above. Let us transform these generators to the structure J =a®(b®1,), and find
the relevant matrices a:

J—»>a=0, J;—>a=0; J,—>a=0, J,—oa=o,,
Jy—a=|1,, J,—»>a=o0, Jy—a=g, Jy—>a=o,
Jy—>a=o, J,—>a=o0, J,—a=o0, J,—a=o,
Jy—>a=o0, J;,—>a=o0;, J,,—a=0, Jy—>a=o,
Jy—>a=o, J,—a=o; J,—a=o, J,—>a=o,,
Je—a=1, Jy—a=l, J,—>a=o0, Jz—>a=l,,
Joe »>a=0,, J,—a=o, Jy—a=1l, J,—a=l,.

Evidently, the additional condition [a,0,] =0 will be satisfied only for generators
of the type a {0y, I,}; they are the following 15 generators

‘]l' ‘]7’ 'Jll’ ‘]16’ 'J18’ ‘]22’ "]24' ‘]26’ J34’ ‘]36’ "]46' ‘]48’ ‘]53’ ‘J59' ‘]62' (46)
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On the matrices b no additional restrictions in presence of external electromagnetic fields arise.
The study of the explicit structure of generators (46) permits to get the following
conclusions:
1. Among these generators we can see 16 triples, each of them obeys the commutative
relations of the group SU (2)

(Jl, Jzza ~]4e)1 (Jl, ‘1241 J48), (‘]1’ ‘Jzef ‘J53)1 (‘Jn' ‘J16’ ‘]22)’
(‘Jll’ ‘]18’ ‘]24)7 (‘]11’ ‘J53’ ‘]59)1 (‘]16' ‘JlS’ ‘J62)1 (‘]16' ‘J36’ J59)7
(‘J18’ ‘J34’ ‘J59)’ (‘]22’ ‘]24’ ‘J62)’ (‘]22’ ‘J36’ ‘JSS)’ (‘J24’ ‘]34’ ‘]53)7
(‘J26' ‘J34’ ‘]48)’ (‘]26' ‘]36’ ‘]46)7 (‘J34’ ‘J36’ ‘J62)’ (‘]46’ ‘]48’ ‘]62)'
2. Among these triples (47), there exist 6 pairs, commuting with each other:

(‘]1’ ‘J227 ‘]46)’ (‘]181 ‘]34’ ‘]59);

(‘]1’ ‘]247 ‘]48)1 (‘]167 ‘]36’ "]59);

(I 9265 J53)s (165 J1s )

(‘]117 ‘]16’ ‘]22)! (‘]261 ‘]34’ ‘]48);

(‘]117 ‘]18’ ‘]24)’ (‘]26’ “]36’ ‘]46);

(‘]117‘]53"]59)’ (‘]46"]48"]62)'

(47)

(48)

3. The triples

(‘]22’ "]24’ ‘]62)’ (‘]22’ ‘]36’ ‘]53)’ (‘]24’ "]34’ ‘]53)’ (‘]34’ "]36’ ‘]62)
do not have such pairs.
8. Dirac Equation in Riemannian Space-Time
Initial Dirac equation in Minkowski space (X, X,, X;,ict)
(7.0, +m)y =0 (49)
in presence of a curved space-time background has the form

[iy"“(x)(0, + B, (X)) —mly(x) =0, (50)
where
(X)) =y, e isatetrad,
1 al al 1 ra_t ! ra
B, (=20 eV, (o), 0% = (7 ="

or

B, (x) = %y'ﬂ(x)vay;(x);

Vv, stands for the covariant derivative, the metrical signature is g, =(1,-1,-1,-1).
The Dirac matrices in metrical representation ' relate to the matrices (16) as follows

0 _

v =y, ]/'1=i7/1, 7/'2=i7/2, 7/'3=i7/3. (51)

In metrical representation, the Dirac matrices in Majorana basis are determined
by the formulas
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(52)

they are imaginary, under the Hermitian conjugation they behave as follows

(7/!0)+ — 7//0’ (7/rl)+ — _7/1’ (7//2)+ = _7/2’ (7/r3)+ - _7/3. (53)

In accordance with the above definitions, the wave operator in the Dirac equation (50)
in Majorana basis is real; this means that there exist two types of Majorana fermions
in Riemannian space as well as in Minkowski space.

The Lagrangian for Dirac field in Riemannian space is determined as follows

L=—y n(iy™(x)D,-m)y,n=y",n"=1,D,=0,+B,(X); (54)
note the commutation rule
D,y (x)=y"(x)D,. (55)

It is evident that in presence of gravitational fields (in presence of any curved space-
time background), the basic relations which determine the properties of the intrinsic
symmetries, preserve their form

[Q./“(X¥)].=0, Q'nQ=n. (56)

Therefore, all above established properties of intrinsic symmetries and their
classification are valid in Riemannian space-time models as well, when considering 1, 2, 3,
and 4 Dirac fields, both for massive and massless particles.

9. System of 4 Dirac fields, relation to the Dirac — Kihler particle, the metric
gap=diag(l, -1, -1-1)

In this section, we will use the metric tensor with the signature (1,-1,-1,-1);
then the Dirac equation in Majorana basis reads

(7“8, ~m)y =0, (57)
now the Dirac matrices are imaginary

7’ =0,®0c, y=ic,®c, y’=ic,®l,, ' =ic,®ac,. (58)

Let us turn to four Dirac-like equations
(iy“0,—my, =0, k=1,234, (59)

it is convenient to present these 4 bispinor functions as the columns of the 4 x4 matrix
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VinWVWuVWa¥Wa
YVip W Wa Wy

) = W w, wsv,) = . (60)
Vs Wz Wz Va3
Vis Wos Was Was
Consider conjugate equations
(iy"6, —m)y, =0. (61)
After summing and subtracting functions in relevant pairs
W= ) W = = () (62)
k ﬁ k k /1 k ﬁ k k/1

we get the system in the standard form
(ir“o,—m)¥ =0, (63)
where ¥ is a 32-component wave function
W= Ve W Vi Vo Ve W), (64)
and the matrices I'* are determined as follows
r“=1,®y" 5)

The above performed study may be repeated again with minor modifications; in this
way we can verify that the intrinsic symmetry transformations are determined by 28
generators to which there correspond imaginary parameters.

Let us detail the one triple of generators

1, =iy ®l, J,=i®l, 1, =i ®l,, (66)
they obey the su(2) algebra. The corresponding finite transformations read
Y'=Q¥, Q=al+ad+ad;+m,d;, 1= 14; (67)

where parameter «, is real-valued, and @, @, @, are imaginary. In initial components
of the complete wave function (60), it is presented differently

r - r i - r r i i H i i r r
Vi =Wy Wy = —logWs + o, — O — Oy — 10 + O, — O — O,

Wi, =i, + ‘//1i2 = —lwy, + oy, — a)al//liz - a)lV/;Z - ia)lll//ei,z + a)o‘//liz — O, — O, (68)
Wis = Wi T 1i3 =~y + Oy, — a)al//lia - wll//eia - ia)ll‘//?iss + a)o'//1i3 — O 5~ OY 3,
Wi, = Wiy + ‘//1i4 =~y + oy, — msV/1i4 — oy ;4 —iwuy ;4 + a’ol//1i4 —OY, — OY,,
Wy =Wnt ‘//;1 =~y + o, - a’sl//;l - wll//ziu - ia)lll//ziu + a)ol//;1 — O 5 — OY 4,
W =Wap + ‘//éz =gy, + oy, - a’sl//éz - a)ll//4i12 —iouy zi12 + a’o‘/’éz —OW 3 — Y 4y, (69)
Wy = Was+ ‘//23 =~y + O 5 — O ;3 - a’l‘//zim - iw11‘//zi13 + a’ol//és — O 33— OY g3,

[ i — r r i i H i i r r
Wor =Was T Was = N0 4y + O 5y = O3 5y = DY 4q = VO 4y + DY 5 = DY 39 = OY 44
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r - r [ r r i i H i i r r
W =Wa TWa = O, + Oy + O — @Oy, H1ouY, + O, + O — Oy,

r - r i r r i i - i i r r
Wy =Wa TWa =101, + O3 + W5 — O, T 10, + O 5, + O35 — O,

_ _ _ ) _ (70)
| — r I — 3 r r 1 ] H 1 1 r r
Wi = Wiz +Ws3 =013+ Oy 35 + O35 — O3 O 15 + O 33 + WY 55 — O,
r o — r i r r i i - i i r r
Wan = Vo TWa =101+ O3y + D35y — Oy T1OYW 1y + O3y + O3y — Oy,
[ r i r r i i H i i r r
YU =VWntWy =05 + O gy + Wy — O H1O W o + O 4y + O 4y — O s
' - r [ r r i i H i i r r
Wir SWar TWap VO 5 + O gy + WY 4y = O 5 TN W 55 + O 4y + O3 4 = O 55 (71)

Wis = Wiz + Wz = 10 3 + O 45 + O 43— O 3 1O, 3 + O 45 + O 33 — O 53,
Was = Wiy + Wy =00y, + a’oW£4 +OW 4y — OW oy IO W+ DWWy + w3W£4 — Wy,
We may rewrite these formulas in a more symmetrical form
w1, = (@ — )y, + (@, — a)s)‘//lil — (@, +iwy)yy — (o + ia)n)wgl =
= (@ — @) (1, +y1y) — (o +io, ) (s, + ),
whence, bearing in mind wy, +vy, =y, vy, +wy, = wy, , We obtain
w1 = (@, — @)y, — (0, +iwy, )y,
Similar expressions we get for the variables y,, ¥, v, :
vy, = (@ — 03)yy, — (@, +iw, )y,
Wi = (@, — 03)ys — (0, +ioy, )y,
w1y = (0 — o)y, — (0 +iw, )y,

The last 4 relations may be written with the use of one formula (we add similar
formulas for remaining columns)

Vi = (@) — @)y — (o +iwy, )y,
Yo = (@ — @)y — (0 +iwy, )y,
Wa = (0 + @)y + (0 — 10, )y,
Wi = (@0 + @)y gy + (@, — 1)y,

(72)

Thus, for four Dirac fields (60), the symmetry transformations (67) are written
as follows

Vil | (@~ @) 0 (0, ~iay,) 0 Yy
v, _ 0 (@, — @) 0 (0, —iw,) ||V
Y| (o -io,) 0 (@ — a)s)* 0 ¥y .
W 0 (0, —iay,) 0 (@ — @) |[¥ o

This transformation ¥’ = Q¥ may be decomposed in the linear combination of 4x4

matrices (recall that »° = y'»%/°»°)
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(73)

Let us introduce new notations
QO =20, Q,="2a0, Q,=-2a,,
5

I 1 1
G=—y? G, ==y°, G3== ,
1 27/ 2 27 277/

then the Q transformation is presented as follows
Q=awyl, +iwy’ —wy’ —w,y’y’ = ), + QG +Q,G, + Q.G,.
The generators G, obey the following commutative relations
[C.G,] =iG,, [G,;,G] =iG,, [G,,G,] =-iG; (74)
in modified notations, G, = K,,G, - K,,G;, = K,, they read
[K, K, =-iK;, [K, K,] =iK,, [K, K] =iK,, (75)

which refers to su(1,1) algebra.

Let us consider relations between the four Dirac fields and the Dirac — Kéhler theory.
As known, the Dirac — Kihler particle may be described in terms of tensor variables

(o, @, 9, @, ¢,,), and the corresponding equations read [32]
op+mp =0, 0,¢p+mg =0,
~ 1 amn ~
019+ 0uPa =My =0, 0,0==6"0.0m =M =0, (76)

amwn _anwm + gmnabaaéb —Me,, = 0’

pseudotensor quantities are marked by tilde. Equivalent description is possible with the use
of the 2-rank bispinor U , then the system of equations is presented as follows

(iy“0,—mu =0, (77)
were we assume the use of the Dirac matrices y* in spinor basis

l, -0, -0, -0,

y =1, ’7120-1 ’7220-2 ’73:63

Relations between two sets of variables are determined by the formulas [55]:



18 Becnix Bpacykaza ynieepcimama. Cepwvisi 4. @Dizika. Mamomamuika M 212023

1 1 s 1
gp:—zsp(EU), §D| :Zsp(E}/IU)I (Dzzsp(Ej/SU),

. . (78)
¢I =ZSP(E757|U), (Dmn :_Esp(EUan)’
where
i 0
e=[ "l ot =tphromm, (79)
0 o, 4
Let us transform relations (78) to Majorana basis:
l//s :Sl/lm’ }/Sa:S]/;S_l,
-1 - - - i -
i1 1 [ I
S:1 o ,8’1:8*:1 (80)
21 -1 1 1 211 1 1 -
i - -1 1 -1 111
The transformation rule is
U=(S®S)U'=SUS", U'=(S'®SHU=SU'(S™'".
Further we find explicit expressions for scalar components
Q= —%Sp(SE’Slsu ST) = —%Sp(SE'U ST), (81)
i [
where E'=SES. Similarly, we get expressions for remaining tensor components
’ l !/ ~ 1 r.r
¢ ==Sp(SE'yUS™), ¢ ==Sp(SE'yUS"),

@ = %SP(SE%%U ’ST), P = _%SD(SE'GI;mU ST)'
i |

We consider the matrix U’ as a set of 4 columns (These columns do not behave
as bispinors under the Lorentz group)

U= (o Woo Yo Vi) (83)

the prime indicates on Majorana basis. Because the Dirac — Kéahler equation may be presented
a set of 4 unlinked Dirac-like equations (however it is not so in Riemannian space-time),
the intrinsic symmetries for four Dirac fields should be the symmetries for Dirac — Kahler
field as well.

Intrinsic symmetry transformation ¥’ = Q%' explicitly reads

\?1 = (@, — @,) V1 + (@, — ;) 5,
“?’2 = (@, — @)Y, + (0, - ia)ll)*qjil’
‘?'3 = (@, — @) ¥ + (o, —10,) Py,
qu = (@, — @) W, + (@ — i) P,

(84)

Corresponding tensor components are determined by relations
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Q= —%Sp(SE'UST),
|

7= 3SPSEVUST), §'= 2Sp(SEUS), (85)

5= SPSE V57 US"), Ty =~ SP(SE 0, TS").
I I
For example, let us write down the relevant formulas for pseudo-quantities

7= %{wo[((,,;3 —Wl) + Wl — v+ Wl —wh) — (Wl —wi)]+
+0 (Yo —yi) t o, (W~}
7= —%[(co0 + @) Wiy W) + (@~ @)Wl —v3,) +
+o_ (Wi +¥3) + O, (Vo — w2,
7= —%[(a)o — @)Wl ~ Vi) + (@ + @) Whe ~ Vi) -
—0, (Y =Wa) + 0 (1, —v3)],
7= _%[(% )Wy + W) — (@ — )Wy +17ly) +
+o_ (Y, +¥ o)+ o, (Wi +v)),
7= L0k + )~ (0 + )+ -
~0, (W W) + oWy, —vi)]-
The author is grateful to V. M. Red’kov for encouraging help and advice.
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AHAJIMTUYECKHE HHCTAHTOHHBIE PEINEHHS1
B HEJIMHEMHOMU O3) MOJIEJIN U B ABEJIEBOU MO/IEJIN XUI'TCA™*

Ilpusedenvr mounvie anarumuyecKue UHCMAanmonHvlie pewenus oasa nHeaunelnou O(3) mooenu 6 ogymep-
HOM e8KIUA0BOM NPOCMPAHCIEE, KOMOPble ORUCLLEAIOm 8 npocmpancmee Munkosckozo (1+1) myunenvhule ne-
PEXOObL MENCOY KIACCUYECKU BbIPONCOCHHBIMU BAKYYMAMU. Boluucnena eeposmuocms ¢ 9KCHOHEHYUANLHOU
mounocmoio. Tlonyuenvl npubiudiceHHble UHCMARMONHbIe pewlenust Ols abenesou Modenu Xueeca 6 O8yX uzme-
DEHUSX.

Knrouesvie cnosa: uncmanmon, nenuneinas O(3) mooenw, abenesa modenvy Xueeca.

Analytical Instanton Solutions in the Nonlinear O(3) Model and in the Abelian Higgs Model

Exact analytical instanton solutions for the nonlinear O(3) model in 2-dimensional Euclidean space are
presented. They describe tunnel transitions between classically degenerate vacua in Minkowski space (1+1).
The probability is calculated with exponential accuracy. Approximate instanton solutions for the Abelian Higgs
model in two dimensions are obtained.

Key words: instanton, nonlinear O(3) model, Abelian Higgs model.

Beenenue

Henuneitnas O(3) Mozenb B AByMEPHOM M TPEXMEPHOM MPOCTPAHCTBE AETAIBHO U3Y-
yajiach M3-3a MPUCYTCTBUA B HEW BaKHBIX 3((EKTOB, CBONCTBEHHBIX HAMHOTO 0OJ€€ CII0XK-
HbIM HeabeJIeBbIM KaJTMOPOBOUHBIM TEOPHUSAM B UYETBIPEXMEPHOM MpocTpaHcTBe. Takke Takas
MoOJieJIb OMKCHIBAET Psii HETpUBUAIBHBIX 3P (eKToB B heppomarnerakax. CTaTudeckue Cou-
TOHHBIE pemieHus HenuHeHor O(3) monenu ObUIM HalleHBI M U3ydeHbl A. A. bernaBUHBIM
u A. M. [lomsikoBbM B 1975 1. [1] B KOHTEKCTE MCCIIEIOBAHUS CTMHOBBIX KOPPEISITUN U BO3-
MOKHOCTH (pa30BbIX MEPEX0J0B B IUNIOCKUX (heppoMarneTukax B (1 + 2) usmepenusx. B 0630-
pe [2] meranpHO paccCMOTPEHBI pa3InyHbIe TIpeacTaBieHus HenmmHerHor O(3) moxenu (Mmart-
pHYHBIE, CIIMHOPHBIE, @ TAaKXKE MOJIXO/Ibl, CBSI3aHHBIE C BBEACHHEM aHAJIOra BEKTOPHOIO Ka-
muOpoBouHoTro T0JsT). Monudunuposannas HenuaeliHas O(3) teopus B (1 + 1) m3mepeHnsax
paccMaTpuBaNach NpPU HEHYJIEBBIX TeMIlepaTypax KakK MOJENb 3JIEKTPOCIA00ro CeKTopa
CrangaptHoit Moaenu 11 u3ydyeHusi BO3MOKHOCTH MHCTAaHTOH-WHIAYIIMPOBAHHOTO Hapylile-
HUs1 0ApUOHHOTO U JenToHHOro uucen [3]. PaccmarpuBanuchk u Apyrue JByMEpHbIE CKaJsip-
HbIE TEOPUH JJIs1 MOJEIMPOBAHUSI MAaTHUTHBIX sIBI€HUHN. Tak, MHCTAHTOHHBIE PELLIEHUs B CKa-
JSIpHOM MoJenu cuHyc-I'opioHa Ha MPOCTPaHCTBEHHOM OKPYKHOCTH [4] paccMaTpUBaIuCh

*Paboma svinonnena npu noooepcke epanma bBPODOU ©22MI]-003 «Ilouck npoyeccos, unoyyupo-
sannvix KX/[-uncmanmonamu, na bonvuiom adponnom xonnatioepe» (pykosooumenv — P. I'. Illyas-
KOBCKULL).
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JUIS WUTIOCTPAI[MM KOT€PEHTHOTO TYHHEIMPOBAHUS JAOMEHHBIX CTEHOK B (heppOMarHUTHOU
JIBYXOCHO-aHU30TPOITHO-CITMHOBOM 1enouke [5]. B HemaBHeld pabGote [6] Tomonoruveckue
pemenus menuueiHOU O(3) Moeny AeTaabHO U3YydYaIiCh C HCIOIB30BAaHHEM METO10B MoOH-
Te-Kapiio Ha pemreTkax B3auMOACHCTBYIOIINX CITUHOB.

HeabeneBa SU(2) moxens Xwurrca B mpocTpaHcTBe-BpeMerHn (3 + 1) Ha KilacCCHUECKOM
YPOBHE HAXOJIUT MPUMEHEHUE Ui ONucaHus HUTeH AOpPHKOCOBa B CBEPXIPOBOAHHUKAX 2-TO
pona. Abenes U(1) ananor Mozenu B MpoCTpaHCTBE-BpeMeHH (2 + 1) coepKuUT BUXpEBBIE pe-
IICHMsI ¢ KOHEYHOW sHeprued — BopTrekchl Hunmbcena — Onecena [7]. Dto perienune oOnamaet
KOHEYHOU SHEprueH, JIOKAJIM30BaHO B IIPOCTPAHCTBE, T. €. 3TO COIUTOH. JIroboe crarnueckoe
conutoHHoe pemienue B (D + 1) mpocTtpaHcTBe-BpeMeHH aBTOMATUYECKH SBISICTCS MHCTAHTO-
HOM B D-MepHOM €BKJIMZOBOM IpocTpaHcTBe. KBaHTOBOE paccMOTpEHHE MOJAEIM OTKPBIBAET
HE CYILIECTBYIOIINE B KJIACCUUECKOM BapHaHTE TyHHENbHbIE NIEPEXO/Ibl, KOTOPhIe yI00HO OIHU-
CBIBaTh METOJIOM (DeHfHMaHOBCKMX (h)YHKIMOHAIBHBIX WHTETPAJIOB BO MHUMOM BPEMEHH C UC-
MOJIb30BaHUEM MHCTAHTOHHBIX pelleHui. MI3BEeCTHO, YTO TaKue pelIeHus CYIECTBYIOT, HO aHa-
JMTUYECKUI BUJ HE U3BeCTeH. B manHoii paboTe pemenus HaiqeHbl npuoimxeHHo. [TonpodHo
0 HEJIMHEHWHBIX TEOPETHKO-IOJIEBBIX MOJIENISAX U3JIOKEHO B MOHOTrpadusx [8; 9].

HNHucranToHHbIe pemieHnst B HestuHelHoN O(3) Mmoxenn
PaccMoTpuM TeopHIo BEIIECTBEHHOTO CBOOOAHOTO CKAISPHOTO MOJISt B IPOCTPAHCTBE-
sBpemenu (D + 1):

L= ;8#(oa(t, X)0“ % (t, X). 1)

PaccmarpuBaercsi TpeXKOMIOHEHTHOE 1osie: a = 1, 2, 3 — rpynnoBoi MHIEKC, 10 KO-
TOpoMy Tipeamnonaraercst cymmuponanue; | = 0,1 — JopeHneB WHAEKC, M0 KOTOPOMY HIET
CyMMHUpOBaHHE ¢ MeTpuKoit gy, = diag(l, —1,...). bynem cunrars nocrosuuyo Ilnanka u cxo-
pPOCTb CBETa PaBHBIMU €UHUIIE, KaK OOIIECTIPUHATO B Teopuu nosid. Mogaens (1) penstuBuct-
CKM WHBAapHaHTHA U MHBapHAaHTHA OTHOCHTENBHO MpeoOpa3zoBanuii rpymmsl BpameHuit O(3)
B TPEXMEPHOM BHYTPEHHEM MTPOCTPAHCTBE.

VYpaBuenus nons (Jlarpanmxka — Dilnepa), cOOTBETCTBYIOLIME Jarpamxuany (1), ects
O6e3maccoBbie ypaBHeHUs Kielina — @oka — ['opioHa 17151 KaXk10ro a:

8,0"9p* =0. o)

DHeprus MmoJjsi, COOTBETCTBYIOMIAs Jarpamxuany (1) (TouHee, marpaHxeBoi TUIOTHO-
CTH), MoJyyaeMas coryiacHo Teopeme Hérep,

= 3 (1(0gY 104\
e=fas Y %) 45 % | ®

3amMeTuM, 4TO cKayisipHas moseBas Teopus (1) MoxeT, B IpUHLUIIE, pacCCMaTPUBAThHCS
KaK DKCTPANOJIALM 00HOMEPHOU Knaccuueckou moodenu Ieitzendepza Ha HECUETHOE YHCIIO

) — a
cTerneHel cBOOO/IbI (3HAUEHUS! «CIIMHOBY, POJIb KOTOPBIX UIPAKOT BEKTOPHI & = (), Mpous-
BOJIbHBI). J[JIsi HOPMHPOBKH TaKUX BEKTOPOB B TEOPHIO MOXKHO BBECTH OTpaHUUEHHE (YCIOBHUE
CBSI3H):
—~ —~ a_a _
P-p=¢ ¢ =1 (4)
B stom cityuae teopust Hocut HasBanue Heauneinoi O(3) —moodenu. Yuer ycnosus (4)

OCYILECTBIISAETCS, KAK U B TEOPETUYECKONM MEXaHUKE, BBEICHUEM B TECOPUIO MHOKHUTENA Jla-
TPAaHXKA A(7,x):
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1 1
L=20,0%"0p* + —1-(0p2p® -1). 5
L Oup 0"+ (p°p” -1 ®)
VYpaBHEHHUs 110JIA C y4ETOM MHOKUTENA JlarpaHyka IpuMyT BUJ:
0,0"p* + 19" =0. (6)
Orcroma
A=-¢"0,0"¢". (7

Takum 00pa3oM, ypaBHEHHsI TIOJISL JJIsE CHCTEMBI (6) CTaHYT HEIMHEHHBIMH B OTJIHYNE
OT ypaBHEHUH (2):

0,0/ 9" —9"(0,0"9")p* =0. ®)

YpaBHEHHsI AOMYCKAIOT TOYHBIE AaHATTUTHYECKHUE COIMTOHHBIE pemieHus B (2 + 1) mpo-
CTpPaHCTBE-BPEMEHU:

a 2 2
Xr r-—r
a _ 0 _ . 3 _ 0
Pol =2 5 5+ a=1l2 Psol = 5 5 ©)
r+rn r~+rn

DTO peuieHue ¢ €AMHUYHBIM TOMOJOTHUYECKUM 3apsiioM. Perienus ¢ nmpou3BOJIbHBIM
TOIOJIOTHYECKUM 3apsiIOM BIEPBBIC HalZieHbI B padoTe [1] 1 1eTaabHO MHOTOKPATHO 0OCYX-

Januch B JaibHednieM [2]. 3meck [; — NPOU3BONLHBIM IOJOKUTENbHbIN IIapaMerp,
r2 =./x? +y?. Pelenne obnanaer cuMMETpHENH OKPYKHOCTH Ha MJIOCKOCTH (X, Y). DHeprus

I CTaTUYCCKHUX peIJ_IeHI/Iﬁ

o 2 3
E=Z [dxdy> > 0,0%0,0" (10)
2_00 o=la=1
uMeeT OECKOHEUYHBIN HEeNpephIBHBIM Ha0Op BaKyyMOB (pelleHUN, MUHUMHU3UPYIOLUX (YHK-
roHan sHepruu (10). DTo Bce He 3aBHUCALIME OT KOOpAUHAT (M, pa3yMeeTcsl, CTaTHUECKHE)
HOJISL.
Pemrennst (11) mepeBosT BakyyMHOE COCTOSIHHE CHCTEMBI ¢ =—5%° Ha HPOCTpaH-

CTBEHHOW OECKOHEYHOCTU B BaKYYMHOE COCTOSHUE % =+ 3 B gauane KoOpAMHAT. Bakyymbl

BbIOpaHbl POU3BOJBHO U3 COOOpa)keHUH ynoOCTBa, YTO HE OTpaHMYMBAET OOIIHOCThH pac-
CMOTpEHUS 3aa4u. DHeprus Ui pemeHus (9) Ha3bpIBaeTCs Maccoil COIMTOHA!

Mo = Elpg (] =47, (11)

IInoTHOCTB OHCPIrunu MakKCUMaJIbHa B OKPCCTHOCTU OKPYKHOCTU paanycCa I’O . Takum

o0pa3oM, cucTeMa SBISIETCS MOJIENbI0 TUIOCKOTO (heppoMarHeTuka. TpexmepHble BEKTOPHI
@(X,Y) cOOTBETCTBYIOT KIIACCHUECKHM CIIMHAM, PABHBIM €IHHHIIE O MOJIYIO (HOPMHPOBKA
MO3KeT ObITh 11000i1). Pemenne (11) MOXHO MHTEPNPETHPOBATH KaK JOMEH, CJION B OKpecT-
HOCTH OKPY’KHOCTH pajguyca I HMEET cMbIC domennoi cmenku. Kpome sroro, Onaronaps

CHOHTaHHOMY HapyuieHuto cummerpun O(3), B BakyymMe CHUCTEMbI MOTYT HOSIBISATHCS TOJI-
JICTOYHOBCKHE MOJIbI — OecieneBble (PIyKTyalun, COOTBETCTBYIOIINE OJTHOBPEMEHHOMY IO-
BOPOTY BCEX CITMHOB, HE MEHSIOIINE YHEPTUIO CUCTEMbI. DTO MOJIENb CIIMHOBBIX BOJH B (ep-
poMarHeTHkax. B xeammoeom BapmaHTe TeopuM NOJSA Takve (DIYKTyallMd COOTBETCTBYIOT
MOSIBIICHUIO YaCTUIETIOAOOHBIX COCTOSIHUI (TOJIICTOYHOBCKMX O030HOB) — MarHOHOB.
N3yunm wenuneitnyto O(3) monaens B nmpocTpancTBe BpeMenu (1 + 1), cooTBeTCTBYIO-
IIyI0 OJTHOMEPHOI ckansspHOi Teopuu I eitsenOepra. [y HaX0XI€HUST UHCTAHTOHHBIX pellie-
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HUHI HY’KHO IIEPENTH OT NpOoCcTpaHCTBA MUHKOBCKOTO K MPOCTpaHCTBY EBKiIMAa (Miu oT aei-
CTBUTEJIBHOTO BPEMEHH { K MHUMOMY 7):

t=ir. (12)
JlelicTBHE MCXOMHOM 3a/1a4u TIociie 3aMeHbl (12) mpumeT BU:
S :jdthL:iSE :jdzdeE. (13)
EBxnnnoBo nelicTBue:
. 1°¢
S=iS;; S, =3 [ dxdzd 00 0" . (14)

EBkimmoBo neiicrBue hopmaiibHO coBnanaeT co crarndeckoit sneprueit (10). Cymmu-
poBanue 1mo u B (14) mpoBoAUTCA B €BKJIMIOBOM NPOCTPAHCTBE C METPUKOU N = 5/”,

BEPXHHEC M HIDKHHAC MHJICKCHI HEPa3IMUUMBI, rpyIa JlopeHia B IByMEpHOM IIPOCTPAHCTBE —
BpPEMEHH TpeodpasyeTcs B rpymiy Bpamienuii SO(2).
NHCTaHTOHOM JAaHHOM 3a7a4M SIBISETCS:
o 2X 1, r’—rd

2t
(Pilnst (z,%) = 22 (Piznst @X)=—>5, (Pi5;15t (7,%) =

5 (15)
+1; re+rg re+rg

2 [ 2. .2 y y
3I[€CI) r-= T + X" . EBKJII/II[OBO JCUCTBUC HA MHCTAHTOHEC COBIIAAACT C MACCOHU
COJIMTOHA:

Selpnst (N]=47. (16)

B nosisipHBIX KOOpAMHATAX PEIIEHNs MOTYT OBbITh ITPE/ICTABICHBI B BUJIE:

2exp(id) 1y 3 r2—rf
D (r,0)=——"~= D5 (r,0)= ,
Inst( ) rg 4 |"02 |nst( ) r2 N roz (17)

ITpu obpaTHOM mepexojie OT JIBYMEpPHOIro MpocTpaHcTBa EBKkiIMaa K mMpocTpaHCTBY—
BpeMeHH MUHKOBCKOro pasmepHoctd (1 + 1) MOXKHO cuMTaTh, 4TO paauaIbHas KOOpAWHATA
COOTBETCTBYET ACHCTBUTEILHOMY BPEMEHH, a NMOJISPHAs — IPOCTPAHCTBEHHONW KOOpAUHATE:

r —>t, 0<r<ow—-w<t<on, (18)
0 —1, 0<0<27—>0<I1<2rx.

OJHOWMHCTAHTOHHBIM MEpPeXo/ MEePEeBOIUT 3aMKHYTYIO (DEpPOMAarHUTHYIO LEMOYKY
U3 COCTOSIHUS «CIIMH BHU3» B COCTOSIHUE «CIIMH BBEpX». Ilepexo MOXKHO cUMTaTh IIPOCTPaH-

CTBCHHO—OJHOPOAHBIM. Pa3Mep MHCTAHTOHA I’O COOTBECTCTBYCT XapaKTCpHOMY BPECMCHU TYH-

HEMUPOBaHU (0JJHA U3 KOJJIEKTUBHBIX KOOpAWHAT). L[eHTp uHCTaHTOHA MOXKET OBITH JTHOOBIM
(emre ogHA KOJUIEKTUBHAS KoopauHata). Pemenue (17) cOOTBETCTBYET IIEHTPY B HYJIE Ha Bpe-
MEHHOM OCH.

Jlarpamxkuan (1) u netictBue (13) MOXHO MOIUPHUITUPOBATh, T0OABUB B 3HAMEHATEIh
«KOHCTaHTy cBsi3u» (. BeIpaxkeHus ¢popMaibHO CTaHYT MOXOXUMH Ha COOTBETCTBYIOIINE
BbIpaxkeHus B Teopun SAHra — Musuica. [Ipu paccMOTpeHHH T€OpUH MPU KOHEUHBIX TEMITepa-
Typax 9 OyIeT UMEeTh CMBICT TEMIEpaTyphl (MOCTOsIHHASL boJlbIIMaHa CUMTAETCS €NUHUIHON
u Oe3pa3MepHOi).

BeposiTHOCTh TYHHENUPOBAHUS C HKCIIOHEHIIUATBHON TOUHOCTBIO:

<M exp(—HT) N>oc exp(—Sg[@;q; (1, 6)]) = exp(-87/ g°). (19)
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JUis BBIUMCIIEHUS MPEIPKCIOHEHLUAIBHOTO MHOXKHUTENS HEOOXOJUMO BBIUUCIUTh
BTOPYIO BapHALIMIO JEHUCTBHUA, YTO IPUBOJAUT K KOPHIO U3 ICTEPMUHAHTA B 3HAMEHATEJE:

MNexp(—AT) o= [det(6piqagiy +A)] ' exp(-47/ g2). (20)

Bbluuciienne npeadKCIOHEHIUANbHOTO (DakTopa CBOAUTCS K IPOU3BEACHUIO COO-
CTBEHHBIX 3HAYCHHI COOTBETCTBYIOLIETO OIeparopa. B peancTHUHBIX (PU3NYECKUX TEOPHIX
9TO BEJIMYMHA, OJIM3Kas K eIMHULIE.

I[Mpuban:xeHHbIe HHCTAHTOHHBIE PellIeHUs B IBYMEPHOii ades1eBoil Mmoaean Xurrca
PaccmoTrpum narpankuan abeneBoil MoaeIn XUrrcea:

L= Fu P +(D,0) (D"9) -V (9); (21)

rae F,,=0,A —0,A, — TEH30p 3JIEKTPOMAarHUTHOTO IOJISI, ¢ — KOMIUIEKCHOE CKaJSIPHOE I10-
JIe, Aﬂ— BEKTOPHBIN MOTeHUHan, D = 0 Tt ieA#— KOBapHaHTHas npous3BojaHas, V (¢) — mo-

TEeHIIHAJI XUITCAa:
V(p)=Allel* —p°)?, (22)

rae A u 0 — KOHCTaHTHI, onpeersonye GopMy MoTeHIuaia.

Kaxk xoporo u3BectHo, Jarpamkuan (21) B npoctpanctBe MunkoBckoro (3 + 1) ume-
€T HeTPUBHAIBHOE pellieHne — CTpyHy AOpuKocoBa. PerieHue oT KOOpJUHATHI Z HE 3aBUCHT,
JIOKAJIM30BaHO, UMEET OECKOHEUHYIO YHEPTHI0, COJUTOHOM He siBseTcs. COOTBETCTBYIOMIAS
3aj1aua B MpocTpaHcTBe (2 + 1) uMeeT pelieHne: CTaTUISCKU COIMTOH — BUXpb Husbcena —
Oumnecena [7]. ®opMaibHO OHO COBIAJACT C HHCTAHTOHOM B TpocTpaHcTBe EBkinma (2 + 0),
TaK, 4TO JII000€e MPUOIMKEHHOE aHAIUTUYECKOE PEIleHUE JIJIsl BUXPS €CTh NMPUOIHMIKEHHOE
AHATUTUYECKOE PEIeHHE AJIi MHCTAHTOHA. DTO UHCTAaHTOHHOE PELIEHHEe COOTBETCTBYET TYH-
HEeJIMPOBaHMIO B MpocTpaHcTBe MuHkoBckoro (1 + 1), To ecTb B paccMaTpuBaeMoi AByMep-
HOI abeneBoit Mojenu Xurrea.

Pemenue 11t cTaTHYECKOro COJIMTOHA UMEETCS PELICHHE B BUJIE:

o(r,a) = pe Y F(r), A(r,a)z—égijéA(r), (23)
F(r)>1 A(r)—>1 r-oowm,

F(r)—>0, A(r)—0, r—0. (24)

To ecth peIICHUC HC U3BCCTHO AHAJIUTUYCCKH, HO XOPOMIO M3BCCTHO YHCJIICHHO. z-
BECTHBI TaKKE€ aCUMIITOTHKH.

ByzeMm uckath pemenue 1is nactantona @) B Buge

p(r) = pe'?™ A(r)—0 (25)

JUI HeMaubIX I (T. €. OOJIBIINX, YeM XapaKTepHbI 0OpaTHBIM MacIITad Macchl XUITCOBCKOTO
nonst my, ~ +/Ap). BexropHslii motenuuan A, PaBeH HyJIO C TOYHOCTBIO 110 KAIMOPOBOYHbIX

npeoOpaszoBanuii. [Ipu moncranoBke anzatia (25) B ypaBHEHUS JBM)KECHUS MOJyYUM ypaBHe-
HUS U IPUOJINIKEHHBIE PELICHUS:

0,0, —22p%7"" =0, €'’ =asech(m, | z|); (26)
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o(r) = psech(my | z[), A(r)=0, @7)

I/ie BBEIeHa KOMIIEKCHAS KOOpAMHATA Z = X' +iX°.
JleiicTBre Ha MHCTAaHTOHE €CTh ()OPMAIbHO Macca COJIUTOHA (IHEPTUS €r0 OCHOBHOTO
COCTOSIHHS):

. 28
Se :jdzx(iFWFW +(D,9) (D“(p)+V((p)) ~A. (28)

Kax u B npenpiaymiem pasuene, 1eHCTBUE ONMPEICIUT MOKA3aTelb MOIaBIISIONICH TyH-
HEJMPOBAHHE SKCIIOHEHTHI.

3aki0ueHune

B pabote neranbHO paccmoTpena HenuHelHas O(3) Mozenb B mpocTpaHcTBe MUHKOB-
CKOTO U B €BKIHUIOBOM IMPOCTPAHCTBE. PacCMOTpEHBI COMUTOHHBIC PEIICHUS B TPEXMEPHOM
BApHUAHTC TCOPUH W NPHUBCACHBI aHAJIUTUYCCKUC MHCTAHTOHHBLIC PCUICHWA B ABYMCPHOM Ba-
PUAHTEC MOACIIN. [[aHa OpuruHajibHasA MHTCPIPETANA MHCTAHTOHHBIX peHIeHI/Iﬁ KakK pcuic-
HUH, OTBEYAIOIIHUX 32 TOBOPOT CIMHOB B OJJHOMEPHON 3aMKHYTOM (peppOMarHUTHON IETOYKE.
Jlyist abeneBoit Mojienin XUITca MOYyYeHO MPUOIMKEHHOE aHAIUTHICCKOC HHCTAHTOHHOE Pe-
[IEHHE, YTO aKTyaJIbHO C TOYKU 3pEHUsS MOHMUMAHUS U MOJAENUpOoBaHUS 3()(PEKTOB B TCOPHH
AIIEKTPOCIa0bIX B3aMMOECHCTBUIM, OTBEYAIOIIMX 32 HapylIeHHEe OAPUOHHON CUMMETPUU B BU-
nuMoii yactu BceeneHHOM, a Takke A1 MOHUMAHUS SBJICHUS CIIOHTAHHOTO HapYLICHUS KH-
paHBHOfI HWHBAapUaHTHOCTU B CUJIBHBIX B3aHMOﬂ€ﬁCTBHﬂX.

CIIMCOK MCITOJIb30BAHHOM JINTEPATYPhI

1. benaBun, A. A. MetacTaOWIbHBIE COCTOSHUS JBYMEPHOTO H30TPOIHOTO (eppo-
marHetrika / A. A. benaBun, A. M. IlonskoB // ITucema B XKOT®. -1975. — T. 22, Ne 10. —
C. 503-506.

2. IlepennomoB, A. M. Pemienust Tuna MHCTAHTOHOB B KMpaJIbHBIX Mozensax / A. M. Ile-
pemomoB // YOH. —1981. — T. 134. — C. 577-609.

3. Mottola, E. Unsuppressed fermion-number violation at high temperature: An O(3)
model / E. Mottola, A. Wipf // Phys. Rev. D. —1989. — Vol. 39. — P. 588-602.

4. lllynsxosckuit, P. I'. AHanuTH4Yeckue MHCTAHTOHHBIE PELICHUS B 2-MEPHBIX MOJe-
BoIx Mozeisix / P. I'. Ilynsaxosckuit // [Tucema B DUAS. — 2008. — Ne 5. — C. 704-708.

5. Zheng, G.-P. Instantons in a ferromagnetic spin chain with biaxial anisotropy /
G.-P. Zheng, J.-Q. Liang, W. M. Liu // Phys. Rev. B. — 2009. — Vol. 79. — P. 014415-1-
014415-6.

6. Schenk, S. Exploring instantons in nonlinear sigma models with spin-lattice systems /
S. Schenk, M. Spannowsky // Phys. Rev. B. —2021. — Vol. 103. — P. 144436-1-014415-10.

7. Nielsen, H. Vortex-line models for dual strings / B. Nielsen, P. Olesen // Nucl.
Phys. B. — 1973. — Vol. 61. — P. 45-61.

8. Pamkapaman, P. ConuToHBI 1 MHCTAHTOHBI B KBAaHTOBOHM Teopuwu 1ois / P. Pamka-
pamas. — M. : Mup, 1985. - 416 c.

9. Py6axos, B. A. Kiraccuueckue kanudpoBounsie moiist / B. A. Pybakos. — M. : Dau-
topuan YPCC, 1999. — 336 c.

REFERENCES

1. Bielavin, A. A. Mietastabl’nyje sostojanija dvukhmiernogo izotropnogo fierromag-
nietika / A. A. Bielavin, A. M. Poliakov // Pis’ma v ZhETF. — 1975. — T. 22, Ne 10. — P. 503-506.



28 Becnix Bpacykaza ynieepcimama. Cepwvisi 4. @Dizika. Mamomamuika M 212023

2. Pierielomov, A. M. Riesheninja tipa instagonov v kiral’nykh modeliakh / A. M. Pere-
lomov // UFN. — 1981. — T. 134. — S. 577-609.
3. Mottola, E. Unsuppressed fermion-number violation at high temperature: An O(3)
model / E. Mottola, A. Wipf // Phys. Rev. D. — 1989. — Vol. 39. — P. 588-602.
4. Shuliakovskij, R. G. Analitichieskije instantonnyje rieshenija v 2-miernykh polievykh
modeliakh / R. G. Shuliakovskij // Pis’ma v EChAJa. — 2008. — Ne 5. — S. 704-708.
5. Zheng, G.-P. Instantons in a ferromagnetic spin chain with biaxial anisotropy /
G.-P. Zheng, J.-Q. Liang, W. M. Liu // Phys. Rev. B. — 2009. — Vol. 79. — P. 014415-1-
014415-6.
6. Schenk, S. Exploring instantons in nonlinear sigma models with spin-lattice systems /
S. Schenk, M. Spannowsky // Phys. Rev. B. —2021. — Vol. 103. — P. 144436-1-014415-10.
7. Nielsen, H. Vortex-line models for dual strings / B. Nielsen, P. Olesen // Nucl.
Phys. B. —1973. — Vol. 61. — P. 45-61.
8. Radzharaman, R. Solitony i instantony v kvantovoj tieorii polia / R. Radzharaman. —
M. : Mir, 1985. — 416 s.
9. Rubakov, V. A. Klassichieskije kalibrovochnyje polia/ V. A. Rubakov. — M. : Editorial
URSS, 1999. — 336 s.

Pykanic nacmyniy y paoaxywviro 19.09.2023



DI3IKA 29

VIIK 539.12

Vasily Kisel*, Olga Semenyuk?, Anton Bury?, Viktor Red’kov’
Candidate of Physical and Mathematical Sciences,
Associate Professor, Associate Professor of the Department of Physic
of Belarusian State University of Informatics and Radioelectronics
23-d Postgraduate Student of the Department of General and Theoretical Physics
of Brest State A. S. Pushkin University
*3-d Postgraduate Student of Fundamental Interaction and Astrophysics Center
of B. I. Stepanov Institute of Physics of National Academy of Sciences of Belarus
*Doctor of Physical and Mathematical Sciences,
Chief Researcher of Fundamental Interaction and Astrophysics Center
of B. I. Stepanov Institute of Physics of National Academy of Sciences of Belarus
Bacunuii Bacunvesuyu Kucens', Onvea Anexcanoposna Cemenior?,
Anmon Bacunvesuu Bypblﬁs, Buxkmop Muxaiinosuu Peovkos’
Ykano. us.-mam. nayx, ooy., doy. kag. gusuxu
benopyccroeo cocyoapcmeentozo ynusepcumema uHGOPpMamuxy 4 paouodneKmpOoHUKY
2acnupanm 2-20 200a 06yuenus kagh. obueri u meopemuueckoi QuzuUKi
bpecmcroeo eocyoapcmeennozo ynugepcumema umenu A. C. Ilywikuna
Sacnupanm 3-20 200a 06yuenus yenmpa GyHOAMEHMATbHBIX B3aUMOOCHCMEUI U ACMPOYUIUKI
Unemumyma guzuxu umenu b. U. Cmenanosa Hayuonanvnoii akademuu Hayx Berapycu
*0-p uz.-mam. nayx, an. nayu. compyonux
yeumpa GyHOAMEHMATLHBIX 83AUMOOCUCEUL U ACTPODUIUKU
Unemumyma usuxu umenu b. U. Cmenanosa Hayuonanvuoti akademuu Hayk Berapycu
e-mail: 'vasiliy_bspu@ mail.ru; “olya.vasiluyk.97 @yandex.by; *anton.buryy.97 @mail.ru;
“v.redkov@ifanbel.bas-net.by

Spin 3/2 Particle in External Uniform Magnetic Field, the Method of Projective Operators

In the present paper, an algebraic method for solving the system of equations describing the spin 3/2
particle in the presence of uniform magnetic field has been elaborated. The method is based on decomposition
of 16-components wave function with transformation properties of vector-bispinor in the sum of four constitutes,
which are determined by four projective operators. With the use of formalism of elements of complete matrix algebra

the system is transformed to the form, in which only projective constituents ‘¥',,,(X), V'3, (X) enter. This system

of equations is transformed to cylindric coordinates. On the wave functions three operators are digitalized: of energy,
third projection of linear momentum, third projection of the total angular momentum. After separating the variables,

we derive 4 linked subsystems of equations for 16-component functions \¥',,,(r), ‘¥4, (r) . After performing needed

calculations, the problem reduces to four independent second order equations for four primary functions. These
equations are solved in terms of confluent hypergeometric functions, four different energy spectra are found.
Key words: spin 3/2 particle, magnetic field, projective operators, exact solutions, energy spectra.

YACTHUIA CO CIIMHOM 3/2 BO BHEITHEM MAT'HUTHOM I10JIE,
METO/ IPOEKTUBHBIX OIIEPATOPOB

B nacmosiwyeti pabome pazeum aneeOpaudeckuti Memoo aHam3a CUcmembl YPAasHeHuUll, ONUCHIBAIOWEl Yacmuyy
co cnunom 3/2 80 @HewiHem 00HOPOOHOM MacHumHoM nose. Memood octosan Ha paznodiceruu 1 6-KoMNOHeHmMHOU BOTHOBOU
DYHKYUU ¢ MPAHCHOPMAYUOHHBIMU CBOUICIBAMU BEKMOPA DUCNUHOPA 8 CYMMY 4-X COCMABISIOUIUX, KOMOpble ONpedeiis-
I0mcst OeticmeueM 4-X NPOeKmMUGHbIX ONepamopos Ha NoHyio onHogyio gyukyuio. C ucnonw3osanuem Gopmamusma
2NIEMEHMO8 NOJHOU MAMPUUHOU aneeOpbl U ceolicme mampuy J{upaxa cucmema ypasHeHutl npusedena K udy, Koeoa

6 Heil npucymcmeyem monvko 4 npoexmugnvie cocmaensiouue ¥ ﬂ,Z(X), Y 0 (X) Tlonyuennas cucmema ypasreHuil 3a-

nUcbIBaemcs 8 YUIUHOpU4eCcKou cucmeme Koopounam. Ha 6071HOBbIX QyHKYUAX OUALOHATUSUPYIOMC ONepamopbl
SHepeuU, mpemvell NPOeKyuu UMNYIbCa U mpemvell NPoeKyuu NOIHOo20 Yenosozo momenma. C yuemom coomeem-
cmeyroujell NOOCMAaHO8KU 075t B0IHOBOU (DYHKYUU U3 CUCEMbL YPAGHEHUL UCKTIOUAEMCsl 38UCUMOCHIb OM NePEMEHHBIX

(t,2,0), 6 pesywmame nomyuenvr 4 ceszanmvie Mmedicdy cobol noocucmemvl, 8 KOmopbvie eX00am 3a6ucAyue

om noasproii koopounamot ¥ gynxyuu ¥ +1/2 (r), Y i3/2(r). 3aoaua npusodumcs xk pazdenvhvim OugpeperyuarbHbim

VPAB-HEHUAM 8MOPO20 NOPAOKA Ol HEKOMOPBIX 4-X OCHOBHBIX (DYyHKYUU. Dmu ypasHeHus pewaiomecs 8 mepmuHax
BbIPOIHC-OEHHBIX cunepeeomempuyeckux Qyuxyuti. Ilonyuenst 4 paznuunsix cnekmpa sHepauil.

Knioueevie cnosa: vacmuya co cnunom 3/2, macHumHoe noie, NpoeKmugHble ONepamopbl, MOYHbLe PEULeHUs,
CneKmpbl IHepeUll.
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1. Initial equation and projective operators
The basic equation for the 16-component wave function has the form ([1-3], also see
[4-14])
(.o, +M)¥=0. 1)

Ml
The third projection of the spin operator is %, =—iJ,, =Y its explicit form is given
by the formula
Y= —i{% 1, ®1+1® (e )}, @)

where y , designates the Dirac matrices, e“" stands for the elements of the complete matrix

algebra (e""),, =6,,6,,, obeying the following multiplication rule e“*e** = &, e“*. We can

verify that the minimal equation for the matrix Y has the form
2 1 2 9
-=)Y*-==)=0. 3
(Y 4)( 4) @)

The last equation permits us to define four projective operators

+.

P, =£(Y—l/2)(Y2—9/4), P =—1(Y +l/2)(Y2—9/2),
2 2 @)

Pan = (VI-LIAY =312), Py, =2 (Y2 -1/4)(Y ~3/2).

Correspondingly, the complete wave function can be decomposed into the sum of four
constituents

PpV=Y_p, Pp,V=Y,, Psp,¥Y=V,, Ps,Y=Y,,,

_ (®)
\P—1/2 +1P+112 + LP+3/2 + LI1—3/2 - \P
We will study the basic equation (1) in presence of the uniform magnetic field
B=(0,0,B), A:—%sz, A :%Bxl, A, =0, A =0.
In the cylindric coordinates (r,¢,z) the basic equation reads
0 sing 0
(I,0,+I,0,+M)¥Y + (COS¢§_T¢8_¢)F1\P+
.0 C0S¢ O ieB . ieB
+6Sing—+———),¥Y+—rsingl",¥ ———rcosgI,¥ =0. 6
(¢6r r6¢)2 > P - o1, (6)

With the use of projective operators (5), we can transform eq. (6) to the form of four
linked equations in which only projective constituents enter (for shortness we perform
the change in notation e B — B):

g0 10 .
([30, +1,0, + M)¥ 5, +2e ¢{5_Fa_¢}(rl +ID)W g, +
1 ,,0 i0 . 1,0 i0 .
+2e L L Y[, +iT,)P,y, — = e+~ LN, —iT,) P, —
T R e (LR

H —i H B —i - B i .
—iBe ([, +il,) ¥ 4 -7 Y[, +iC,)Y ., —Zre¢’(r1—|r2)\1¢3,2 =0, (7
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(I',0,+T,0, +M)‘P

,|¢ _
{ ¢}(F +HIT)Y 5 + 2 5
1

e|¢( +__)(F —il,)Y 5, +
or

¢

+—e"¢(————)(1“ +ill )\Pm+2e'¢( +——)(r —iC)Y ., +

2 or rog¢
3. i . 1
+—Bre (I, +il,)¥Y ,,+—B
2 4
1

rog
rei¢ (rl - irz)lP+3/2 -

2 Bre ([, +iT,)¥_,, + Bre™ ([, —il,)¥ ,, =0, (8)

(FBaB +r4a4 + M )\IJ 1/2

4,0 10 : 1, .
+2¢ ¢(§_F_)(F1+IF2)\P+3/2+_e¢( I’+__)(F Irz)\PJrl/z_

o 2 8¢
_3ei¢(ﬁ+li)(r1—irz)‘{' 22 +1e*‘¢( ———)(F i)Y 5, —
or rog T2 or rog
—Bre (', +iT,)¥ ,,, + '¢(F —i,)Y,y, -
3 . . Br

- Bre' ([, —il,)¥ 4, ——
1.
(F?)aS +Fﬂa,u + M )\P—3/2 _Ee ¢( r

1, . i
Ee¢( r+——¢)(1“ —ilr,)¥Y_,, + 26"

+% re? (T, +iC)W ,, + % re (I, —iTl,

We will use the following substitution
of operators of energy, linear momentum along the
tal angular momentum)

— AlPgX%g LiPgXs Ji(M-3/2)¢ — AlPg%y AiPgXs i(m-1/2)¢
LP+3/2 =e e 3 € f+3/2(r)’ \P+1/2 =e e 3 € f+l/2(r)’

— AP4Xy AIP3X3 Ji(M1/2) ¢
Y, =e e % f ), Y,

e (I, +Ii0,)W 4, =0, ©)

———¢)(F i)W g +

(a + T a—¢)(rl —iC,)Y 5, +

Y_,, +Bre¥ (I, —il,)¥_,, =0. (10)

s (they correspond to diagonalization
axis X,, and the third projection of the to-

g%, (103X3 i(m+3/2)¢ (11)
=€ el f a2 (1),

where f_,(r),f.,,(r) stands for 16-component radial columns. After separating the variables
we get 4 linked equations (for convenience, we mark them by symbols S; =+3/2, £1/2)

S, =+3/2, (iP+M)f,,+a, .,

S, =-3/2, (iP+M)fy, —by.y 0 fy, =0,

r.f.,=0,

+ +1/2

(12)

S; = +1/2, (iP+M) f+1/2 - bm—3/2r— f+3/2 + a0, f—1/2 =0,
S; = -1/2, (iP+M) f-1/z - bm—1/2r— f+1/2 +a,q,0 f—3/2 =0,

where the special notations are used

1 d 1
a ,,=—(—+=(Mm-3)—-—=), b
2 !—Z(dl’+l’( 2) 2) +1/2

(——+ (m 1/2)——)

1
N
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_1.,d 1, 3 Br _1

= Ime -, b,

ﬁ(dr+r( +2) 2) m—3/2 xF
1 d m-1/2 Br 1 .

by 1o :ﬁ _a"'f_?); I, :ﬁ(rlilrz)v P=p;+pI,, P=P7;+ PsVa

G—+(m3ﬂ%—0

am+3/ 2

Let us detail the structure of 16-dimensional columns f, ,(r),f.,,(r). For this
we should take into account expressions for the projective operators:

1 . .
Pap=— (1— i7,7,) ®[e" +e** —i(e"* —e*)], Py, = (1+ i7,7,) ®[e" +e*? +i(e"* —e*")],
P, = {2(1 '7172)®(e33 +e44)+(1+|717/2)®[e11+e —i(e et? eZl)]}
Py, = {2(1+|7172)®(333 +e") +(1—iyy,) ®[e" +e** +i(e" —e*")]};

after performing the needed calculations we get

(1_i7172)( fl_ifz) (1+i7/17/2)( 1:1"'”:2)
foo= 1 i(l_i7/172)( fl_ifz) fo= 1 _i(1+i7/17/2)( f1"'if2)
432 = ¢ ) 312 = 7, )
4 0 4 0
0 0
. . . . (13)
(1+|717/2)(f1_|f2) (1_|7172)(f1+|f2)
f :l i(1+i7172)( fl_ifz) f — 1 _i(l_iyﬂ/z)( f1+if2)
Al 2@-ip)f, | Al 20+ing)fy |
2(1_i717/2) f4 2(1+i7/172) f4
where f,, f,, f,, f, designate 4-dimensional columns. Below we will apply the notations
Y| |function(t,z,¢)f,(r)
b 4 function(t, z, o) f, (r
|| (t.2.6)%,() ”

Ml L [function(t, z, ) ()|
¥ ,.| [function(t,z,¢)f,(r)

A is a bispinor index, and . is a vector index.

2. Equation related to S; =+3/2
Let us find the 4-component structure of the first equation in (12), related
to S, =+3/2. Starting with the identity

(iP+M)dD|,=(ip,I; +ip, [, +M)D|,=iPSs, @ +

ar P, \/—p W ol0n, @ =65, P, 1+ MS,

Ap p!

depending on the value of A we get

(iP+M)®|1=(ip+M)%(1_i7172)(f —if,), (IP+M)®|,=(ip+ M)~ (1 iy,y,)(f, —if,),



DI3IKA

i i . 1 . .
(iP+M)D ;= \E%puq)ﬂ \Epsyu H:_ﬁ p3(71+|72)z(1_|7172)(f1_Ifz):Ov

. i i i o1 . .
(iP+M)®|,= ﬁ?@pﬂq)y _ﬁ Py, @, = _ﬁ p4(7/1+|72)Z(1_|7172)(f1_|f2) =0.

Thus, we arrive at

(ip+ M)A =ip7,)(f, -1f,) / 4

1(ip+M)(L~iyyp,)(T, ~if;) 1 4
0 .
0

(iP+M)f, =

Let us find expression for I, f . Starting with
1 . 1 .
[Lo|,= E{(% +1y,)0, P, = \/— 7,;[ p P =8, P, + I(5A,pq)2 _5A,2(Dp)]}'
we obtain
o= \j—{(n +iy,) P, + J—[Vl -7,®@,+in®,)1}
whence it follows
1 . . .
r®|= ﬁ{(ﬁ —1)(r +iy,)(f,—if) = (A= iy7,) (s s + 7, T}
Similarly, we get
1—1+CI)|2 f{(71+|72)® +\F[7/2(D +|72 CD ]}_
Z\F{(\/g 1)(7/1 + '7/2)(f ifz) -(1- i7172)(73 f3 t 7, f4)};
F+\P |3: _{(71 + iyz)l(l_i%yz) f3 +
NA) 2
1 1 . ) 1 ) . _
+ﬁ[7/3 Z (1+ '7172)( fl - Ifz) —7s Z(l"' '7/17/2)( f1 - Ifz)]} = 0’
F+\P |4: i{(7/1 + iyz)l(l_ i7172) 1:4 +
NA) 2

+%[74%(1+i7172)(f1 ~if) -7, 3 (i) -]}
Thus, we arrive at the formula
(V3-1)(0, +18,)(f, —if,) - (1-10,0,)(@, f, + 0, T,)
r g = b NIWB-1)@, +i8,)(f,—if,) - (1-10,0,)(@,f, + 0, ,)]|

1
+ +12 2\% 0

0
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Therefore, the first 16-component equation in (12) gives two 4-component equations:
. 1 . .
(Ip+ M )Z(l_|7172)( 1:1 _Ifz) +
1 . . .
+mam—1/2[(\/§ =1)(r, +iy)(f =if,) = (L=iy,) (s fs +7, 1)1 = 0, (15)
L 1 . .
i(ip+ M)_(1_|7172)(f1 —if,) +

\/§ Dy + iy )(F,=1,) = A=y, ) (7 f +7,1,)1=0,

\F m 1/2[(

where the second equation coincides with the first. Equation (15) may be transformed to other
form. To this end, bearing in mind the identities

(r+iy) (=i =t =iy £, +iy, T+, 1,,
A-ipy,) it +y.8) =nf =iyt +iy, f,+7,1,,
we derive (y, +iy,)(f, —if,) = A—iy,,)(7. T, + 7, f,), whence it follows
(G +ir)(f =)+ (L-iry ) (st + 7, 1,) =
= A—iny)nf+ 7, 6+t + 1) = A=y, (7, 1) (16)

Thus, eq. (15) is presented as follows

(ip+ M)%(l_i%?/z)( f,—if,)+ %amllz[\/g(yl +iy,)(f, —if,) _(1_i7/172)(7,1 fﬂ)] =0. (17)

3. Additional constraint
As known, in absence of external fields, from the initial system follows the constraint
7, ¥, =0. Let us consider an analog of such a constraint in the presence of external fields.

To this end, we turn to the equation (1) in tensor form

A 1 1 A
D‘I’V-F%}/V(D#\P#)—% D,(,¥,)+M¥, =0, D=yD,. (18)
First, we act on this equation by the operator D,, and perform the convolution
in the index v:
DD‘I’ +—DuD‘I’ —D*(y ¥ +M(D,Y 0. 19
Nl ( W)~ % (r,¥,)+M(D,Y,)= (19)
With the use of the identities
A A ie
D,D,-D,D, F[M, DD = D? 7 Fw](nn — ViV, D? = D,D,.
eg. (19) transforms to other form
1+«/_
\/_ D M}(D \II )_% D (7/# ﬂ) IeF‘uv]yv‘P 7 0 (20)
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Similarly, let us multiply eq. (18) by y, which after convolution in index v leads to

1+f (1+3)° _
N D+ M}(}/H‘Pﬂ)+—\/§ (D,¥,)=0. (21)
1443 4 : ;
Let us act by operator ( N D+ M) oneq. (21), this results in
1+\/_ 1+/3 4 (1+\/_) 1+/3 4
D+M][- D+M](y, ¥ D+M D¥,)=0 (22
\/— Il 7 17, Y,)+ 7 [- 7 Ib,Y,)= (22)
whence bearing in mind (20) we obtain
g )= e @

We note that in absence of the external field, relation (23) reduces to the well-known
constraint for the free particle, y, ¥, =0.

In what follows, we will take into account the presence of the uniform magnetic field,

Fiz = B, then expression (23) takes on the form
1+3)? B . 1+43
R BRSNS
Using the temporary notation
3M?
—(1++3)?B (i 25
9|v|4—(1 NG le (1+33)"B (i772)} (25)
we readily verify that the following identity holds
1+/3)> B .
R{1+%—2(Im)}:1.

Therefore, from (24) it follows the new expression for y ‘¥

J3(1++/3)’B

Vuy 9M4—(1+\F)4 2

{3M(iy,7,) - (1+3)* BY 1Y, + 7,¥,), (26)

whence bearing in mind the substitution for the wave function ¥, =€ ™*™% o (x,x,),
we obtain

J3(1++/3)’B

— A 2
5= oy M (i7272) — (1+3)* BH3, @, +7,®,). (27)
After multiplying the last relation by (1—-iy,7,) , we get

J3(1+3)°B
3M? —(1++/3)°B

A=y ), ®,) =~ (7, +i7,)( D, —iD,). (28)
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Allowing for the identity (y, +iy,)(®,—i®,) = (1-iyp,)(nP, +7,P,), from (28)
we arrive at the radial relation

1, . 1, . 1, .
(71+I72)Z(1+I7m)(®1—I<1>2)+73§(1—I7172)®3 +74§(1—Im2)<1>4 =
__\B+\3)’B
3M? —(1++/3)?B
Bearing in mind the substitution from (29), we derive
1)y, 1,) = -3+ V3B
VR 3M2 — (1+4/3)%B

Taking into account relation (30), from (17) we can eliminate the combination  , f
so we get

O +i72) 7 (77, )(@, ). (29)

(7, +iy,)(f, —if,). (30)

!

. 1 . . 3M? .
S;=+3/2, (ip+M )5(1—%72)( f,—if,)+a, 4, 3M2 —(1+\/§)ZB y.(f,=if,)=0, (31)
where y, :1/\/5(7/1 +iy,). We will consider the function (f, —if,) is the primary one
. 3M? +2(1++3)B . .
A (ARSI ANE 143 (1 +i7,)(f, —if,). (32)

T 3M2—(1++/3)°B

4. Equation related to S =-3/2
Let us consider the second equation in (12):

(iP+M)f,,—b,I f,,=0.
For the term
. . i
(iP+M)f,, =ipd, @, +£ P o[0n, @, —3,, @, ]+ Mo, @,
depending on the value of A we get:
. i . 1 . .
A=1, (ip+M)D, +%[71pﬂq)ﬂ - p17pq)p] = (ip+ M)Z(]-'Hylyz)( f, +if,);

. i . i . .
A=2, (ip+M)o, +ﬁ[72 po®, - szﬂCDﬂ] =(ip+M )(_Z)(l"' i7,7)(f, +if,);
. i I .1 . .
A=3, (Ip+ M)(DS +ﬁ[7/3 puq)u - psyuq)u] = _ﬁ p3(7/1 _|72)Z(1+|717/2)( f1 'Hfz) =0;
i

i i .1 . .
A=4, (ip+M)o,+ \ﬁ[ﬂpyq)y - p47ﬂ(Dﬂ] = _ﬁ p4(71_|72)Z(1+|7172)(f1+|f2) =0.

Thus, we find

(ip+M)(A+iyy,)(f, +if,)
—i(ip+M)(A+iyy,)(f +if,)
0 .
0

) 1
(iP+M)f,, = 2 (33)
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Now consider the term I"_f ,; starting with

1 . 1 .
F_(D|A:${(]/1—I}/2)5 @ +J—7p[5,p®1_5A,1q)p_|(5a,pq)

depending on the value of A we find:

A=1,

2
A=2,

%{(71 i7,)®, + f[yl 7,®, —i7®,]}=
f{(@ D, —i7,)(F +if,) = (L+i7,0,)(7s o + 7. T F;

T{(m i7,)®, + \F[n —iy,®, +iy, @ I} =

__F{(\/§ 1)(71 '72)(f +|f) (1+|7/172)(73f +74f )}

A=3,

ﬁ{(Vl

A=4,

i7,)®; + \/:[7/3 —iy,®@,]} = T{(J/l _iyz)a(l"' i7,7,) £,3=0;

ﬁ{(yl |7/2)CI) +\F[74 iy4(I)2]}:0_

Thus, we derive the formula

r ffllz = L

2\/6

Therefore, the radial

1

+%bm+”2{(%_l)(7 L= 17)(F+i6) = (A+i77,) (5 f5 + 7. 103 = 0

(V3 -1)(, —iy,)(f, +if,) — (L+ip0,) (s Fy + 7. F)

(B -1)0y = i7,)(f +if,) = (L i) fo + 7, 1)1

0
0

equations related to S, =-3/2 are

(iIO+M)%(“im/z)(fﬁifz)—

—mbmm{(ﬁ ~1)(, —i7,)(f, +if,) = U+ iy7,) (0 fy + 7, T3 =0,

Siip+ M)%(1+i7172)(f1+if2)+

the second equation coincides the first one. Bearing in mind the identities

(71
(o —iy)(f,

=iy, )(f,+if,) = Q+iyy, ) f+ 7, Ty,
+if,) + A+ iy,) (st + 7, 1,) = (1+i7172)(7,, f;,)a

we can present eq. (35) differently

2 5A,2(D p)]}’

(34)

(35)

(36)

00+ M) 4 (772 ) (1)~ 3057 418) (L), 1,0} =0. @)
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We are to eliminate the combination y, f . To this end, let us turn to eq. (27), acting
on it by the matrix (1+iy,y,), so we get

J3(1++/3)?B

3M? +(1++/3)’B

A+iny)(r,@,) = (7, =i7,)( D, +iD,). (38)

The last equation can be presented differently
o1 . 1, . 1, .
(1 =172) 5 A=) (@1 +1P,) + 75 0 (L1710 )@g 7, 5 (L1710, ) (@) =

J3(1++/3)?B

3M2+(1++/3)°B

(1 =i72) 5 (A= 77)(®, +i00,) (39)

Whence, bearing in mind the substitution for the wave function, we derive the radial
relation

B . : : _ \B@+\3)yB . .
(" '72)(f1+'f2)+73(1+'7172)f3+74(1+'7172)f4—3M2+(1+\/§)ZB(71 iy7,)(f, +if,).

Further, allowing for the identity
(=) (f 1) + (L +ipy,)) (s B + 7, 1,) = A+ iy,)(r, 1)

we get

J3(1++/3)’B

3M? +(1++/3)?B

(1+i7/172)(7y fy) = (r, =iy )(f, +if,). (40)

With the help of the last relation, we can eliminate from (37) the combination y, f
so we obtain

!

3M?
3M2+(1++/3)’B

: 1 : : .
Sa =-3/2, (|p+ M)E(l"' '7172)( f1 +|f2)_ bm+11277(f1 'Hfz) =0, (41)

where y_ = %(y1 —iy,). The function (y,f,+y,f,) will be considered as the secondary one;
from (40) it follows
. _-3M2+2(1+3)B, . .
A+iyy)(rafa+7.5,) = M7+ (L1 J3)B (7, =iy, ) (f,+if,). (42)

5. Equation related to S =+1/2
Let us turn to the third equation in (12):

S=+1/2, (IP+M)f , —by ol _fop+a,,5,00 fyy =0. (43)

From relation

) . i
(iP+M)®|,=(ip+M)s, @, +% P.Yo[0n, @, — 3,5, P, ],
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depending on the value A we get:

A=1, (ip+M)D,+—=yp,P

i
\/_ u /t_ﬁ Py, P, =
:(ip+M)£(1+i7172)(f —if,)+ \/—(71 i7,)(Ps 3+ P, f,).

A=2, (ip+M)d, +

\Fyzpﬂq)u \-szyﬂ u=
=i(ip+M)1(1+iy1;/2)(f —if,) - \F(yl i7,)(Psfy+ P, fy).

\F ﬁpsyy u

. 1 . .
= ('p"'M)E(l_Wl?/z) f3+2\_ﬁ73(1_|7172)(p3f3 + p4f4)—

A=3, (ip+M)®,+—=7,p,@,

i . . .
_m PL(ry +iy,)(f, —if,) + (X=iyy,) (s fs + 7, 1)}

i
A=4, (ip+M)o, +J§74p“q)” ﬁp“?/"@”:

=(ip+M)= (1 i7.7,) 4 +2J—73(1 1727,)(Ps f5 + P, f,) -

_m p4{(71 + i72)(f1 _ifz) +(1_i7172)(73 f3 +74 f4)}-

Thus, we obtain

(ip+M)§(1+w2)(f if,) + \F(n i7,)(py s+ Py f,)

i(ip + M)%(uim)(fl—ifz)—%m —i9,)(ps Fy + . f.)

(P+M)f,, = (ip+M)- (1 i7,7,) fs +2\/§73(1 i7.7,)(Ps f3 + P, f)) - (44)

_m P{(yy +iy)(f —if,)) + L=y ) (s fs + 7, T0)}

) 1 . i .
(ip+ M)E(]-"?/l?/z) f, +m74(1_|7172)(p3f3 +p,f)-

[ : : :
_m p4{(71 + '7/2)( f1 - Ifz) + (1_ '7172)(73 fs +74 f4)}
(four matrix rows are divided by lines). Now consider expression for I"_f,,:

1 : 1 :
he- E{(% - '72)5A,pq)9 + ﬁyp [‘SA,p(Dl - 5A,1q)p - I(é‘A,PCDZ - 5A'ZCDP)]}'
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Depending on the value A we find:

A=1, %{(71 i7,)®, + I[n <Dp—iy1<1>2]}:%(@1)(%4%)@—”2):

A=2, %{(71 i7,)D, + fm ~iy,®, +iy,® ]} =

(\/§+1)(71 iy,)(f,—if,);

1 .
T E Z\F)(yl Ij/z)(f —if )}_ \F

A=3, ﬁ{(?ﬁ —iy,)®, +%[73(D1 —iy,®,1}=

=%73%(1_W2)(f if,) = %ys(l i7,7,)(F, —iE,);

A=4, \/—{(71 i7,)®, +\/—[74 i74CD2]}=%74(14%72)(1‘1—”2)-

Therefore, we obtain the following relation

(\/g‘*‘l)(?/l —iy,)(f, —if,)

1 [i(W3+1)(y, —i f, —if
_bmfs/zrf f+3/2 = _bmfs/z T I(\/_+ )(.7/1 WZ)( l ! 2) : (45)
26 7s(L=lyy,)(f, —if,)

7o (L=iyyy,)(f, —if,)

Now consider the term I", f ,,, from
r.ol,= f{(mwz)@\ D, + }yp[ca Oy =5, D, +i(5,,®, =5, @)}
depending on the value A we get:
A=1 ﬁ(m%)@ g, ypcbp+iy1<b2]}=—%(1+m)(y3fg+m>;
A=2, f{(y1+ly2)® +\F[7/2CI) iy, @, —iy @ 1} =
zf(72+'71)(f L Fify) - f(71 i7,)(f,+if,) -
—%(H VAAVARIANE _F(H i772) (s s+ 7,1,

A=3, \/_{(7/1+|7/2)CD +«/_[7/3CD iy, D, 1} =
=7{2\/_(71+l72)f +75(L=iy ) (F +if)}
A=4,

\/—{(71“72)‘1’ +J—[74® RUAN S

ZJ—{Z\/_(nHyz)f + 7, (L=iyp,)(f, +if,)}.
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Thus, we find the identity

—(+iyy,) st + 7. £,
1 —i(A+iyy,) (7t +7.1,)

A F+f— =enan T . . . . 46
el e = Bne g B0 By, +i,) fy + (i) 1) (40
2\/§(71+i72)f4+74(1_i7172)(f1+if2)
Therefore, we have four equations:
. 1 .
S; =+1/2, (Ip+M)Z(1+I71yz)(f —if,) + J—(71 i7,)(Psfy+ Py fy) -
1+\/_ 1 .
2\/— by _a, (7 —1y,)(F, —if,) - 2x/gamu/z(l"''7/17/2)(7/3f3"'7/41:4)=0’ (47)

(ip+ M) (L+in) —ifz)—%m )Pty + Pt -

P R L A G AR SR AR RSN ELICD
(eq. (48) coincides with (47)),

. 1 ) i .
('p+M)E(1_|7172) f3+%7/3(1—|7/17/2)(p3 fy+p,f,)—

i . . . 1 . .
_m ps[(71 + '72)( fl - Ifz) + (1_|7172)(73 f3 +7, f4)]_ mbm—SIZyS(l_lylyz)( f1 _Ifz) +
1 : - N1
+ﬁam+1/2[2\/§(71 +iy,) f; +y(L=iyy,)(f, +if,)] =0, (49)

('p+M) (1 '7172)f +2\E74(1 '717/2)(p3f +p4f)—

_Zi_«/g P LG +i,)(F, —if,) + (A=) (s s + 7. £)1-

1 . : 1 . . .
_mbm—s/zﬂ(l_ i7,7,)(f,—if,) +mam+1/2[2\/§(71 +iy,) T, + v, (L=iyy,)(f, +if,)] = 0. (50)

So we have only 3 different equations.

6. Equation related to S =-1/2
Let us consider the fourth equation in (12):

(iP+M)fy, —by .l f+a,.,00, fag, =0.



42 Becnix Bpacykaza ynieepcimama. Cepwvisi 4. @Dizika. Mamomamuika M 212023

For the term (iP+M)®|,, depending on the value A we get:
A=1, (ip+M)d, +J—[71 @, -py,@,1=
. 1 . . i .
:('p+M)Z(l_lylyz)(fl+If2)+ﬁ7/1_(1+|7/17/2)(p3f3+ p4f4);
A=2, (ip+M)od, +J—[72py®y pz?ﬁ,q)y]:
_l(lp"'M) (1 '7/17/2)(f +|f)+ \F(71+I7/2)(p3f +p4f)
A=3, (ip+M)o, +\/_[7/3py®y p37//_1®/_1]:
=(ip+M)= (1+I7172)f +2ﬁ73(1+17172)(psf +p,f)-
i ) . )
NG Pa[(ry —i7)(fL +i0f,) + (L+iy ) (75 By + 77, T)1;
A:4’ (Ip+M)q) +\F[7/4p‘uq)‘u p47//1®/1]:
=(ip+M)= (1+|7172)f +2\/§7/4(1+|7/17/2)(p3f +p4f)—

i . ; .
_m p4[(71 _|7/2)( fl + Ifz) + (1+ '7172)(73 f3 +7, f4)]-

So we arrive at the formula

(ip+M)~ (l iyy,)(f,+if,) + \/_(}/l+|y2)(p3f+p4f)

PV CRLOF (1+W2)f+2 \/—7’3(1+|7172)(p3f+p4f)
12 ~

_m po{(y, =iy, ) (f, +if,) + (L+iy7,) (s s + 7, £4)}

(ip+M)= (1+|7/17/2)f +2ﬁ74(1+171y2)(p3f A AN

—m PA(r, =17, )(F +if) + (L+iy,7,) (7 T + 7, 1)}

(51)
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Consider the term
1 .
L fy,= f{(% '72)5A P, +—= \F Vo [5A oD 5A1(D I(5A,p(D2 _5A,2(Dp)]};
depending on the value A we obtain:

1 . 1 . 1 .
=1, T{(% _|72)(D1 +ﬁ[7/lq)l_7/pq)p _Iqu)z]}: _F(l_lyﬁ/z)(?/s fs +7, f4);

A= \/—{(71 i7,)®, +J—[72 —iy,®, +iy, @ I}= \/—(1 YO VAR AW

=3, ﬁ{(]/l—iyz)q)3+f[}/3 —ly,®,]}= \F{Z\/_(Vl iy,) f3 +ys(L+iyp,)(f, —if,)}
=4, %{(71 i7,)®, + J—[74 i74®2]}=m{2«/§(71—i72)f4+74(1+i717z)(f1—ifz)}-

Thus, we have the formula

—(-ipy,) (st +7,1,)

r,fl,zzi I(}—Imz)(nfsfnh) N
26|23 (7 —i7,) fy + 7 (L g, )(F, i)

23y, —ir) £, + 7, (L+iny,)(f, i)

Consider theterm I', f ,,:
_ 1 . 1 .
o= ﬁ{(% + |72)5A,yq)y + ﬁ?@ [5A,yq)1 - 5A,1(D_o + '(5A,yq)2 _5A,2(D_,, i3
Depending on the value A we get:

A= f{(m%)dﬂ f[n ~7,®, +iy,®,1}= \F(\/§+1)(71+'7/z)(f+lf)
A= \/—{(71+I72)<1> +\/—[72<D iy, D, —iy @ 1} = - \I/g(\/g+1)(71+i72)(f1+if2);
_a 1 : 1 : _ 1 : .

A=3, ﬁ{(71+|72)®3+ﬁ[73q)1+|73q)2]} 2%73(1'“7172)(1:1"'”2)’

1 . 1 . 1 . .
A=4, E{(n +iy,)D, + ﬁ[n@l +iy,®@,1} = PN 7 (L+iyy, )(f +if,).

Thus, we obtain the formula

('\E+l)(7l+i72)( f, +if,)
r f - i _i(\ﬁ"‘l)(?/l"'i?/z)( f1+if2) .

2% 73(1+i7172)(f1+if2)
7 (L+iyy,)(f, +if,)
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Therefore, we get 4 equations:
S;=-1/2, (ip+M)— (1 y,7,)(fy +if) + f(7l+lyz)(psf s+ P, f)+

NEE)

1 ) ]
+2% _1/2(1 '7172)(73f +1,f)+—— 2% m+3/2(71+|72)(f1+|f2):0; (52)

—i(ip+M)~ (1 1y,7,)(f, +if;) + [(71+|72)(p3f s+ P, f,)—

.J§+1

i . : i
_mbm—lm A-iny ) (st +7,£,) i mams/z (7 +ip,)(f +if,) =0 (53)
(they differ only in the multiplier i),

(ip+M)= (1+I7172)f +2J§73(1+I7172)(p3f AN

_2%/5 Pl = 17)(Fy +if,) + (L+i77,) (s Fs + 7, )1 -

1 . . . 1 . .
_mbmllz[zﬁ(%_'?/z) f3+7/3(1+I7/17/2)(f1—If4)]+%am+3,273(1+ly17/2)(f1+If2):O; (54)
(|p+M) (1+|7/17/2)f +2\E7/4(1+I7/17/2)(p3f +p4f )_

_Zi_«/§ PuL0n = 17)(F +i6,) + (L i70,) (s By + 7, F )] -

1 . . . 1 . .
_mbm—lIZ[Z\/g(yl —iy,) fo+y, (+iyy,)(f, - |f4)]+mam+3/274 (L+ip7,)(f,+if,) = 0. (55)

So, we have only 3 different equations.

7. The system of equations in the variable r
Let us collect together equations (31), (41), (47)-(50), (52)—(55). We divide 8
equations into two groups. The first group is as follows:

: 1, . : 3M? oy
('p+M)§(1_|7172)(f1_|f2)+am—1/2 3|\/| —(l \/—) B7/+( 1 Ifz)_ov

. 1 . . 3M? .
(|p+M)§(1+|;/17/2)(f1+|f2)—3M2+(1+J§)28bm+uzy_(f1+|f2):0,
or shortly

: 3M?
ip+M)F + a F, =0, 56
(ip R 3M2—(1+x/§)28 m-v27+ 2 (56)
. 3M?
(ip+M)F, - by.127-F; = 0; (57)

2+ (1++/3)°B
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the third equation
. 1 . .
(|p+M)Z(1+|7172)(f —if )+ \F(Vl |7/2)(p3f3+p4f4)—

1+\/_

1 .
Zx/_ By, a0 (1 —17,)(F, —if,) - 2%6m+ﬂ2(1+lyl]/2)(]/3f3+}/4f4):0

is transformed to other form (with the use of the above constraint)

3M?-2B 2BM 2Ba, .,

- Fi= =——F,=0; (58
3M2—(1++/3)’B 3M2 —(1++/3)? B m-3/27 -1 3 (58)

ip+
{p+M) 3M?%+(1++/3)?B
the fourth equation

(|p+M) (1+|7/17/2)f +2\/§7/4(1+|7172)(p3f +p4f )_

i . . .
_m PL(r =iy )(fL +if,) + (L+iy ) (s fs + 7, T)] =

1 . . . 1 . ]
_mbm—llz[z\/g(% —iy,) f,+r,(L+iyp,)(f _|f4)]+mam+3/274 (A+iyp,)(f, +if,) =0

is transformed to the form (again with the use of the known constraint)

3|v|2+25 2BM iy Fom 2Bb_ 7.
2+ (1++3)°B BYE +(1++/3)? B MR 3M %~ (1+4/3)2B

In equations in egs.(56)—(59) we use the notations

{(ip+M ) F,=0. (59)

= %(1— iy, (f,—if,), F,= %(1+ iy,7,)(f, —if,), 0
F, = %(1—iyly2)(fl+if2), F, = %(1+iy172)(f1+if2),
Below we write down the remaining 4 equations:
0+ M) 5 (i) T+ L iz )(psf - pef) -
—% Psl(ry +i7,) (£, —if,) + (A=iy07,) (s F + 7, F)1 -
e )i ¢
+%am+1,2[2«/§(71 +iy,) T3+ 75 (1=iy,)(f, +if,)] = 0, (61)
(ip+M)= (1 i7.7:) £+ 2x/—n(l i717)(P; f3+p, 1) -

_m p4[(71 + i72)( f1 _ifz) + (1_i7172)(73 f3 +74 f4)]_
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1 ) ]
_% bm—3/27/4 (1- '7172)( f1 - 'fz) +
1 ] ) )
+7 812 [2B( +i7,) iy + 7. A=y, (F, +if,)] = 0; (62)

(ip+M)— (1 7,7,)(Fy +if,) + \j—(71+'72)(p3f+lo4f)+

\/§+1

1 . . .
+Fbm—1/2(1_|7/17/2)(73 f3 TV, f4)+mam+3/z(71 ‘H7/2)( fl 'Hfz) =0, (63)
(ip+M)= (1+I7172)f +2J§y3(1+l7172)(p3f AN

i . . .
_m ps[(71 _|72)( fl + |f2) + (1+ |7/172)(7/3 1:3 +7, f4)]_

—%bm_mtzﬁ(n—imf3+y3(1+iyly2)(f1—if4)]+

1 . .
+mam+3/273(1+|7172)( fl'Hfz) =0. (64)

Let us act on eq. (56) by the matrix (M —ip), this gives

F=__ 1 M M_ip)F (65)
1 p2+M23M2—(1+x/§)B m-1/2 Vi

Taking into account this expression for F , we transform eg. (58) to the form

: 6M°h. . 2Ba_,.,7
ip+M)[3M? - 2B+ 1 n-senie]_ oMY 22/ __F =0, (66

1
3M? - (1++/3)B
Similarly, from eq. (57) it follows

1 3M?

F, = b M —i F. 67
4 p2+M23M2+(1+J§)ZB vz ( p)y_F, (67)

so from eq. (59) we derive
2Bb,, 17,

1 . )
M2+a+v§f5{0p+M)BM veBt 3M?2—(1++/3)°B

Thus, we have the system of two linked equations (66), (68) for the variables F,, F;.

Let us apply the exclusion method. To this end, we act on eq. (68) by the operator a,.,,,7 ,
which results in

6M am+3/2bm+1/2
p?+M?

]+ 2BM}F, -

F,=0. (68)

—{( ip+M)[(3M* +2|3)+6+L|;2(am+1/2 vz — B)]+2BM }x

2B 4B
x M2+ 1+ %)2 B AV F— 3MZ— (l—l—«/g)B 80200 125 = 0. (69)
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Equation (69), with the use of (66), is transformed to the 4-order equation for F,:

] 6M?
{(-ip+M)[(EM 2+ 2B) +m(am+1/2bm71/2 —B)]+2BM}x

6M?
x{(ip+M)[(3M ? _ZB)"‘ 7 M (am+]JZ a2 + B)]—2BM}F, 8(8) a2 a,F, =0, (70)

we have taken into account the identity b, .8, 1, —&,.1,0, 1, = B.
Similarly, let us act on eq. (66) by the operator b, .., , this gives

2
D+ M)I(EM* ~2B) -2 (0,18, + B~ 2BM
+
2B 8(B)?
% - a,.,,F =0.
3M2—(1+\/§)ZB m-127+ 2 3M2+(1+\/§)?‘B m-1/2%m+1/273

Using eq. (66), we can eliminate the variable F,:

{(Cip+M)[(3M? - 2B)+ %(bm_maMﬁB)]—ZBM}x

. 6M?
X{(lp+M)[(3M2+ZB)+m(bm y28n.a2 — B)]+2BM}F, —8(B)°b, 1,8,.,1,F; = 0. (71)

Thus, we have two 4-order differential equations, (70) and (71), for functions F,
and F;; after regrouping the terms they take on the form:

2am+1,2b 3m?

{(=ip+M)[3BM2(L+ ) + 2B(1- vy 2 )]+2BM}x

x{(ip+M)[3|v|2(1+M)—2B(1—ﬂ)]—25|v|}5=8BZa b B (72)
p?+M? p?+M? e

{(~ip+M)[3BM2(L1+ M) 2B(1-ﬂ)] 2BM }x
p?+M p*+M

2
{(ip+ M)EM2 (L4 PPy o My oy =88% 8 R (73)
p +M? p +M

From equations (72) and (73), we derive
{9M* 8% +12BM°ip 8 — 4B?(p? + M?) S +12B*p*M2}F, =0, (74)
{9M* 12 —12eBM°ipA —4B?(p* + M?)A+12B>p°’M?}F, = 0, (75)
where the notations B and A are used:

p=p*+M*+2a_..b .., A=p*+M*+2b .a ... (76)
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Below we need the explicit form of the matrices

00 0 —i 0 0 0 -1 0 0 —i 0 0010
oo - o 0010 o0 O0i 0001
"Tloi o ol lo 10 o |i 0 0 o Lt oo o
i 0 0 O -1 00 0 0 -i 0 0 0100
-1 0 0 O 0000 1 000
. 01 0 01(1+iyy)=0 10 01(1_iw):o 000
Y210 0 -1 02 Y220 0 0 02 Y220 0 1 0
0 0 0 1 0001 0000

0 0 p, +ip, 0

ip = 0 0 0 —p3+ip4.
—p,+ip, 0 0 0
0 p, +ip, 0 0

Bearing in mind these expressions, we find the explicit structure of F, and F;:

0 0 fl’l + ifz,l 1)
—if X 0 0
O 22 = 02 ) FS(r) = f -f = .
13 T3 (P
f1,4 - if2,4 Xa 0 0

F,(r) = he 77

Correspondingly, egs. (75) reduce to two linked equations

{9M*2? —4B?(p* +M?)A+12B%p’M *}p, —12BM*(+ p, +ip,) 29, =0,

78
{9M*A? —4B*(p* + M?) 1 +12B*p°M *}p, —12BM *(—p, +ip,) A¢, = 0. (78)

Let us multiply the first equation in (78) by (—p, +ip,), then we get

{9M* A2 —4B?*(p® + M?) 1 +12B* p*M 2} (—p, +ip,) ¢, +12BM*p®A¢, =0,
whence it follows

1 .
1(03 = _W{QM 42,2 —4Bz(p2 +M 2)2 +1282 pzM 2}(— p; + |p4)¢1. (79)

Acting on the second equation in (78) by operator 4, we get
{OM* 2% —4B%(p? + M?) A +12B2 p*M 2}A¢, —12BM 3 (—p, +ip,) A%¢, = 0.

Further, bearing in mind (79), we obtain the 4-order equation for function ¢, :

{OM*? 2 -72M*B*(p* +M?*)2° +16B*(p® + M*)* 1> +360M °B*p*1* —

—96B*p*M?(p* +M?)1+144B*(p?)*’M*}p, = 0.
The 4-order operator is factorized in the product of two commuting multipliers
{OM“ 2% +[-4B?(p* + M?) —12M*\[-B? p’ ]A +12B? p’M *}x
{OM“ 4% +[-4B?(p? + M?) +12M3\[-B?p? |4 +12B? p’M*}¢, = 0. (80)
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We should find solutions of both 2-order equations

{OM“ 22 +[-4B?(p® + M2) —12M*/-B? p? ]A +12B*p>M 2}¢, =0, (81)
{OM*2? +[-4B? (p* + M?) +12M*-B2p? 14 +12B? p’M 2}¢, = 0. (82)

Similarly we can derive equations for the variable ¢,. To this end, let us multiply
the second equation in (78) by (—p, —ip,), this gives

. .
AP = oBM s'pz‘{glvl ‘A7 —4B*(p® +M?)A+12B*p°M “}(p, +ip,) ;.

This expression for A¢, should be taken into account in (78), in this way we arrive
at 4-order equation for the variable ¢, , which also is factorized as follows

{OM*2? +[-4B>(p® + M?) —12M*\[-Bp 11 +12B% p°M *}x

{OM“ A% +[-4B?(p? + M?) +12M>\[-B?p? |4 +12B? p’M 3¢, = 0. (83)
There exist two equations for ¢, :

{OM“ 2% +[-4B2(p? + M?) —12M*\|-B? p? 14 +12B? p’M *}¢, = 0, (84)

{OM*2? +[-4B? (p? + M?) +12M*\[-B?p? 11 +12B% p’M *}¢p, = 0. (85)

Let us derive the 2-order differential equations for the variables ¢, and ¢,.
To this end, first consider equation (see (81)), presented in the form

{OM*22 —4B?(p* + M?) 3¢, ={12M*\[-B?p? 1 ~12B’ p’M 3¢,
and take it into account in the first equation in (78):
{9M*2? —4B?(p® + M?) A +12B% p*M *}p, —12BM*(+p, +ip,) A, =0,
in this way we obtain
M\J-B?p*p,~B(p, +ip,)p} = 0. (86)
Now let us turn to eq. (84), presented in the form
{OM*2% —4B?(p? + M?) A}, ={12M*/-B?p? 1 —12B?p*’M *}¢, , (87)
and take it into account in the second equation in (78):
{9M“ A2 —4B?(p? + M?) 1 +12B? p’M *}p, —12BM *(—p, +ip,) A, = O,
SO we obtain
A=B(=p,+ip,)p,+-B*P*0}=0. (88)

Let us joint equations (86) and (88) into one system:

ﬂv{‘\}_Bz p2¢1 - B( p3 + ip4)¢3} = 01 /1{_8(_ p3 + ip4)(01 + V_BZ p2§03} =0. (89)
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We may conclude that both functions ¢, and ¢, satisfy one and the same structure
Ap, =0, A@,=0, AF =0. (90)

The same is valid for function F,. Indeed, let us turn to eq. (82) for function ¢,
presented in the form

[OM* 2% —4B?(p? + M?) Alp, = —12M°\/-B? p* A, —12B p’Mg;;
taking into account this equality, from eq. (78) we derive
A[V_BZ p2¢)1+ B(p3+ip4)¢3] =0. (91)
Similarly, using eq. (85) in the form
[OM 22 —4B2(p* + M?)]p, = —12M>/-B? p* g, ~12B p’M g,
we derive from eq. (78) the following result
MB(=p, +ip,)p, +-B* ] = 0. (92)

Considering egs. (91) and (92) as a system, we conclude that functions ¢, ¢;, F
satisfy one of the same equation A¢, =0, Ap,=0, F, =0.

8. Solutions for functions F, —{¢,, ¢,}
Let us study equation AF, =0. Explicitly, it reads

2 2
414 M2 pmo1/2)- By - (p?+ M2E, = 0. (93)
dr® rdr r 2

. B ... :
In the variable x=| B, |r?, where B, = £y ; this equation reads

2 2 2 2
{Xd_2+i_[(m+1/2) B, (2m—1)+§+ p°+M
dx= dx 4x 4|8, | 4 4|B,|

1}F, =0. (94)

We search solutions in the form F,(x) = x% “g,(x); for function g,(x) we get
the equation
2 2
o ear1i-2c0 L tpar - M2 e ggy -
dx dx x 4

2 2
RAC+C-—2_(m_1)+ P M
4|8, | 4|8, |

139, =0.

Fixing parameters as follows A=m+1/2|/2,C =1/2, we get

d? d m+1/2| 1 B 21 M2
[Q%——O P 139, =0, (95
0

X—+(m+1/2|+1—x)—— 2m—-1)+
{dx2 ( | )dx 2 2 4|BO|( ) 4|B, |

which is the confluent hypergeometric equation with parameters

a=|m+1/2|+1— B, (2m-1)+ :
2 2 4|B,| 4B, |

y =|m+1/2]|+1,
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The quantization rule is & =—n, which leads to
& —pl-M?=4|B,|n+2|B, |(|m+1/2|+1)-B,(2m-1); (96)

this spectrum corresponds to the functions {@,, p,}—F;.

9. Equations for F,—{y,, x.}
Let us consider eq. (74):

{9M* 8% +12BM%ip 8 —4B?(p? +M?) S +12B2p M 2}F, = 0. (97)
From (97) it follows the system of two linked equations

{9M* % —4B?(p* + M ?) B+12B*p*M?*}y, +12BM *(—p, +ip,) Br, =0, (98)

12BM®(p, +ip,) Br, +{OM* g7 —4B*(p* + M ?) B +12B*p*M?*}y, =0. (99)

From eq. (98) we can express Sy, :

-1
12BM®p?
With this in mind, from eq. (99) we derive
{(OM*)? B* —T2M*B?(p* + M?) 5° +16B*(p* + M ?)* % +
+360M °B?p? 32 —96B* p°M ?(p® + M ?) £ +144B*(p*)*M*}y, = 0.

P {9M*p* —4B*(p* +M?) 5 +12B° p*M*}(p; +ip,) 2. (100)

The fourth order operator is factorized in the product of two commuting multipliers

{OM* 8% +[-4B? (p* + M?) +12M?/-B? p*] 8 +12B? p*M *}x

{OM B +[-4B?(p* + M?) —12M°\[-B? p? 18 +12B? p’M*}, =0, (101)

we should find solutions of both equations
{OM* B2 +[-4B%(p* + M?) —12M*\[-B?p? 13 +12B*p*M 2}z, = 0, (102)
{OM“ B2 +[-4B?(p* + M?) +12M*\[-B?p? ] +12B*p*M 3, =O. (103)

Let us derive similar equations for function y,. To this end, we should start with eq. (99)
written in the form

By = OM 4B (0 < MO)F 2B MY Bt iRz (104

" 12BM°p?
Taking into account (104), from eq. (98) we derive
{OM*)? g =72M*B? (p* + M?) B° +16B* (p* + M?)* B% +
+360M °B?p? 8% —96B* p’M ?(p? + M?) 8 +144B*(p?)* M *}4, = 0.
The fourth order operator is factorized into the product of two commuting multipliers
{OM* B2 +[-4B?(p* + M?) +12M*[-B? p? ] 8 +12B% p’M *}
{OM* B2 +[-4B?(p? + M?) —12M*\[-B? p? 13 +12B? p’M 3, = 0. (105)
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We should find solutions of both equations

{OM* B +[-4B*(p* + M?)—12M>/-B*p’18+12B*p’M°} 1, =0, (106)
{OM* B2 +[-4B?(p* + M?) +12M°/-B?p*13+12B2p’M *}y, = 0. (107)

By analogy with previous section, we can prove that the functions y,, x,, F, obey one

and the same equation
Pr.=0, pr,=0, pF,=0. (108)

10. Solutions for functions F, —{x,, 7.}
Let us consider eq. (108)

{j— 1d M2 g1 E L)~ (F + MR, =0, (109)
r rdr r

In the variable x =| B, |r?, it reads

2
e TGN EL O
We search solutions in the form F,(x) = x“¢ ®g,(x), where Azlm_—21/2|,
C =1/2, further we get
2 2
b tmov2l st (DB anag B 0
which is the confluent hypergeometric equation with parameters
yom-1/2|+1, =" 21/2| > 4|B§ |(2m+1)+p;|+B':"|2.
The quantization rule o =—n leads to
£2—p?—M2=4|B,|n+2|B,(|m—1/2|+1)—B,(2m+1); (112)

this spectrum corresponds to the functions {r,, y,}—F,.

11. Equations for concomitant components F, and F,
Let us consider eq. (67):

o 1 3M?2
4 p2+M23M2+(1+\/§)ZB
Acting on it by operator (M —ip)a,,.,y, , we obtain

b2 (M —ip)y F,.

6M 2
3M 2 +(1++/3)?B
6M > 3M?

= E _(n? 2y1_ - _ 2 2
_3M2+(1+\/§)ZB{2[/1 (p*+M?)]-B}F, 3M2+(1+\/§)ZB[(p +M?)+2B]F,

(M —ip)a,q,7.F, = [0y 12851, = BIF; =
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where AF;, =0 is taken into account. Consequently, we get equation for the variable F,
in the form
_ 3M%+(1++3)%B
T 3M?[(p? +M?)+2B]

(M —ip)a, 5,7, Fi (113)

With the use of (113), equation (57) is transformed to the following form
{(p*+M?*)+2B+2b ,,,2,.5,}F, =0;
or explicitly

d> 1d (m+3/2)7? Br,, 2 2
— 4= — 2 =% LB(M-3/2)—(—)*—(p*+M?)}F, =0;
{drz e 2 ( ) (2) (p )IF,

in the variable x =| B, | r?, it reads

2 2
{Xd_2+i_[(m+3/2) By
dx® dx 4x 4|B, |

p2+M2
4|8, |

(2m-3)+ 2 + 13F, =0. (114)

. . 3/2
Let us search solutions in the form F,(x) = x%¢ *f,(x), where A:M,

C =1/2; for the variable g, we find an equation of the confluent hypergeometric type

{xj—;+(|m+3/2|+1—x)%—[|m+23/2|+%—4|8§0 (@n-3+ p;rB':’r]}gA =0 (115)
with parameters
7/:|m+3/2|+l,a:|m+:/2|+%—4|8§0|(2m—3)+ p;rB':"lz.
The quantization rule is & =—n gives
g2—pi—M?=4|B,|n+2|B,|(m+3/2|+1)—B,(2m—3); (116)

this spectrum corresponds to the function F,.
Let us find equation for the variable F;:

1 3M?2 .
p’+M?3M2—(1++/3)’B

m%lJZ(M - Ip)}/JrFZ

1
Acting on this by operator (M —ip)b,, 5,7, we obtain

(M _ip)bm73/277|:1 =
_ 6M* . _ 6M* [a
3M2—(1++/3)?B P22 3M2—(1+4/3)°B

m+1]2bm—1/2 + B] I:2 =

3M?
3M?%—(1++/3)°B

_ 6M 2
3M?—(1++/3)’B

{%[ﬁ—(p2+M2)]+B}F2 - [(p? +M?)—2B]F,,
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where eq. AF, =0 is taken into account. Thus, we have the expression for the variable F,:

_ 3M’—(1+3)’B
2 3M?[(p*+M?)-2B]

(M —ip)b, 5.7 F. (117)

With this in mind, from eq. (56) we obtain the equation

{2a, .0, o, + P> +M?2—2B}F =0. (118)
Explicitly, it reads
d? 1 d (m- 3/ 2)*

{_

+B(m+3/2)— ( )—(p +M?)}F, =0. (119)
dr? rdr

In the variable x =| B, |r?, we have

d m-3/2 B 21 M?
o O (=82 B o g X, P EME
dx®  dx 4x 4|8, | 4 4|8, |

1}F =0.

i . -3/2
Its solutions are searching in the form F(x) = x“e ®g,(x), where A:M,

c=1/2:

2
{x%+(|m—3/2|+1— ); m=3r2f 1 6,
X

2

(m+3)+p

2 24|B| 4|B|]}l ’

which is an equation of the confluent hypergeometric type with the parameters

2 2
y=Im-3/2]+1,« =Im- 3/2| B, (2m+3)+p M-
2 2 4|B| 4|B, |
The quantization rule is & =—n leads to
g —pi—M?=4|B,|n+2|B,|(|m-3/2|+1)—B,(2m+3); (120)

this spectrum corresponds to the variable F,.

12. Conclusion
Thus, we have found 4 possible energy spectra for the spin 3/2 particle in external
uniform magnetic field (assume that B, > 0)

F. gz_pg_Mz=2|30{2n+1+|m—g|—(m+g)}:
K, gZ_p:f—l\/lZ:280{2n+1+|m+§|—(m—§)}?

2 2 (121)
F,, gz_psz_Mz:250{2n+1+|m—%|—(m+%)}:

F, & —-p?-M?=2B{2n+1+| m+%|—(m—%)}.

It may be proved that equations from the second group (61)—(64) lead to the one same
energy spectra.
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Braoumup Anecmuesuu Ilnemrwoxoe
0-p puz-mam. Hayk, npog. kag. obweti u meopemuueckol uzuKu
bpecmcxoeo cocyoapcmeennoco ynusepcumema umenu A. C. Ihywkuna
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of Brest State A. S. Pushkin University
e-mail: pletyukhov@yandex.by

HOTO® OI'MEBEIIKOT'O - TIOJIYBAPUHOBA U IIOJIE KAJIBBA - PAMOH/JIA

Ob6cydicoatomess men3opuas u MampuyHas QOpMyauposKU pesmusUucmcKo20 B0IHO8020 YPAGHEHUs.
07151 MUKPOOOBEKMA, KOMOpPbIU uzeecmen 6 iumepamype Kak Homog (coeracno Ozuegeyxkomy u Ilonybapunosy)
u none Kamwba — Pamonoa. Ilokazano, umo dannoe ypasHeHue OeticmsumenbHo onucviéaem Homog, m. e. be3-
MACCOBYI0 BEKMOPHYIO YACMUYY C HYe80U CRUPATbHOCMbIO. Takum 006pasom, mpakxmoska oocysicoaemo2o MuK-
PO0OBEKMA KaKk 6e3Macco8020 CKaIAPHo2o me30Ha (no Kanwby u Pamonoy) seisemcst oumubo4Holl.

Knioueswie cnosa: nomog, none Kanvba — Pamonda, sekmopuas wacmuya, CRUpaibHOCnb, CKAISPHASL
yacmuya.

Ogievetsky — Polybarinov Notoph and Kalb — Ramond Field

The tensor and matrix formulations of the relativistic wave eguation for microobject wich are krown
in literature both as the notoph (by Ogievetsky and Polybarinov) and Kalb — Ramond field are discussed.
It is shown that this eguation actually describes the notof — the massless vector particle with zero helicity.
S0, the interpretation of this object as the massless scalar meson (by Kalb and Ramond) is wrong.

Key words: notoph, Kalb — Ramond field, vector particle, helicity, scalar particle.

Beenenne

Kak xopomo u3BecTHO, (OTOH, 00JaJAIOUINA JBYMsSI COCTOSHUSAMH MOJSPU3ALUT
(CTMPANIbHOCTBIO +1), ONUCHIBAECTCS BEKTOP-TIOTEHIMATIOM A, TIOMYUHSIOIMMCS YPABHEHUIO
BTOpOTO Mopsinka [1, ¢.161].

OA, — 0,0,A, = —j. (1)

3mech j,, — 4YETBHIPEXMEPHBIH BEKTOp IUIOTHOCTH Toka (W, v =1+ 4;x, = ict,j, = icp);
62
0 = —— — oneparop Jlanam6epa, 1o MOBTOPSIIOIIEMYCSI UHAECKCY B MPOU3BEACHUM MOIPa3y-
n
MeBaeTcsi CYMMUPOBaHHE.
VYpaBuenue (1) HHBapUAaHTHO OTHOCUTEIHHO KaJTHMOPOBOYHBIX MPEOOpa3OBaHUN BTO-
poro poja
64, = d,A(x), (2

rae A(x) — ckanspHas kanubpoBouHas GpyHKusA. HanpsskeHHOCTBIO, MHBApUAHTHOM OTHOCH-
TeJIbHO peoOpazoBaHuil (2), CAYKUT AHTUCUMMETPUYHBIA TEH30p BTOPOT0 paHTa

Ey =04, —0,A,. 3)

B 1966 r. B. Oruesenkwuii u 1. [Monybapunos [2] mokazaiu, 4To TeOpHio 6€3MaccoBOM
YaCTUIBI CO CIMHOM 1 MOXHO CTPOUThH Ha OCHOBE TeH3op-moTeHnmana @, (P, = —d,,),
YIOBJIETBOPSIOIIETO YPABHEHUIO BTOPOTO TIOPSIIKA

(puv - auald)lv + aval(p/lu = _jmu (4)
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TJI€ Jyy — TEH30P IWIOTHOCTH TOKA (Jyy = —juv Opfy = 0).
VYpaBHenue (4) ”HBAPHAHTHO OTHOCHUTEIIHHO KaTMOPOBOYHBIX MpeoOpazoBaHMit
6D,y = 0, (x) — A, (x), (5)

rae Ay (x) — BekropHas KanuOpoBouHas (yHkuus. Mcnonssys npeobpasoBanus (5), ypaBHe-
Hue (4) s caydas cBo6oaHoro nous (j,, = 0) MOKHO NPUBECTH K O0JIEE MPOCTOM CHCTEME

od,, =0, (6)

av(puv =0, (7)
B KOTOpOH ypaBHeHHue (7) WUIrpaeT pojb IOMOJIHUTEIBHOIO YCIOBMS Ul ypaBHeHHs (6).
[Tpu 5TOM B BbIOOpE KamMOPOBOYHOM (DYHKIIMK BCE €I1Ie OCTAeTCsl MPOU3BOJ, OTPAHUYCHHBIN
YCIIOBUEM

oA, (x) — 3,0,A, (x) = 0. (8)

JlononHutenbHoe yciioBue (7) NPUBOAUT K TOMY, YTO U3 LIECTH KOMIIOHEHT TEH30p-
noreHuuana P, HE3aBUCHUMbBIMH ABJISIOTCS TOJBKO JBe. OcTaromuiics B BbIOOpE KalruOpo-
BOYHOW (YHKIMHU MPOU3BOJI (8) MO3BONISET UCKIIOYUTH €€ OJHY KOMIIOHEHTY B KadeCcTBE
He3aBUCHMOIl. B pesynbpTare ocTaercs JMIIb OJHA HE3aBHCHMAas KOMIIOHEHTa TEH30p-
noreHuuan Py, KOTopas, M0 MHEHHIO aBTOPOB [2], obiajgaer HyJ€BOW CIUPAIBLHOCTBIO
(cTpororo goka3aTeslbCTBa MPU 3TOM HE MPUBOAUTCSA), HO BO B3aUMOJIEHCTBUSAX NEPEHOCUT
cruH 1.

OnwuceiBaemasi ypaBHeHHeM (4) Oe3maccoBas yactuia Obuia Ha3BaHa B [2] HOTO(OM.
OTO Ha3BaHUE OTPAXAET JOMOJIHUTEIBHOCTh CBOUCTB HOTO(A M (POTOHA KAk B CMBICIE CIH-
PalbHOCTH, TaK U B OTHOIIEHUU JIOPEHIIEBCKUX TPAaHC(POPMAIIMOHHBIX CBOMCTB MOTEHIMAJIOB.

B 1974 r. M. Kans0 u I1. Pamonn [3] «epeoTKpblan» HOTOG, NPEASIOKUB UCIOIb30-
BaTh TEH30p-NOTEHIHMANI @y, [UIs ONUCAHUS B3AUMOJICHCTBUS 3AMKHYTBIX CTPYH, PEIYLHPO-
BaHHOT'O Ha YETBIPEXMEPHOE MPOCTPaHCTBO—BpeMs. B kauecTBe HampskeHHOCTH B [3] pac-
CMaTpPUBAETCS TOJHOCTHIO AHTUCUMMETPUYHBINA TEH30p TPEThEro paHra F,,. Ilpemnaraemast
CHUCTEMA YPaBHEHMH I1EPBOTO MOPsIIKA

auFuva = Jvar 9)
aucbva + aacbw + avcbau + Fuva =0 (10)

NPUBOJUT K YpaBHEHHUIO BTOoporo nopsaka (4) u k cucreme (6), (7) B cmyyae cBOOOJHOTO IO-
ns. pyrumu cnoBamu, Teopun Oruesenkoro — [Tonybapunosa u Kann0a — Pamona marema-
TUYECKHU SKBUBAJICHTBHI.

dusnueckas ke TPaKTOBKa, Ipeayiaraemas B [3], orimuyaeTcst ot TpakToBKH [2]. Kanso
¥ PaMOHI MHTEPIIPETUPYIOT CONOCTABIIAEMYIO TEH30P-TIOTeHIHATY D\, 6€3MacCoBYIO 4acTH-
Iy C O/IHOH CTEMEeHbI0 CBOOOBI KaK CKaAAPHBLIL Oe3MacCOBBI ME30H, KOTOPBIN MO ompese-
JICHUIO HE MOXET BO B3aUMOJECUCTBUSIX EPEHOCUTD CIUH | MM Kakoi-mubo elle CruH.

B nanbHeiiem B nuTeparype yTBepAniIack UMEHHO 3Ta TpakToBka [4; 5]. B Hayunbiit
00ux0/1 OBLT BBE/ICH Ja)Ke TEPMHUH «SPIN jumping» (COHMHOBBIN CKavOK), CMBICT KOTOPOTO 3a-
KJIIOYaeTCsl B TOM, 4TO IPH Mepexosie K 6e3MaccoBoMy IMpeaelly B TEOPUU MAaCCUBHOTO BEK-
TOPHOTO TOJISI MOXKET MOIY4YUTCs Teopusi Oe3maccoBoro noist co cuHoM 0. Takxke 3akpenu-
JIOCh ¥ Ha3BaHUE 0€3MaccOBOr0 MUKPOOOBEKTa, omuchiBaeMoro cuctemon (9), (10): «mome
Kans06a — Pamonmay.
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OcHoBHas1 4acTh

Jlsist TOro 4TOOBI YCTaHOBHTH, KaKasi U3 JBYX IPUBEACHHBIX BbIIIC PU3NUECKUX TPaK-
TOBOK 0€3MacCOBOro MUKPOOOBEKTA, CONOCTABISIEMOTO TEH30P-TIOTEHIHALY P, SBIAETCS
MPaBUJILHOM, TPUMEHUM IOXO0J, UCIIOJIb3YeMbIl B paboTe [6] mpu paccCMOTpEeHUH Oe3Macco-
Boro noist IlTrokensOepra. IIpu 3TOM JOCTAaTOYHO OrPaHUYUTHCS CIlydaeM CBOOOIHOTO
(63 MUCTOYHUKOB) IOJIS, OIIMCHIBAEMOT'O CUCTEMOM IMEPBOTO MOPSAKA

0uFwe =0, (112)

Fuva = =0, @y — 0Py — 3, Pay (12)
ACCOIIMMPOBAHHON C YPaBHEHUEM BTOPOTO MOPSIKA JIJIs TOTCHIIAIIA
0Py, — 0,0, Py + 0,0,Py, = 0. (13)
bynewm uckats pemenus ypasuenuit (11) — (13) B Bue miockux BOJIH
Yy (%) = Y0252, (14)
Wva(X) = Ypyee ", (15)

rae Lp:n,, L|J:Wa — aMIUTMTYABI, K; — YeThIPEXMEPHbIN BOIHOBOI BeKTOp (K, = iw). CHauana
nonacraBuM (14) B (13). [Honyuum

K3 Wy + KukaWy — Ky, = 0. (16)

PacrniuceiBast (16) MOKOMIIOHEHTHO, NMPUAEM K CIEAYIOUIEH cucTeMe JIMHEHHBIX OJIHO-
POIHBIX aNreOpanyeckuX ypaBHEHUH OTHOCUTEIbHO aMILTUTY:

(165 + kD W14 = K1 Was — Ky Psy + lwks sy — ik Py, = 0,
—k1koUna + (K + K Ups — Kak3Pzy — kg — iwky Py, =0,
—K1Ka P — Kok Wag + (6 + k) W3y + iwiaos — iwk Pz, = 0, 17)
— w3 Pay + Ik Pzg + (K — 023 + KikoPzq + Kqks Py, = 0,
iwig Py — Lok Pss + KK U3 + (6 — 02 P3g + Koksy, = 0,
—iwka Wy + ik Yoy + Kiksps + Koka Py + (k3 — 0Py, = 0.
Herpyano ybenutbes, yTo mepBble TPU ypaBHEHMsI cucTeMbl (17) SBIAIOTCS JIHHEH-

HBIMHA KOM6I/IH8.I_[I/IHMI/I TpEX MOCIICAHUX, PACCMOTPCHUEM KOTOPBIX AJOCTATOYHO U OI'paHU-
YUTBCA. HepennmeM HnX B BUJIC:

iw(_’f3‘~|1;4 + KoYy + iwlp;a:) + iy (K Wz + KoW3y + K3°P3,) =0,
iw(lc3t|114 — K3y + iw'~|131) + Ko (K1 Pa3 + KWy + K3P;) =0, (18)
iw(—’lebm + K Py + iwll’lz) + K3 (K1 Wp3 + KoWsg + K3Pg,) = 0.

BBenem obo3naueHue:
g = kW3 + oWy + iUy, (19)
Toraa cucrema (18) mepenurercs kak
o o . o . K
—k3pg + oW, + iws = i g,
—i1Uzq + K31y + 03, = ifg, (20)
o o . o . K
—KoW14 + K Py + i, =2 g,
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Tenepy noncraBum (15) B ypaBHenue (12). Ilomyuum BbIpakeHHs Ul aMIUIMTYA
HaNpsHKEHHOCTHU Yepe3 aMIUIUTY/ (bl IOTEHIMaA:

Wazs = i(—KaWas + 13 + iw33),

W3aq = i(e1W3s — K31y — i0Y3;), (21)
Warz = i(—raWiy + gy + i),

Wizs = i(kq W2 + K23y + K3P7).

ComnocraBmss (21) ¢ (20) u yuutsiBas o6o3HaueHue (19), OynemM OKOHUATETBHO UMETh:
Pozs = _%g» Y341 = %g» Vaiz = _%g: Piz3 = ig. (22)

CootHomieHus (22) moka3bpIBalOT, YTO HAOIIOJAaEMbIE XapaKTEPUCTUKH 0e3MaccOBOTO
TOJIs, OTMCHIBAEMOTro cucTeMoi mepBoro nopsiaka (11), (12), Moryt ObITH BBIpaKEHBI Yepe3
€MHCTBCHHYIO JTMHEIHYI0 KOMOMHAIIMIO KOMIOHEHT TeH3op-moTeHimana (19). Jra kombu-
HaIUs SIBJIIETCS CKAJISIPOM OTHOCUTENIBHO MPE0O0Pa30BaHUN TPYIIIbI TPEXMEPHBIX BpPAICHUIH,
u3 4yero cueayet, yto cuctema (11), (12) melicTBUTEIHHO OMKUCHIBAET 0€3MACCOBYIO YaCTHUILY
C HYJIEBOM CIIMPAIbHOCTBIO.

Opnako HyleBas CHHUPAIBHOCTH CBOOOJHOTO 0€3MaccoBOTO MHUKPOOOBEKTa elle
HE 03HAyaeT, YTO peub MJeT 00sA3aTeNbHO O cKajlsipHOHM vactuue. [locneanss, no onpenene-
HUIO, BO B3aUMOJEWUCTBUSIX HE IEPEHOCUT cluH. BekrtopHas jxe Oe3maccoBas dacTuua
co crupalibHOCTHIO 0 (MPOIOJIBHO MONIIPU30BAaHHOE 0€3MAacCOBOE MOJIE) BO B3aUMOICHCTBUAX
MIEPEHOCUT CIIUH 1, MOCKONBbKY €€ BUPTyaJIbHbIN aHajor 00JiajlaeT MacCcoll W BCEMH TPEMs
3HaYeHUSIMU criupanbHOCTH 0, 1, Kak U BUPTYyalbHbBIN (OTOH.

OTBeT Ha BONPOC O CIIMHOBOM CTaTyce 0€3MaccoBOr0 MUKPOOOBEKTA, OMHCHIBAEMOTO
ypaBHeHUsIMU (11) — (13), MOKHO MOJIy4UTH, OOPATUBIIUCH K MOJOXKEHUSAM TEOPUU PENsATHU-
BHUCTCKHX BOJIHOBBIX ypaBHeHMI nepBoro nopsaka [1]. Cuctema (11), (12) moxeT ObITh 3amu-
CaHa B CTaHJApTHOM MaTpUYHOU (opMe, KOTOPYIO HCIIOJIb3YET JaHHasl TEOPUs:

(10, + [y)¥ = 0. (23)

3neck I, Ij — KBaapaTHbie MaTpHipl pasmMeproctu 10x10, npuuem matpuna Iy — ocobeHHas;
Y — 10-xoMIOHEHTHAs BOJHOBAs (PYHKIIHSI BHJIA
w = (2w), (24)

Fuva

CxeMa 3arieruieHri HeMPUBOIMMBIX MpeCTaBiIeHUM rpynmsl JlopeHia
1 1)\,
01 - (3.3) - (10, (25)

11
cootBercTByromas cucreme (11), (12), conepKUT MCeBIOBEKTOPHOE MPEICTABICHHUE (5'5) !,

TOXIACCTBCHHOC IpeaACTaBJICHUIO TCH30pa Fp.va’ , a TaKXC npeaACTaBJICHUC

[(0,1) & (1,0)] renzopa P,,,.
Martpuusl [, [, B KaHOHHYECKOM Oa3uce uMeroT By [1]:

_(C° (L4
Ia= ( Ct x 13)' fo= ( 06)’ (26)
/0 1 1
0 1 _ -
°=0,Ct=%(1 0 0) (27)
-1 0 0
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rae C° C' — cnimuoBBIe 6110KH, OTBevaromwe crmHaMm s = 0,1, B TOM CMBICIIE, YTO €CIU OJIOK
C® vMeeT HEHyJIEBbIE KOPHH, TO YaCTHIIA 00JIaaeT CIIMHOM S; €CITi ke 010K C° MMEeT TOIBKO
HYJIEBbIE KOPHH MJIM BOOOILIE OTCYTCTBYET B CTPYKTYpE MaTpHIIbI I, TO CIIUH S HE MPUCYI Ya-
crurie. Ponb matpuiibl [;; B 6€3MaccoOBOM ClTydae CBOIUTCS K «BBIPE3aHUIO» TEX WIIM MHBIX 3HA-
YEHUH MPOEKIIUU CITMHA, KOTOPBIM 00JIaaeT MaCCUBHBIN aHAJIOT TAHHOTO 0€3MaCcCOBOTO OIS

Tak, HarpuMep, I 3JIEKTPOMArHUTHOIO IOJIA MaTpuua [ MMEET CIMHOBYIO CTPYK-
Typy (26). Onnaxo marpuna I paBHa

we(* )

U BBIPE3aET COCTOSHHE C HYJIEBOU Mpoekiuen cnuHa. Marpuna ke [, (26) BeIpe3aeT cocTosi-
HUS C IIPOEKLMAME CIIMHA 1, ocTaBnsa cuupanbHocTh 0 B ciuHoBoM 6710ke C1. 1 mocKonbKy
cnuHOBBIA 610Kk C° Hpu 3TOM paBeH HYIIO, MOXKHO CHENaTh OJHO3HAYHBIA BBIBOI: HOTOQ
(mone Kannba — Pamona) siBiisieTcst 0€3MacCOBBIM 6EKMOPHBIM MUKPOOOBEKTOM C HY1€60il
CIUPATBLHOCTHIO. Tak 4YTO HUKAKOTO CIMHOBOI'O CKa4yKa 3/IECh HET U OBITh HE MOXKET.

BekTopHbiii xapakTep HOTO(ha OyneT MpOSBIATHECS BO B3aUMOJICHCTBHUSAX, B KOTOPBIX
OH WrpaeT poJib MEePEHOCYHKA B3auMojeicTBus. BupTyanbHblii HOTOd o0namaer maccoit
U TIEPEHOCHT CIIUH S =1, Tak e Kak U BUPTYyaJIbHbII (OTOH.

3ak/roueHue

[IpoBeacHHBIN aHAIN3 TEH30PHON CHCTeMbI nieporo nopsiaka (11), (12) B pamkax aj-
re0pandeckoro ¥ MaTpuIHO-IU(PPepeHIINATHHOTO MTOAXO0I0B MTO3BOJISIET CICNATh CIEIYIOIHIE
BBIBO/IBI:

1. OnuceiBaeMbIit 3TOM cUCTEMOM CBOOOJHBIA 0€3MacCOBBIM MUKPOOOBEKT, KOTOPBIi
U3BECTEH B JHTepaType moi AByms Ha3BaHusiMu (HoTtod OrueBenxoro — [lomybapunoBa
u niosie Kanp6a — PamMon1a), iMeeT HyJIEBYIO CIUPAIBHOCTb.

2. Ilpu BoccraHoBieHnH B ypaBHeHHH (11) MaccoBOro wieHa MOJydaeTcs CHCTEMa
ypaBHEHUH, KOTOpas OMHCHIBAET MACCHUBHYIO YaCTHUIy CO COMHOM | C Tpems 3HauYE€HUSIMH
npoekuuu cnuHa 0, +1.

3. Bo B3auMoOJIeHCTBUSAX, B KOTOPBIX HOTO() MPUHUMACT y4acCTHE B KAYeCTBE BUPTY-
AIBHOTO TIEPEHOCUMKA B3aUMOJICHCTBUS, OH, MpHUOOpeTast Maccy, MepeHOCUT CIHH 1.

4. CnocoOHOCTh HOTO(A MEPEHOCUTHh BO B3aWMOJEUCTBUSAX CIIUH | MpUAaeT emy cTa-
Tyc 0€3MacCOBON 8eKMOPHOIL YACTHUIIBI C HY/1€80l CIUPATHLHOCTHIO, WIIH, IPYTUMH CIOBAMU,
MPOJOIBHO MOJIIPU30BAHHOTO 0€3MacCOBOTO BEKTOPHOTO IOJISL.

5. TakuM 00pa3om, pacripoCcTpaHEHHAas B JIUTEpaType TpakToBKa [3; 4] oOcyxkaaeMoro
MHUKpPOOOBEKTa KaKk 0€3MacCOBOr0 CKaJIIPHOTO ME30HA U BBITEKAIOIIAsi OTCI0J]a BOZMOKHOCTh
«CTIMHOBOTO CKayka» MpH Mepexojie K 0e3MaccoBOMy Mpeneny B TEOPUU MACCUBHOTO IO
SIBJISIETCSI OLTUOOYHOM.

CIIUCOK MCITOJIb3YEMO! JINTEPATYPhI

1. IlnetroxoB, B. A. PensTuBucTCKrE BOJHOBBIE YpaBHEHHS] U BHYTPEHHHE CTEIEHH
cBobossl / B. A. IlnettoxoB, B. M. Penpkos, B. . CtpaxeB. — Munck : benapyc. HaByka,
2015. - 326 c.

2. Oruenkuit, B. 1. Hotod u ero Bo3amoxkusie B3aumozeiictsust / B. Y. Oruesenkuii,
H. B. TTony6apunos // S1®. — 1966. — T. 4, Bemm. 1. — C. 216-223.

3. Kalb, M. Classical direct interesting / M. Kalb, P. Ramond, // Phys. Rev. D. — 1974, —
Vol. 9, nr 8. — P. 2273-2284.



62 Becnix Bpacykaza yuisepcimama. Cepwisi 4. @izika. Mamsmamoixa MNe 212023

4. Aurilia, A. Generalized Maxwell eguations and the gauge mixing mechanism of mass
generation / A. Aurilia, Y. Takahashi // Progr. Theor. Phys. —1981. — Vol. 66. — P. 693-712.

5. Pletyukhov, V. A. Kalb — Ramond field and Dirac — Kéhler eguation / V. A. Pletyu-
khov, V. 1. Strazhev // Einstein and Hilbert: Dark Matter. — Contemporary Fundamental Phys-
ics. — Valeri Dvoeglazov. — Series Editor. Nova Science Publishers, Inc. — 2011. — P. 77-86.

6. beamaccoBriii npenen B ypaBHeHuu llITrokenpbOepra. JlekapToBbie KOOpIWHATHI /
O. A. Cemenrok [u ap.] // BecH. bpacit. yu-ta. Cep. 4, ®isika. Maramarbika. — 2023. — Ne 1. —
C. 45-52.

REFERENCES

1. Plietiukhov, V. A. Rieliativistskije volnovyje uravnienija b vnutriennije stiepieni
svobody / V. A. Plietiukhov, V. M. RFied’kov, V. I. Strazhev. — Minsk : Bielarus. navuka,
2015. - 326 s.

2. Ogijevieckij, V. I. Notof i jego vozmozhnyje vzaimodiejstvija / V. I. Ogijevieckij,
I. V. Polubarinov // JaF. — 1966. — T. 4, vyp. 1. — S. 216-223.

3. Kalb, M. Classical direct interesting / M. Kalb, P. Ramond, // Phys. Rev. D. — 1974. —
Vol. 9, nr 8. — P. 2273-2284.

4. Aurilia, A. Generalized Maxwell eguations and the gauge mixing mechanism of mass
generation / A. Aurilia, Y. Takahashi // Progr. Theor. Phys. — 1981. — Vol. 66. — P. 693-712.

5. Pletyukhov, V. A. Kalb — Ramond field and Dirac — Kéahler eguation / V. A. Pletyu-
khov, V. 1. Strazhev // Einstein and Hilbert: Dark Matter. — Contemporary Fundamental Phys-
ics. — Valeri Dvoeglazov. — Series Editor. Nova Science Publishers, Inc. — 2011. — P. 77-86.

6. Biezmassovyj priediel v uravnienii Shtiukhiel’berga. Diekartovyje koordinaty /
O. A. Siemieniuk [i dr.] // Viesn. Bresc. un-ta. Sier. 4, Fizika. Matematyka. — 2023. — Ne 1. —
S. 45-52.

Pykanic nacmyniy y paoakywiro 25.09.2023



MATOMATBIKA

VJIK 512.542

Hamanva Bumanvesna Apmémenko
mazucmpanrm qbus’uKo-MameMamuquKozo d)akyﬂbmema
bpecmckozo eocyoapcmeennoco ynusepcumema umenu A. C. Ilywuxuna
Natalia Artemenko
Master Student of the Faculty of Physics and Mathematics
of Brest State A. S. Pushkin University
email: artemenkonatasha@outlook.com

O IMTPOU3BOJHOM JJIMHE KOHEYHBIX T'PYIIII,
DPAKTOPU3YEMBIX TOTAJIBHO IEPECTAHOBOYHbBIMUA NOAT' PYIITIAMM*

Jnuny camozo kopomko2o HopMabHo2o psda epynnvl G ¢ abenegbimu hakmopamu HA3bLIEAIOM NPOU3-
soonot onunoti epynnvt G u obosnauaiom d(G). Yemanosnena zasucumocmo npousgooHoil Onumbl KOHEUHOU

Gaxmopu3syemoii epynnsi 0m npou3BOOHOU OIUHBL MOMAILHO NEPECMAHOBOUHBIX COMHOICUMENEI.
Kniouegoie cnoea: npouzsoonas Onuna, mOmanbHO NepecmaHo8oUHble NOOSPYNNbL, (aKmopuszyemvle
2pynnoi.

On the Derived Length of Finite Groups Factorized by Totally Permutable Subgroups

The length of the shortest normal series of a group G with Abelian factors is called the derived length
of the group G and is denoted by d(G). The dependence of the derived length of a finite factorizable group

on the derived length of totally permutable factors was established.
Key words: derived length, totally permutable subgroups, factorizable groups.

Beenenne

PaccmaTpuBaroTcst TOJIBKO KOHEUHble Ipynmnbl. Bce 0003HaYeHMsSI M HCMONb3yEeMbIe
ONpeIeNIEHUs1 COOTBETCTBYIOT [1].

I'pynna G HaseiBaeTcst gpakmopusyemou moarpynmnamMa A u B, ecnu oHa mpencra-
BUMa B BHUJE UX npousBeneHusd, T. e. G =AB. Camu noarpynnsl A U B B mpousBeIeHUU
G = AB B nanbHeiiniemM O0yaeM Ha3bIBaTh COMHONCUMEAMU.

Pa3nuna mMexny nmpous3BeAEHUEM MOATPYIII U NMPSMBIM [TPOU3BEACHUEM BEIHMKA: €CIIU
B3STh JIBA dJ€MEHTa X U Y (uiau Be noArpymnmbl X U Y) U3 COMHOXKHTENEH MpOU3BEACHHUS,
TO MEXJIy HUIMU MOXKET U He OBbITh HEMOCPEACTBEHHOM cBsi3u. OIHAKO B MPSIMOM ITPOU3BEIe-
HUU OHU NepEeCTaHOBOYHBI. [l03TOMY /17151 cO3/1aHUs MPOMEKYTOUHON CUTYallH MPeICTaBs-
eTcs 1enecoo0pa3HbIM paccMaTpUBaTh MPOU3BECHNE MTOATPYIII, B KOTOPBIX JIEMEHTHI (MIIN
MOJArPYMIbI) PA3TUYHBIX COMHOXKHUTENEN CBA3aHbI ONPEAEIEHHBIMA COOTHOILIEHUSIMHU.

[Monrpymmer A u B tpynmsl G HasbpIBarOTCsa nepecmanogoyHvimu, ecnu AB = BA.
[Moarpynmer A u Brpymnmbel G Ha3bIBAIOTCS MOMAILHO NEpecmano8ounbvimuy [2], ecinm Kax-
Jiasi IOATpyMIa u3 A NepecTaHOBOYHA C KayKJ0W MOArpynmnon u3 B.

B 1989 r. M. Acaan u A. Illaanan [3] u3yunnu dakropusyemsie rpymnmnsl G = AB ra-
KHe, yTo A U B TOTanbHO MEepecTaHOBOYHBI. B yacTHOCTH, MU OblIa YCTaHOBJIEHA CBEPX-
pa3penMMocTh Takux Tpynn G Ipu YCIOBUH, YTO COMHOXKUTENM A W B CcBepXpa3pemimebl.
JlanpHelinee Hccaen0BaHUE NPOU3BEIECHUN TOTAIbHO NEPECTAHOBOYHBIX MOATrPYII MPOBO-
JTUJIOCH MHOTHMH aBTOpaMHu. B monHOM Mepe pe3ysibTaThl UX UCCIEeI0BaHUI OTpakXeHbI B MO-
Horpaduu A. bannecrepa-bonunie ¢ coaBropamu [4].

*Paboma evinonnena npu QuHancosoi noodeprcke Munucmepemsa obpazosanust Pecnybnuxa Bena-
pyeo (TTTHU «Koneepeenyus-2025», Ne cocpecucmpayuu 20211467).
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XapakTepHOll 0COOEHHOCTBHIO M3YUEHHS] KOHEYHBIX (PAKTOPHU3YEMBIX TPYII SBISETCS
UX TECHAas CBSI3b C TEOPHUEH YNCIOBBIX MHBAPHAHTOB (TI0]] YNCIOBBIMU HHBApUAHTAMU TPYIIIIBI
NOHMMAIOT TaKUE€ €€ YMCJIOBbIE XapaKTEPUCTUKHU, KaK MPOU3BOJAHAS JJIMHA, HUJIBIIOTEHTHAsS
JUTMHA U JIp.

@. I'poce [5] mokazan, uro npousBoaHast mmHa d(G/D(G)) rpynmel G=AB,tae A u
B HWIBIIOTCHTHBI, OTPaHUYCHA CYMMO#H cTyrneHei HupnorentHoct A u B . JI. C. Kazapuw [6]
YCTaHOBWII, YTO eciu pazpemnmas rpynna G = AB sBinsieTcss Npou3BeIeHUEM JIBYX MOATPYIIT
A U B B3aUMHO IPOCTBIX MOPSAKOB, TO MPOM3BOIHAS JANMHA Tpynibl G orpaHuyueHa cBepXy
BeIpakenrem 2d(A)d(B)+d(A)+d(B).

YcTaHoBNIEHHE 3aBUCHMOCTEH MEXAY YHCIOBBIMH HHBapuUaHTaMHU (aKTOPU3yEeMBbIX
TPYII ¥ YUCJIOBBIMA MHBAPUAHTAMU COMHOXHUTENEH, MOATPYNIbl U3 KOTOPHIX CBA3AHBI MEXK-
Iy co00if HEKOTOPBHIMU YCIIOBUSIMU TNEPECTAHOBOYHOCTH, OTHOCHUTCS K KPYTY aKTYyalbHBIX
npo0JieM COBPEMEHHOM TEOpUU KOHEUHBIX rpymi. Tak, Hanpumep, k. Koccu [7] akryanu-
3UpOBAJI JUISI UCCIIEOBAHUS CIEAYIONIYIO 3a1auy: MooicHo U oyeHums npou38oOHyI0 OJIUHY
paspeuumoll paxmopuzyemol pynnvl 4epes3 4Yuciogvle UHBAPUAHMbBL ee COMHONcUmeneu?
B sTOoM HampaBiieHnr Takke CTOUT BbIAeUTh padoTsl Jx. Koccu u U. Jlu [8], E. xabapsr [9].

B nannoii pabore HaiiieHa 3aBHUCHUMOCTb MEXIY IPOU3BOJHOW UIMHOM KOHEYHOMH
dbakTopu3yeMoil TPYIIbI U TPOU3BOJHON JUTMHON TOTaJbHO MEPECTAHOBOYHBIX COMHOXKHUTE-
nen. JlokasaHa cienyromas Teopema.

Teopema. [Iycmv G=AB, 20e A u B — momansno nepecmanosounvie pazpewiu-
moie nooepynnwl epynnot G . Toeoa d(G/®(G)) <max{2,d(A),d(B)}.

BcenomorarebHbie pe3yibTaThl
HamoMHuM HEKOTOpBIE OHATHS U 0003HAYEHMS, CYIIIECTBEHHBIE JIJISl JAHHOW paObOTHI.
Yepes Z, 0003HaYNM NUKIMYECKYIO IPYIITy opsaka N.

I[J'Ifl TpyHIIbL G MOXHO IMOCTPOUTH LCIMMOYKY KOMMYTAaHTOB
G > Gr > (Gl)r > G(i) > G(i+1) S....

3necs G' — kommytant rpymnel G u G = (G") . Eciu cymecTtByer Homep N Takoid, uto
G™ =1, to rpynmma G HaseBaeTcs paspeuwmoii. HamMenbInee HaTypanbHOe N, s KOTO-
poro G™ =1, razsIBaeTcs npouszeoonoii Onunoti Tpymsl G 1 o603Hauaercs yepes d(G).

B noka3zarenbcTBax OyayT HCHOJIB30BaThCs (parMeHThl Teopuu popmanuii. [1].
Kitacc § Ha3bIBaeTCs 3aMKHYMbIM OMHOCUMENLHO PAKMOp-epynn, W 20MOMOPPOM,

xora BeinojHsercs Tpedosanue: ecmu GeF u N<G, 10 G/NeF .

Knacc § Ha3bIBaeTCs 3AMKHYMbIM OMHOCUMENbHO NOONPSAMbIX NPOU3Be0eHUll, KOT/Ia
BBINONHAETCS TpeOoBanue: eciu G/ N, e F u G/N,eF,10 G/N, NN, €F.

Dopmayueri Ha3pIBACTCS KIIACC, 3aMKHYTHIH OTHOCHTEIBHO (PAKTOP-TPYII U TMOAMPSI-
MBIX MPOU3BEICHHH.

dopmanus § HassiBaeTcs Hacviuennot, ecin u3 G/ F(G) e § cnenyer, uto G € §

[ycte § — Hekortopas popmanus rpymn u G — rpynma. Torma G¥ — § -xopaduxan
rpymnsl G, T. e. mepeceuenne Bcex Tex HopMmanbHbIX moarpymn N w3 G, ams KoTOphIX
G/N €3 . Ipoussencune §H={G e ®|G” € F} popmanuii T u § COCTOMT U3 BCEX TPYIII
G, A KOTOPBIX §)-KOpaHKal MpHHALISKHT GopMmannn § . Kak o6srano, §° = FF . Dop-
MalliK BceX a0eNeBbIX, HUIBIIOTEHTHBIX W CBEPXPA3PEIINMbIX IPYII 0003Ha4Yar0TCs yepes 2,
M u 4. OueBuaHO, utTo G € 2A* Torma m TonBKO TOrNA, Koraa d (G)<k.
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HarmomunM, uto noarpynmnsl A ¢ B Ha3bIBAIOTCS 63AUMHO NepecmaHO804YHbIMU, €CITH A
IIEPECTAHOBOYHA C KAXKI0M MOArpynmnon u3 B, a B nepectaHOBOYHA ¢ KayKIOM IMOATPYIIIION U3 A,

Jlemma 1. [4, Teopema 4.1.15] Ilyemv G = AB, 20e A u B — e3aummno nepecmano-
sounwvle nooepynnel epynnel G. Ecau A u B — paspewumvle, mo G mak sice paspewuma.

Jlemma 2. [4, reopema 4.1.10] Ilycmo G = AB, 20e A u B — 6zaummno nepecmarnosounvie
noozpynnwt cpynnol G . Eciu N nopmansras nooepynna epynnet G, mo G/ N npeocmasuma 6 suoe
npoussedenus 3aumno nepecmanosounvix noocpynn AN /N u BN /N .

Jlemma 3. [4, Teopema 4.3.3] Ilycmov G = AB, 20e A u B — ez3aummo nepecmanosounvie
noozpynnwt cpynnel G . Tozoa:

(1) Eciu N — munumanvras Hopmanvhas nooepynna epynnst G, mo {N nB,N N A} ={1, N}.

(2) Ecmu N munumanvuas nopmanvuas nooepynna epynnei G, N cooepocumes 6 A
u BAN=1mo N <C,(A) wiu N <C,(B). Eciu N ne asisemcs yuxmuuecrou, mo N <Cg(B).

Jlemma 4. [4, teopema 4.3.9] Ilycems G = AB, 20e A u B — 63aumno nepecmanosoumvie
noogpynnel  epynnel G. Eciu N — munumanehas Hopmanvhas nooepynna epynnel G
u NNA=NNB=1 mo|N|=p,adep—npocmoe, N <C;(A) umu N <C,(B).

Jlemma 5. [1, nemma 4.7 (4)] IIyems G — epynna, AB<G. To [A B]< A moeoa u
monwvko moeoa, koeoa B < N (A).

Jlemma 6. [10, cieacrBue 2] Ilycmo G = AB, 20e A u B — momanvro nepecmano-
sounvie nooepynnul epynnot G . Toeoa [A,B]< F(G).

Jlemma 7. [4, reopema 4.2.10] Ilycms G = AB, 20e A u B — momanvno nepecmano-
gounvie nooepynnuvt epynnvt G . Ilycme § — nacviyennasn gpopmayus, codepocawasn popma-
yuio . Ecniu A u B npunaonescam §, mo G npunaonexcum § .

Jlemma 8 [11, nemma 7] Ilycme G — paspewumas epynna u K — namypanvnoe

wucno. Tozda u mosko moz0a G| ®(G) e A, koeda G e NA*.

Jlemma 9. ITycemv G=AB, 20e A u B — momanisHo nepecmanogounvie noozpynnel
epynnot G. Eciu A u B memabenesvt, mo d(G/®d(G))<2.

Jloka3aTebCTRO.
Venosue d(G/®(G))<2 paBHOCHIBbHO ToMy, uto G/®P(G)eA* mm GeNA

o semme 8. Tak kak A BeA*> cNA, 1o mo memme 7 GeNA, 1. k. U=NA. Jlemma

JIOKa3aHa.

Joka3aTeibCTBO TeOpeMbI
Tak kak A u B paspemuinumbl, To 1o jJemme 1 rpymna G paspermmnma.
[Tycte ®(G) =1. Paccmotpum dakrtop-rpymmy (G/ D(G))/ (P(G/ D(G))) . [To nemme

2 MOKHO yTBEP)KJaTh, 4TO
d(G/D(G))/ (P(G/D(G)))) < max{2,d(AD(G)/ D(G)),d(BD(G)/ D(G))}.
Tak kak O(G/D(G)) =1, 10 (G/D(G))/ (DP(G/D(G))) =G/ D(G). Torna
d(G/D(G)) <max{2,d(AD(G)/ D(G)),d(BD(G)/ D(G))}.

ITo CBOWCTBY MIPOU3BOTHOM JUTHHBI d(G/N)<d(G). [TosTOMy
d(AD(G)/ D(G)) <d(A) u d(Bd(G)/d(G))<d(B). Torma mnomywyaem, 4TO
d(G/D(G)) <max{2,d(A),d(B)}.

[Toatomy Oynem cuutath, uto O(G) =1, u nokaxem, uto d(G) < max{2,d(A),d(B)}.
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I[Ipeamosoxkum, 4to B rpymne G CymecTByeT [Be MHHHMAIbHBIC HOPMAJIbHBIC MO~
rpynnbl N, 1 N, . Torna G=G/(N, n"N,) uzomopdna noarpymme rpymmst G/ N, xG/N,.

Torna
d(G/N,) <max{2,d(AN,/N,),d(BN,/N,)}<max{2,d(A),d(B)}.

Ananornuano, d(G/N,) <max{2,d(AN,/N,),d(BN,/N,)}<max{2,d(A),d(B)}.

[Monyyaem d(G) <max{d(G/N,),d(G/N,)}<max{2,d(A),d(B)}.

Takum ob6paszom, B rpymie G cyiiecTByeT eIMHCTBEHHAs MUHHUMAJIbHAS HOPMaJbHAsA
noarpynna N u N =F(G). [Tonygaem d(G/N) <max{2,d(AN/N),d(BN/N)}.

ITo nemme 3 (1), {N nB,N n A}={1, N}.

Ecru N<A u NnB=1 (N<B u NnA=1), to no nemme 3 (2) N<C,(B)
(N <C,(A)) npu ycnoBun, 4o |N| #p. Torma BSC,(N)=N (wm A<C;(N)=N). IIpo-
TuBOpeure. Eciu |N| =p, 10 G/N momopdua noarpynme rpymmst Z ;. Crenosarensho, G —
metabeneBa u d(G) <2 <max{2,d(A),d(B)}.

Eciu NNA=1u NNnB=1, to no nemme 4 |N| = p. Ilo nokazannomy Bbime, G —
metabeneBa n d(G) <2 <max{2,d(A),d(B)}.

Eciu N<ANB, 10 d(G/N)<max{2,d(A/N),d(B/N)}.

ITo nemme 6 [A,B]<F(G)=N < A. Torna no siemme 5 B< N (A). Tak kak G =AB,
to A< G. Ananornyno, B<G.

Ilyctrb  d(A)=s u d(B)=k. Torma cymecTByeT HOpPMaJabHBIA  pAX
1=A® < A ... A< A. Tak xak A<G wuAcharA, To A <G. OueBumaHO, UTO
AP 4G . Tak kak (A®P) =A® =1, to AC? e un, cnenoparensuo, A <F(G)=N.
MoskHO cernath BeiBog, uto A = N . Torma

d(A/N)=d(A/A®P)<s-1=d(A)-1.
Paccyxnas aHaIOru4HO, OJITy4UM
d(B/N)=d(B/B*?)<k-1=d(B)-1.

Taxum o6pazom, d(G/N) <max{2,d(A/N),d(B/N)}<max{2,d(A)-1d(B)-1}.
[Ipennonoxum, uro d(A)>2 umn d(B)>2. Ilycte d(A)>2. Torma d(A)-1>2.
Eciu d(B) <d(A), to d(B)—1<d(A)—1. Torna
d(G/N)<max{2,d(A)-1,d(B) -} =max{2,d(A) -1} =d(A) —1=max{2,d(A),d(B)}-1.
Eciu d(B) >d(A), o d(B)—1>d(A)—1. Torna
d(G/N)<max{2,d(A)-1,d(B) -} =max{2,d(B) -1} =d(B) —1=max{2,d(A),d(B)}-1.
Takum oOpazom, B 3ToM cirydae MoxkHO cuutaTh d(G/ N) <max{2,d(A),d(B)}-1.
[Ipenmonoxum, uto d(A)<2 u d(B)<2. Torma moarpymnmsl A u B - merabeneBsl
u o temme 9 d(G) <2 <max{2,d(A),d(B)}.
Takum obpazom, d(G)<d(N)+d(G/N)=1+max{2,d(A),d(B)}-1, a, cinenoBa-
tenpHO, d(G) <max{2,d(A),d(B)}.
TeopeMa noka3aHa.
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OB30P PE3YJIbTATOB, .
CBA3AHHBIX C OHEHKAMM IMPOU3BOJHOM r-AJIMHBI 7-PA3PEINMMOMU I'PYIIIIbI

ITpusooumcs 0630p OCHOBHBIX Pe3yIbMAMos, C8A3AHHBIX C OYEHKAMU NPOUSBOOHOU TT-ONUHbL TL-PA3PEUUMON
epynnul. B pasdene 1 cobpanvi pesynemamel, YCmanagnugalowue OYeHKU NpOU38OOHOU T-ONUHbI TT-PA3PEULUMOl
2pYNnbL ¢ 3A0AHHBIMU OZPAHUYEHUAMU HA CUNOBCKUE noOepynnel. Pasden 2 nocesuyen oyenkam npouseo0HoU TT-ONuHb!
TT-pa3pewumoni 2pynnel, y KOMopou 3a0anbl @ TT-XOI0Gbl nooepynhel. B pasdene 3 npusooamcsa pesynemambl,
CBA3AHHbBLE C OYEHKAMU NPOU3BOOHOU TL-ONUHbL TT-PA3PEULUMOLL 2DYNNbL C 0P AHUYEHHBIMU N-MAKCUMATIbHBIMU NOO2PYN-
namu Xonnoewix mw-epynn. B pazoene 4 codeporcumcs ungpopmayus o NUAHUU HOPMANLHO20 PAH2A CUNOBCKOU P-NOO-
2pynnbl P-paspewiumMont SpYnnbl Ha ee NPOU3BOOHYIO PD-ONUHY.

Kniouegbie cnosa: npousgoonas m-OnuHa, T-paspeuiumas 2pynna, Xonno6a t-2pynna, CUNO8cKas P-noo-
epynna.

Overview of Results Related to Estimates of the Derivative rt-Length of A m-Solvable Group

This article provides an overview of the main results related to estimates of the derivative m-length of
a m-solvable group. Section 1 contains results establishing estimates for the derivative mt-length of a m-solvable
group with given restrictions on Sylow subgroups. Section 2 is devoted to estimates for the derivative mt-length of
a m-solvable group whose m-Hall subgroups are given. Section 3 presents results related to estimates of the de-
rivative Tt-length of a m-solvable group with bounded n maximal subgroups of Hall m-groups. Section 4 contains
information on the influence of the normal rank of a Sylow p-subgroup p of a solvable group on its derivative
p-length

Key words: derivative mt-length, m-solvable group, Hall n-group, Sylow p-subgroup.

Beenenne

Bce paccMaTpuBaeMble rpyIIIIbI IPeAoaraloTest KOHeUHbIMH. Mcnonb3yroTes 0603Ha-
YEeHUs, IPUHSITBIE B KHUrax [1; 2].

IIycTh P — MHOXECTBO BCEX MPOCTBIX YHCEN, a T — HEKOTOPOE MHOXKECTBO MPOCTBIX
urcen. JONONHEHHE K 7T BO MHOXeCTBe P 0603Havaercst yepes 7' . ['pynmna Ha3pIBaeTCs T-rpy-
TIOH, €C/TH BCe HPOCThIE AeIHTENH TIOPAAKA TPYIIIHI IPHHANEKAT MHOKECTBY 7T, U 7T -TPyII-
IIOH — B TIPOTUBHOM CJIy4ae.

Psan noarpynn

1=GogG1g02g"‘_C_Gm=G (1)

Ha3bIBAETCs CyOHOPMAaJIbHBIM, €ClH s Jitoboro | moarpynna G; HopManbHa B G4 q. Dak-
Top-rpynnsl G;,,/G; Ha3zplBaroTCs hakTopamMu 3Toro psaga. Eciu B (1) HeT coBnaaaromux
HNOATPYII, YTO YHCJIO M Ha3bIBa€TCH JUIMHOHU psija.

[TpousBoaHas AIMHA FPYNIEl G OnpeaenseTcs Kak JUIMHAa CaMOro KOPOTKOro HOp-
MaspHOro psana (1) ¢ aGenessivu pakTopamu. DTa JuinHa o6o3nagaercs depes d(G). ScHo,
YTO HIJIBIIOTEHTHAS JUIMHA HE MPEBBIIIAeT MPOU3BOJHYIO JIUHY 115 J000H pa3peluMon
rpynnsl. B pa6ote [3] B. C. MoraxoBbIM ObUIH yCTaHOBJIEHBI OLIEHKH IPOU3BOJHOM JJIUHEI
paspeIuMoi TPYIIIbI, TOPSAJOK KOTOPOH He nenuTcs Ha (n + 1)-€ CTeNeHH IPOCTHIX YUCEL.
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[Tycts p — mpocrtoe uucno. [Iycte G — p-paspemmmas rpymnna. Toraa ona obsagaer
cyOHOpMaTbHBIM psiioM (1), Kaxkabiilt GakTop KoTOporo siBisercs aubo p-pakropom, 1udo
p'-pakropom. Haumensbiuee ynciio p-pakTopoB Cpemd BCeX TaKUX CyOHOPMAJIbHBIX PSZIOB
HA3BIBACTCA P-JUTHHON p-pa3peInnumMoii rpymmbl ¥ o6osHadaercs yepes [, (G). lanHoe noHsATHE
npetoxuwid O, Xosmn u I Xurmss [4] B 1956 r. 1 ycTaHOBUIIH 3aBUCUMOCTD P-IUIMHBI P-pas-
PELIMMOH IPYIIIBI OT HEKOTOPHIX HHBAPUAHTOB €€ CUJIOBCKON P-IOArPYIIbL.

B 2006 r. B. C. MoHnaxoB [ 5] npeaiou aHajaor HPOU3BOAHOMN UIMHbI U1 TT-pa3peliiMon
IPYMIIBl — IOHATHE POU3BOIHON TT-IUTHHBI TT-pa3peiiumoit rpynmnsl. [Iycte G — m-pasperurmMas
rpynna. Torna ona obnamaer cyOHOpMAaIbHBIM psiioM (1), Kaxapii (pakTop KOTOPOro SBISETCs
nmubo abeneBbM TT-pakTopoM, b0 7'-dakropom. Hanmensinee uncio abeneBbix m-(hakTopoB
Cpely BCEX TaKUX CYOHOPMAIbHBIX PsIOB Ipymbl G Ha3blBaeTcs abeseBOM T-UIMHOM TT-paspe-
UMoH rpymisl G u o6o3Havaercs yepes [%(G). ScHo, uro B ciiydae, koraa w = (G ), 3Ha4eHHe
2(G) coBmagaer co 3HAYCHHUEM HHUJIBIIOTEHTHOMN JIHHBI rpynnbl G. OueHKaM IIpOU3BOJHON
T-JUIHBI TT-pa3pellIiMO TPYIIIbI TOCBSIIEHBI paboThl [6—10].

1. Bausinne cTpoeHHsi CHIIOBCKHX MOATPYNI HA OLEHKHM NPOU3BOJHOH 7T-AJTHHbBI
T-paspemnMoi rpynnsl

Teopema 1.1 [6].

1. Ecnu B m-pa3pewumoii rpynmne G CHJIOBCKHE p-MOArPYIIIBI IUKIMYECKUE I BCEX
p €m0 l%(G) < 2.

2. Eciu B m-pa3pewiuMoii rpyrne G CUJIOBCKHE P-IIOArpYNIIbI aOeIEeBbI )l BceX p € T,
1o l7(G) = d(Gp) < |m(Gr).

B 2012 r. B pabore [8] Obuia uccnenoBaHa NMPOM3BOAHAS T-IJIMHA T-pa3pelIMMOM
TPYIIbI, Y KOTOPO# CUIIOBCKHE p-IIOATPYIIBI OULIMKINYECKHE [l BCEX PET.

Teopema. Ilycts G — m-paszpemumast rpynna ¢ OUIUKINYECKUMH CUIIOBCKUMH P-I10/-
rpynnamu Juist Bcex p € . Toraa cripaBeyIMBBI CIIEYIOLINE YTBEPKACHHS:

1) eciu 2 € m, 1o [2(G) < 3;

2)ecnu 2 € m, 1o I2(G) < 6.

C yuerom toro, d(G,) < I%(G) npuw =1 (G), u3 TeopeMsl 1.1 moirydaem aBa CleICTBUS.

Caencrsue 1.2, Ecnu G — pazpemumasi rpynmna ¢ OMIHUKIAYECKUMH CHIIOBCKUMH 10/~
rpynnamu, To d(G) < 6.

Caencrue 1.3. Eciiu G — rpynna He4eTHOro NOpsAAKa ¢ METAlUKINYECKMMHU CHJIOB-
KMMH p-noArpynnamu ais seex p € w(G), o d(G) < 3. '

HamoMHuM, 9TO YKCIIO N CBOOOAHO OT M-X CTEHeHeH, ecnu p™ He NENUT N IJ BCex
npocteiX p. [Ipu m = 2 roBopsit, 4To N CBOOOJHO OT KBAJApaTOB, IpU M = 3 — OT Ky0DOB.

B. C. MonaxoB [3] ycTaHOBHJI, 4YTO €CJAH MOPSAOK paspemuMol rpynmsl G
He fenuTes Ha (1 + 1)-€ CTeHeHH MPOCTHIX HHCEN, TO IPOU3BOAHAA AJMHA rpynmnbl G /P (G)
HE NPEeBBIIIAET 3 + 7.

BriojiHe €CTECTBEHHO pPa3BHTh 3TH pPe3yJbTaThl Ha Cilydail 7T-pa3speliMMOM IPYIIIBL.
Tak, B pabote [7, TeopeMa 1] moka3zaHo, 4TO IPOU3BOAHAA TT-IJIMHA TT-Pa3peLIMMON TPYIIIIEL,
CHJIOBCKHE P-TIOArPYIIBI KOTOPOH SBISIOTCS abeseBbIMH I BCeX P € 7T, HE IPEBBIIIACT
|t (Gr)|, toe G, — m-xoyoBa noArpynna. TakuM o6pa3oM, €CIH Yy TT-pa3spelIMMOi IrpyNIibl
IOPSIOK TT-XOJUTOBOH NOArpy NIkl G, ¢cBOOOJEH OT KyOO0B, TO €€ IPOU3BOAHAS TT-JIHHA HE TIpe-
Beimaer |mw(G,)|. B pabore [11] momydeH psng TeopeM, YCTaHaBJIMBAIOIIUX OLICHKU
IPOM3BOHOM TT-IJTHHBI TT-pa3peIinMoii rpyniisl, G MOPSIOK TT-X0JUIOBOM NOATPYIIIIEI KOTOPOH
cBOOOJEH OT N-BIX CTEMEHEH, KaK B Cllydyae IIPOM3BOJIBHOTO 7T, TaK M B ClIy4ae MajbIX €ro
3HAYECHUH.

Teopema 1.4. Eciu mopsiiok 7-XOJUIOBON MOATPYIIBI TT-pPa3pelIMMOM rpymnmel G
cBo6oJIeH OT KBapaToB, 1o [5(G) < 2.
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Teopema 1.5. Ilycte G — m-paspemmmas rpymnma. Eciid mopsiiox m-xoJUIOBO#
noArpynnsl cBoOoeH oT Ky6oB, To i (G) < 4. B wactHocw, ecnu 2 € m, 10 l7(G) < 3.

Teopema 1.6. [1ycts G — m-paspemmmas rpynna. Ecny HeOMIUKINYECKHE CUTIOBCKHE
p-TIOATPYIIbI TT-XOJIOBOH MOArPYHINE! IPYNIE! G, p € 7, umeroT nopsaxu 23, 33, 24, 25,
to [%(G) < 6. B yactHoctH, eciu 2 € m, to [2(G) < 3.

Teopema 1.7. Ilycts G — m-paspemumasi rpynmna Takas, 4TO MNOPSJIOK JIFOOOH
CHJIOBCKOH p-moarpynns! P, p € m cBoGomeH or n-bIx creneneil. Toraa, ecnu {2,3} € m,

10 14(6) < Im(G)| 2> u, ecmn {2,3} € 7,10 13(6) < |m(Gx)| (5 + 1),

2. OueHKH NPOU3BOAHOM T-VIMHBI T-pa3pelIUMOi rpynnbl NPOU3BOIHOMH TT-1JIHHBI
B 3AaBHCHMOCTH OT CTPOCHHS TT-X0JIJIOBOH MOATPYIIIbI

B pabore [6] 6buTH HCCIEA0BAHBI OCHOBHBIE CBOMCTBA MPOU3BOAHOMN Ti-IJIMHBI TT-pas-
PELIMMOH TPyl U MOJIy4YeHbl HEKOTOPBIE OIIEHKH B 3aBUCUMOCTH OT CTPOCHHUS! TT-XOJUIOBOH
NOArpyIIsl. B 4yacTHOCTH, pacCMOTPEHBI Cllydau, KOrja M-X0JUIOBa IMOATPYIa sBiseTcs abe-
neBoH 160 u MeTabesieBoH.

Teopema 2.1 [6]. [Iycte G — m-pa3pemnmas rpynna, G, — €€ m-X0JIJI0OBA MOATpyMNa.

1. Ecnu G, abeneBa, 1o [3(G) < 1.

2. Ecmu (Gp)' € Z(G,), 10 14(G) < 3.

HanomHuum, uro rpynno# llIMuara Ha3zpIBarOT HEHWJIBIIOTEHTHYIO TPy, B KOTOPOH
BCe COOCTBEHHBIE MOATPYNNbl HIIBNOTEHTHBL CBoiicTBa rpymnn llIMuara nepeducrieHsl,
Hanpumep, B [1, III. 5]. I'pynna Ha3biBaeTcst AEAEKUHOOBOH, €CJIM BCE €€ MOArPYIIBl HOp-
MaJIbHBI.

CaeacrBue 2.2. Ecnu B m-paspemnMoii rpynne G — 1m-X0JUIoBa MOATPYyINa AeCKUH-
noBa, 1o 1, (G) < 1ul3(G) < 2.

CaencrBue 2.3. Ecnu B m-paspemumoil rpynne G m-X0JUIOBa NOArPYIIa SBIISETCS
rpynmoit [lmuara, To [2(G) < 3.

HamomauM, 4T0 MeTabeneBoii Ha3bIBAIOT IPYIIILY, Y KOTOPOH KOMMYTaHT a0elnes.

Teopema 2.4 [6]. [TycTs G — m-pa3permnmas rpyInna ¢ MeTabesIeBOH T-X0JI0OBOK IO~
rpymmoi. Ecim 2 € m, 10 [£(G) < 3.

HamomauM, 9TO t-rpynnoi Ha3eIBatOT IPyIIly, B KOTOPOH Kaxk1as cyOHOpMasbHas I0/-
rpynna HopMainbHa. CTpoeHue pa3pemumsbIx t-rpynn onucain B. I'amrron [12]. B yactrocTy,
paspeluMast t-rpyIna cBepXpaspelnma. § — KJIace BceX HHIBIOTEHTHBIX rpymi, G2 — H-ko-
pagukan rpynmel G, T. €. INepecedeHHe BCeX HOPMAaIbHBIX HOATrpynn rpynmnel G, daxrop-
TPYIIE! 10 KOTOPHIM IPHHAANEXKAT §. V3BecTHO, 4To eciu G ABjseTcs t-TpyNIoi, o GO —
abeleBa XOJJIOBA MOArPYIIa HEYETHOro MOPsAKa, BCe MOATPYNIEl H3 G2 — HopManbHel B G,
G® — nenexuHIOBa.

Teopema 2.5 Ecnu m-xosnoBa noArpynna m-pa3peliuMon I'pyIIbl ABJISETCS t-rpyI-
moit, o [2(G) < 3.

Teopema 2.6 Ilycte G — m-paspemumas rpynmna u G, — m-xojuloBa noarpynna B G.
Toraa cipaBe UIHBHI CIIEAYIOLINE YTBEPKIACHHUS!

1) eciu G, sBAsieTcst rpymmoi Musuepa — Mopewo, to 17 (G) < 2;

2) ecnu G snsiercs rpymmnoi [muara, To (3(G) < 3.

3. OueHKH NPOM3BOAHON 77-JVIMHBI -PAa3pelIMMO IPpyNnbl ¢ OrpaHU4YeHHBIMH
n-MaKCHMMAJILHBIMH NOATPYNINAMH X0/IOBBIX T-IPyIl

HamomuuMm, uto moarpymnmna H rpynnel G Ha3bIBAaeTCs 2-MaKCUMaJIbHOH MOATPYIIION
rpynnel G, ecnd H sBisieTcss MakCUMaJIbHOM MOATPYNIOH B HEKOTOPOM MaKCHMAaJIbHOR
noarpynne M rpynmnsl G.
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CBa3p MeXAy 2-MaKCHUMaJIbHBIMU MOATPYIIIaMH TPYIIEI T U CTPYKTYpO# rpynmsl G
HCClIeoBaJIach MHOruMHU aBTopaMu. HauGosnee panHue pe3ynbTaThl B JaHHOM HallpaBJIEHUU
nony4uiu Penen [13], onucaBmuii Hepa3peuMble IPyIb! ¢ a0eIeBbEIMH 2-MaKCUMaJIbHBIMU
noAarpynnamu, 1 Xynnept [14], ycTaHOBUBIIMH CBEpXpa3pelIUMOCTh IPYIIIIBI, B KOTOPO# BCe
2-MaKCHMaJIbHblE IOATPYIIBl HOPMATBHBIL. ODTH pPE3yJbTaThl MOPOIMIH MHOTHE Jpyrue
MCCIIeIOBaHus B JaHHOM HanpasieHud. Hanpumep, B paborax Cymsyku [15] u Snko [16]
COAEPIKUTCSA ONUCAHUE KOHEYHBIX HEpa3pellUMBbIX IPYII, B KOTOPBIX BCE 2-MaKCHMAaJIbHbBIE
IOArPYIIIBI HUJIBIOTEHTHBI. ONKMCAaHKUE pa3pelluMbIX I'PYIIl, B KOTOPBIX BCE 2-MaKCUMAJIbHBIE
HOATPYIIIBI ABJIAKOTCA HUIBIIOTEHTHBIMU, ObL10 nosty4yeHo B. A. benoHorosem B pabore [17].

B pabore [10] ObuM ycTaHOBJIEHBI OLIEHKH HHBApHUAHTOB TT-pa3peliIMMBbIX TPYIII
C OrPaHHYEHHOW MAaKCHMAaJIbHON MOATPYNINOH T-XOJUIOBOW MOArpymnmbl, a B pabore [18]
TIOJIy4€Hbl OLEHKU IPOU3BOAHOU 7T-JJIMHBI M HHJIBIIOTEHTHOHM T-IJIMHBI TT-pa3pelinMoi
rpynnsl (G, y KOTOpOH 2-MaKCHMajibHas HOATPYIa B 7T-XOJUIOBOM MOATPYIe rpynmbl G
abeneBa (HUWJIBIIOTEHTHA).

['pynnoit Musiepa — MopeHO Ha3pIBalOT HeabejeBy IpymnIy, BCe COOCTBEHHEBIC
MOAIPYIIBI KOTOPOH abesieBsl.

Teopema 3.1. ITycts G — m-pa3pemmnmas rpymnmna, G, — mT-X0JUI0Ba MoArpynna u M —
MakcuMaibpHas noarpynna B G,p. Ecim moarpynma M aleneBa WM SIBISAETCS IPYNIION
Muiepa — Mopeno, to [ (G) < 3 u l3(G) < 4.

I'pynno#t IlIMuara Ha3plBalOT HEHWIBIIOTEHTHYH TIpymny, Bce COOCTBEHHbIE
HOATPYHIBl KOTOPOH HUJIBIIOTEHTHBI.

Teopema 3.2. [lycte G — m-pa3peminmas rpynna, G, — m-X0JUIoBa noAarpynna u M —
MakcuMaibHas noarpymnmna B G,. Eciu noarpynna M HWIBIOTEHTHA WIIH SBJISETCS TPYIIIOHN
IImuara, To [2(G) < 1+ maxyeq L (G) u 14(G) < maxye; d (G.)(1 + maxyer I (G)).

Teopema 3.3. [lycts G — m-pa3pemumas rpynmna, G, — m-X0JUIoBa noarpynmna u M —
2-MakcumainbHas noarpymnmna B G,. Eciu noarpynna M aGenesa, To [ (G) < 3 u l3(G) < 4.

Teopema 3.4. Ilycts G — m-pa3pemumas rpynna, G, — m-xoJuioBa noarpynna u M —
2-MakcuManbHast noarpynna B G,. Eciu moarpynmna M HUJIBNOTEHTHA, TO

M(G) £ 1+ max,eq L, (G) ule(G) < maxre, d (G.)(1 + max,e, Ly (G)).

4. CTpoeHHe 4YacTHYHO pPa3pelInMbIX IPYyII ¢ OFPAHHYeHHBIM HOPMAJIbHBIM PaH-
roM CHJIOBCKHX MOATPYHII

HanmomuuM, 4TO HOpMaibHBIA paHr 7, (P) KOHEYHOH p-rpymnmbel P ompenensercs
crenyomuM obpazom:

7,(P) = maxlog | X / @(X) |,

rae X npoberaeT BCe HOpMAaJIbHBIE TOATPYIIEI Ipynisl P, B T. 4. U P. 3neck @ (X) —noarpymnmna
®parrunu rpynnsl X. U3 teopemsr bepHcaiina o 6asuce (teopema I11.3.15) [2] caenyer, uto
HOPMaIBHBIA paHr 7,(P) ecThb HaWMeHbIee HaTypajlbHOe dUCIOo k Takoe, 4yTo Jrobast
HOpMaJIbHasl MOArPYIa p-Tpynnel P nmopoxxaaercs: He 6ojee, yeM k 3jieMeHTaMH.

B. C. MonaxoBeM B [19] 6110 yCTaHOBIIEHO, UTO eciik (G — p-pa3pelmnmas rpymnmna
C CHJIOBCKOH p-NOArpyNIOH HOPMaJbHOIO paHra He BbIlE 3, TO P-IJIMHA HE NpeBbIIIaeT 2.
B wacTHOCTH, eciiu p sABJIsIeTCS HEYETHBIM, TO p-JJInHa He npesbimaeT 1. B pabote [20] 6bu1a
MCCIIENI0BaHa [TPOU3BOAHAS P-IUIMHA P-Pa3spelIMMOM I'PyIIbl B 3aBUCUMOCTH OT CTPOEHUS CH-
JIOBCKOH p-nOArpymnmnsl. B 4acTHOCTH, YCTaHOBIIEHO, YTO MPOU3BOAHAS P-IUIMHA P-pa3perlu-
MOH rpymnmel, y KOTOpOH CHJIOBCKas p-noarpyimnmna abenesa, He mpeBbiaeT 1. Eciau e cunos-
CKasl p-NOATpyIIa IBIseTCs MeTabeneBod U p > 2, TO IPOU3BOJHAS P-IJIMHA HE ITPEBIIIAET 3.
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B pabore [8] noka3aHo, 4TO eciy CHIOBCKas P-MOArpyIa p-pa3peiInMoi rpyInsl OHIHK-
nuveckas, To [7(G) < 3. B wactHocTh, I5(G) < 2 nnap > 2.

Bo3HuKaeT BOIpoc o BIWSHUHE HOPMAJIBHOTO paHra CHIIOBCKOH p-MOArpyIIIIbl p-pas-
PEUIMMO# TPYIIbI HA €€ IIPOU3BOAHYIO p-AiuHy. OTBET Ha JaHHBIHA BONMPOC OBLI MOTYyUYeH
B pabore [21].

Teopema 4.1 Ecnn HOpManbHBI paHT CHJIOBCKOH p-TIOATPYIIIBI p-pa3pelruMoi
k2+k+2

4

rpynmsl G He NPEBBIAET HEKOTOPOro HaTypalbHOro umcia k, Toly(G/P(G)) <

amip € (2,3} n 13(G/®(6)) < 2 nap € (2,3).

OueBuaHO, 4TO p-rpynna P uMeeT HOPMAJIBHBINA paHr | Torzaa U TOJIBKO TOrza, Korjaa
P — nuknuueckas. U3 Teopemsr II1.11.5 [2] cnemyer, 4YTO HOPMAaJBHBIH paHr MPUMEPHOMN
OMIHMKJINYECKOH I'pyNIIbl HEYETHOrO MopsaKa He mpeBsimiaeT 2. OqHako oOpaTHOE HEBEPHO.
Tak, 7,,(§) =2 nmnsa skcTpacmenuanbHoOd rpynmel S mopsiaka 27, HO S He SsBIseTCS
Ounuxnunueckoit. Kpome Toro, MoXHO 1mokasarh, 4To BCsiKast 2-rpyIna HOpMaIbHOIO paHra < 2
ABJSETCS OULUKIINYECKOM.

W3 teopemsl 4.1 BBITEKAET PsiJi CIICICTBUH.

Caeacreue 4.2, Ecniu G — p-pa3pemuMasi Tpynna ¢ CHIOBCKOH p-NOArpyNmoi Hop-
MaJIbHOTO paHra < 2, To NPOU3BOJHAs p-AnuHa ¢akTop-rpynmnsl G /P (G) He npeBbIIaeT 2.

CuencrBue 4.3. Eciiu G — p-pa3pemmMas Tpynna ¢ CHIOBCKOM p-NOATPYIIION HOp-
MaJIBHOTO paHra < 3, To MpOU3BOAHAas p-miuHa Gaktop-rpynnsl G /P (G) He npeBblIaeT 4.
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AJITEBPAMYECKHUE U TPUTOHOMETPUYECKHE HHTEPITIOJIAIITUOHHBIE
MHOT'OYIEHBI UII ®YHKIIMU MATPUYHOI'O APTYMEHTA

Hnmepnoauposarue gynKyuil MAMpUIHO20 ApeyMeHma Wupoko NPUMEHAECs 8 HeUHEUHOU OUHAMU-
Ke, K8ammosou gusuxe. B meopuu uHmepnoasyuu QyHKyulli MampuyHvlx nepeMeHHvX Haubonee NOIHO pac-
cmMompeHa 3adaua aneedpauyecko2o uHmepnoauposanus. Ilocmpoenvl uHmepnoasyuoxtvle ancebpauiecKue
MAMpuyHble MHO20ULEHbl PASHBIX CMPYKIMYP: JAZPAHICe8d, HbIOMOHO8A, 3pmumosa, Ipmuma — bupkeoga u
Opyaux munos.

Knroueswie cnosa: unmepnoiuposarie, MHO2OUEH, MamMpuya.

Algebraic and Trigonometric Interpolation Polynomials for Matrix Argument Functions

Interpolation of matrix argument functions is widely used in nonlinear dynamics and quantum physics.
In the theory of interpolation of functions of matrix variables, the problem of algebraic interpolation is most
fully considered. Interpolation algebraic matrix polynomials of different structures are constructed: Lagrangian,
Newtonian, Hermitian, Hermite — Birkhoff, and other types.

Key words: interpolation, polynomial, matrix.

BBeaenue

B Teopun uHTEpnonupoBaHus (QYHKIMI CKaTSPHBIX apryMEHTOB MOCTPOESHBI HHTEPIIO-
JLIOUOHHBIC MHOT'OYWJICHBI OTHOCUTCIIBHO HpOI/ISBOJ'II)HI)IX IIG6I)IHI€BCKI/IX CHUCTEM (1)YHKIII/II\/JI
Y MX YaCTHBIX CJIy4aeB: TPUTOHOMETPHUYECKUX, SKCIIOHEHIUAIBHBIX, APOOHO-PAIIMOHAIBHBIX
Y JPYTHX KJIACCOB CUCTEM.

Takoro Buga MHTEPHOISIIUOHHBIE (OPMYIIBI, TaK Ke KaK U (POpMyIIbl alreOpandeckoro
THUIIa, HAXOJAT HpI/IMeHeHI/Ie B pﬂ}le 06JIaCTeI>'I MAaTCMAaTHUKH U €€ HpI/IJ'IO)KeHI/IHX.

[Ipu penieHNN MHOTUX MPAKTUYECKUX 3a7a4 OOBIYHO MCIONB3YIOTCS UHTEPIOISIMOH-
HBIC CbOpMYJ'II)I HEBBICOKUX HOpS[I[KOB. 9TO OTHOCHUTCA KaK K CJ'Iy‘IﬂIO I/IHTepHOJ'IHI_[I/II/I CKa.]'ISIp-
HBIX (YHKIUH, TaK U K 33/1a4e€ ONepaTOPHOr0 WHTEPIIOIUPOBAHS M BBI3BAHO B 3HAUUTEIHHON
CTCIICHU TEM, 4YTO HpI/I yBeJ'II/I'-IeHI/II/I HOpr}IKa I/IHTepHOJ'ISIHI/IOHHI)IX CbOpMy.]'I 3HAYUTCIIBHO
YCIIOKHSAETCS UX OOLIUI BHJI, YTO MPUBOJUT, COOTBETCTBEHHO, K 00JI€e CIOKHOU CTPYKType
nonyqaeMHx Ha X OCHOBC aJIFOpI/ITMOB.

Hapsiny ¢ moctpoeHreM WHTEPIOSIIIMOHHBIX (GOPMYT OMEPaTOPHOTO WHTEPIIOIHUPO-
BaHHUs HCBBICOKUX HOpr}IKOB ABIISICTCA aKTyaJ'H)HI)IM HUCCIICIOBAHUC I[aHHOI\/II 3agauu " s
ciy4dast popMyT BBICIIUX MOPSIKOB.
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1. Auredpanyeckoe HHTEPIOJIUPOBAHNE
Paccmorpum mpoctpanctBo C™|[T] kBampatHbix matpuil A(t) = [ai j(t)], JUIs KOTO-
PBIX NIPOM3BOHAS AM (t) = [ai(jm) (t)] HOpsIKa M HENpepbIBHA Ha OTpeske [a, b], n mar-

pI/I‘lHHﬁ MHOTI'OYJICH HepBOP'I CTCIICHU BHUJa
Pi(A) = B + X710 A(t)G + Zito [, AW (s)Py(t, 5)ds, (1)

rae to, ty, ..., t, — Gukcupopannsie Touku otpeska T = [a,b] € R, B = B(t), C; = Ci(t)(j =
0,7), P (t,s)(k = 0, m) — 3a1aHHble MATPHLBL TOI XKe Pa3MEPHOCTH, 4TO 1 MaTpuia A(t).
[Tycte F(A) — 3amannas Ha C™|[T] dyukuus marpudnoro aprymenta A. imeer mecto

cIeyIoas
Teopema 1. /[na chopmynsi

Li(A) = F(Ao) + —Z [A(t) — Ao (t)] [A1(t) — Ao (E)] M [F (01:) — F(Ag)] +

f 6F[o:(-) + 7(A1 () — o1;(1)); Hi (D] d )
e0e Ay = Ap(t), A, = Al(t) — Y3716l UHIMEPNOIUPOBAHUS,
01(t) = Ao (t) + A1 (t;) — Ao (ty), 3)
H;(t) = A(t) — Ao(t) — A(ty) + Ao (t:), (4)
BbINOTHAIOMCS YCIOBUSL
Li(A;) = F(A)(i = 0,1), ()

U OHA MOYHA OJIsL MAMPUYHBIX MHO20UNeH08 éuda (1).

Jloxa3zaTenbcTBo. [Tokaxkem, 94TO MATPHUHBIA MHOTOWIEH (2) yIOBIETBOPSET MH-
TepronsauoHHeM yeroBusiM (5). PasenctBo L, (Ay) = F(Ap) uMeer Mmecto, T. K. BTOpOE
U TpeThe ciaraeMble B IpaBoil yactu (2) oOpamarorcs B Hyab. Tak kak Lq(A) mpu A = A4
NPUHUMAET BUJ

L) = F(A)) + g D [F(@0) = F(A] +
i=0

Z [ 8F10u() + 741 () = 0 () = o] e

+
1
n+ e~ Jo

TO, yuHThIBast, 9to 6F [x + Th; h] = %F [x + Th], momy4ynm

1 < 1 o (td
L) = L F @0+ g ), J| G Floue) + T(Ai0) = () dr = Fao)

JlokakeM HHBapUaHTHOCTH (OPMYIIBI (2) OTHOCUTENBbHO MHOTrOwIeHoB Buaa (1). Ilpo-
BEJIEM JI0Ka3aTeNIbCTBO [T KAKION U3 TpeX TPyI ciaraembix B (1).

OueBuano, uto L1(A) = F(A) s F(A) = B

Hycts F(A) = X5 A(t) G

Tax kax F(01;) — F(Ao) = [A1(6;) — Ao (tD]1 =0 G,

a6F[01;() + t(A1() —01;()); H; (D] = ?=O(A(tj) — Ap(t) — A(t) + Ao () G,
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TO ITOCJIC HCCJIOXKXHBIX BLIIII/ICJICHI/Iﬁ HO.HyLH/IM
1
Li(A) = X0 Ao (t)C; + | i=olA(t) — Ao (t)] XT=0 G +
1
+— 20 Yioo(A(t) — Ao(t)) — A(t) + Ao(t)) G = X]-0 A(t)C; = F(A).

Iycts F(A) = Y- Of A® ()P, (t,5)ds. Tax kak mia k > 1 G(k)(s) = Agk)(S),
a Hi(k) (s) = AW (s) — Agk) (s), To Oyznem uMeTh

F(01:) = F(Ao) = [A1(t:) — Ao (€] [ Po(t, 5)ds,
8F[o1:(-) + T(A; () — 01:()); Hy ()] =
= Yo [,(A0(s) = 437 (5) )Pt 5)ds — [A(t:) — Ao(t)] [, Po(t, 5)ds.

[ToxcTaBinss monydeHHbIC BhIpaXeHHS B Gopmyity (2), mociie HEKOTOPBIX Mpeodpas3o-
BaHwuii Oymem umeth Ly (A) = Yps, fTA(k) (s)P,(t,s)ds = F(A).

B cuny nuneitnoro Bxoxaenus B dopmyny (2) dbynkuuu F(A), nannas popmyna Tod-
Ha Taxke Juisi MHorowieHoB Buja (1). Teopema 1 noka3zana.

B yactHOCTH, eciu y3:1bl HHTEpHIONUpoBaHus A; umeroT Bug 4; = H + a;1,
rne H = H(t) — dukcupoBannas Matpuna, a; = «;(t)(i = 0,1) — 3amanHbIe YUCIOBBIC DYHK-
i, pudeM g (t;) # a4(t;) (i =0, n) | — enuHMYHAsA MaTpuLa, TO Gopmyna (2) mpuMeT BUJ

L ogn AGD=Ao(t) [p
L1 (A) = F(Ao) + 7 Zi=o  (t)—cto () [F(o1) — F(Ao)] +
+ =B [ 6F o) + (A4 () — 01 ()); H()] d,

rie

01:(t) = Ao(8) + (a1 (t) — ao(t)) = H(t) + (ao(t) + a1 (t:) — ao ()],
H;(t) = A() — A(t) — H(®) + H(t;) — (ao(t) — ao(t:))].
ITocTpoum ananornuHyto Gpopmyily BTOporo nopsijika. PaccMoTpum MaTpuU4HbIE MHO-
rOYJIEHBI IEPBOM U BTOPOM CTENEHU BHJ1A

Pl(A) =B +Z;l1:j2 0 1112[ ( )_A( )] g,
k=0 72 Pi(t, s1,52)[A® (s) — A(k) (52)]Qk(t: S1,S2)ds1ds,;
Pz(A) = Pi(A) + X0 C3 j[A(t),) — A(t;,)]Ca j[A(L;,) — At,)]Cs ) +
+Xk0 Jra Pea(t,s) [A%) (s1) = AP (5) | Pra(t, $)[AW (s3) —
- AW (s)|Ps(t, s)ds,
rae to, tl, .,t, — Te ke (¢uxrcupoBaHHbie Toukd otpeska T = [a,b] € R, B = B(t),
Ci.i, =Cii, ©.Djj, = Dy, (), Cij = Ci ()G = 3,4,5), (J,j1,Jz2,J3,ja = 0,n) — 3aman-
Hble (PMKCHUPOBAHHBIC MATPHULBL, Py (t,S1,5,), Qk(t,51,S2), Py i(t,s) (i = 3,4,5), (k =0, m)
— TaK)Ke 3aJaHHBIE MATPHUIIBI TOH XK€ pasMepHOCTH, uTo U A(t), a s = (S1,S,53,54),ds =
ds;ds,ds;ds,.
3amernM, 4To (opMmyia (2) MHBapHaHTHA TAK)KE OTHOCHUTEIHHO MHOTOUYIEHOB BHjIA

(6). HeiicTBUTENBHO, OYEBHIHO, YTO Gli(tjl) —01i(t;,) = Ap(tj,) — Aop(t;,) u 01(;() (s1) —
(k) (s2) = A(()k) (s1) — A(()k) (53), mosTomy st

F(A)= 71'1'2 0 ]1]2[A( )_A( )] J1J2

F(A) = Xko [12 Pi(t, 51,52) [A®) (s1) — A¥) (s)] Qi (t, 51, 52)ds1ds,
npu i = 0,1, ..., n cnpaBeuBeI paBeHcTBa F(0y;) — F(4,) = 0.

(6)
()

(8)
9)
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Jnst pyaxumii (8), (9) m mobbix marpuny A(t) u H(t) w3 mpoctpancta C™|[T]
10 onpenenaenuro aupepenimana ['ato crpaBeUIMBEL, COOTBETCTBEHHO, PABEHCTBA

SFIACHCO) = X, jo=0 Ciaja [H () = H(8)]Dy, (10)
OF[AC); H()] = Xk=o sz Py (t,s1,52) [H(k) (s1) —H® (52)]Qk(t, S1,52)ds1ds;. (11)
13 (10) u (11) mpu A(t) = 04;(t) + 1(A1(t) — 04;(t)) uw H(t) = H;(t) nns byHKimit
(8), (9) 6ymem nmeTh
6F[01; (") + T(A1() — 01:()); Hi()] = F(4) — F(Ap).

Crenosatensbho, Ly (A) = F(A) npu F(A) = P,(A), 1. e. hopmyna (2) Touna Takxe
¥ JUIsi MHOTOYWICHOB TIepBOii cTereHu Buaa (6).

[Mycte F(A) — dynkuus ot matpui, rae A € C™[a, b]. Beegem cnenyromniue 0603Ha-
YEHHUSI:

1(A) = ﬁ i=olA(t:) — A1 (€)1 [A(t) — Ao (t)]1[A2(t) — Ao (t)] ™" X

INOE Az(ti)]‘l[F (02— F (A |+ Ao ) - A )T [F (o) - F(An)

L (A) = =3 f) [ 82 F[o0() + T(4y() — oD ()) +
+75(42() — 01 ()); Hu (D Hio ()] drds, (12)
e opp (£) = 03;(), 017 () = Ay (t) + Ax(6) — A1 (), o (1) = A2 (1) + A1 () — A2 (),
Hio(t) = H;(t), Hix (t) = A(t) — A, (2) — A(t;) + A (t) a dynxuun oy;(t) u H(t),
KakK W paHblile, 3aaaTcs popmynamu (3), (4). Umeer mecto
Teopema 2. Ecau cywecmeyiom mampuyel [A; (t;) — Ao(tDT7L, Az (t) — A ()] T
[A1(t) — A2 (t)]17* (i = 0,n), mo dna popmyne

Ly(A) = L1(A) + 1,1 (A) + 1, (4), (13)

20e A; = A;(t) (i =0,2) — ysavr unmepnoauposanus, Li(A) — muozounen, onpedenernbiii
Gopmynoii (2), ebinoansiomest yciosust

Lo(A) = F(A)(i=10,2), (14)

U OHA UHBAPUAHMHA OMHOCUMENTbHO MAMPUYHBIX MHO20YeH08 euda (7).

HoxazatenbcTBO. Tak kak [,1(4g) =1,1(A1) =0, Hip(t) =0 mpu A = A,,
H;1(t) =0 npu A = A4, To ¢ yuerom (5) mmeem, uto L,(4;) = F(A4;)(i = 0,1). [Iposepum
Janee BhINOJIHEeHue ycnnoBus L, (A,) = F(A,). Beenem o603HaueHus

L1 (A) = — S o[A(t) — Ao(t)] [A1 (t) — Ao (t)] X [F (011) — F(Ao)],
1 O
o (A) =—— > [Floy () + (A () ~ o3 () Hi O M. (15)
n+1i= 5
CHpaBe,Z[.III/IBO PaBCHCTBO
li1(A2) + 131 (A2) = o([Az2(t) — A (t) + A (t) — Ag(tD][A1(t;) — Ao (t)] ™

X [F(oy;) — F(Ao)] F(U1 )+ F(AR) + [Ay(t) — Ao () + Ao (t;) — A (t)] X
X [Ag(t;) — A ()] [F (01:) — F(Ap)]) = F(Az) — F(4y) +m LolF (a9!) — F(afM)].
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IIpu A = A, HaHpaBJ‘IeHI/IH Hyo(t) u Hi;(t) npumyt Bun Hyo(t) = A, (t) — o (b)),
Hi1(t) = Ay(t) — o (), rz[e g f(t) = Ag(t) + A, (L) — Ay(t;), mostomy, ucronbsys ¢op-
myny OF[A+ stH;H| = ——F[A +stH] mpu A=o()+1(4;()—0dt()) nu H=
A,(+) — 0i?(-), 6ynem umetn

n

Izz(A2)=—Zj J éF[a O+ 2[00 0))+s(A, 0 - a2} A0 -

1i% 0 o
—af(D]drds = —l15(A;) o ?:0 fol SF oy () + 1(A2() — 077 ()); A2 () — o7 ()]dz

AHanoruuHo, mMONB3ysACh cooTHomernuem OF[A+ tH;H] = %F [A+tH] npu

A= ol (Y = A, () — o2 () monyim

La(Ay) = ~la(4z) + —Z [F(o21) = F(o?1)].

Torma Ly (Az) = F(Ao) + l11(A2) + 112(A2) + 11 (A2) + 12(4;) = F(A2).

Takum 00pa3oM, HHTEPIIOJIAIUOHHBIC YCI0BHSI (15) BBIMOTHSIOTCS.

[Tokaxewm, uto (opmyna (14) TouHa aJii MHOTOWICHOB BHJA (7) HyCTL F(A) =
P,(A). Torna, kak MoKa3aHO GBLIO paHBIIE, Ll (A) = P,(4). Tak xak oy} ( D~ o ( ,) =

K k
Ao(t;,) — —Ao(t;,) m k{aﬁ(t)} By dtk{aﬁ(t)} = =4 )<s1> - AY(s2), 70
—°1 2
F(o)t) — —F(4p) =0 nna F(A) = Pl(A) AHaJOTMYHO MOXHO MOKa3aTh, uto F(oil) —
F(A,) = 0. CnenoBatensHo, l,1(4) = 0.
Jlns moGbIX KBampaTHBIX (yHKUMOHATBHBIX Matpun A, Hj, H, cooTsercTBylomero

nopsiika u mo0oi marpuuHoit pyukiuu F(A), nBaxasl auddepenuupyemoii no I'ato B Tou-
Ke A, BBIIOJIHAETCS COOTHOIIEHHUE

2 A0 O 71—
82F[4; H,H| = l/llnlo mz (FIA + A, Hy + A,H,] —

—F[A+ 2,H,] — F[A + 2, H,] + F[4]). (16)
Tornma n3 (16) npu F(A) = P,(A) mocie HeclnoXHBIX TpeoOpa3oBaHuii 6yaeM HMeTh

52P,[4; HyH,] = 0. Takum o6pazom, [, (A) = 0, u, 3HaunT, L,(A) = P;(4) = F(A).
BBeznem B paccMoTpeHHe QYHKIHIO ABYX MaTPUYHBIX TIEPEMEHHBIX

@ (A, B) = X0 Cs,i[A(4;,) — A4)]Cay[B(t,) = B(t;,)]Cs -
OueBuaHo, uto QpyHkuusa P (4, B) obnanaer cBoiicTBamMu

®(A+B,D)=®(A,D)+®(B,D),®(A,B+D)=®(A,B)+P(AD),
®(1A,B) = ©(4,AB) = A®(A,B),A,B,D € C™|[a, b],A €ER. @17
[Tycts F(A) = ®(A, A), 9To coBmamaeT co BTOPHIM ciaraeMeiM B (7). B cuiy Toro,
9TO 011(t ) — ot (t tire) = Ao(t,) — Ao () (k = 1,3), mns oToi QyHKIMK CTIpaBENTMBO
pasenctso F(ayi') — F(A,) = 0. AHanoruuno mnokaseiBaercs, uto F(o4') — F(4,) = 0. Ta-
KHM 00pa3oM, yauTEIBas, 9To o 7 (t) = oy;(t), 6ynem nmets

l11(4) = 11 (A) = 0. (18)
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Ucnonp3ys onpenenenue nupdepenimana ['ato nepsoro mopsigaka u cBoiictsa (17)
¢ynkuuu @ (A, B), KOTOpbIMH, B 4aCTHOCTH, oOnanaet u F(A) = @ (4, A), noxyuum

SF[A;H] = @(4,H) + o(H, A). (19)
Hepr,Z[HO IMOKa3aTb, YTO BBIIOJHAOTCA PAaBCHCTBA
®D(01;(), H; () = (Ao (), AC) — 4o ());
D(H;(+),01:(1)) = @(A() — Ao (1), 4o ());

P(A1(1) = 01;(), Hi(1)) = @(A1(:) = Ao (), AC) = Ao ()); (20)
D(H; (), A1() = 01;,(1)) = P(A() — Ao (), A1) — Ao ().
Torma 3 (19) mpu 4 = 01;() + 1(4,(") — 64;()), H = H;(")u (7), yuursiBas CBOii-
ctBa (17), Oynem umets

6F[01;() + (A1 () = 01:()); H; ()] = @(01; (), Hi () + @(H; (), 04; () +
+7[@(4; () — 01, (), H; () + 2(H; (), A1 () — o1, ())] =
= P(Ap(),A() = Ag()) + P(A() = Ag(1), Ao (")) +
+T[@ (A1 () = Ao (), A() = Aog()) + P(A() — Ap(1), A1 (1) = Ag(D)]-

Taxum oOpazom, Beruuciss uHTerpai B (15) u mpoBoas npeoOpa3oBaHus, MOTYYUM
1
l12(4) = 5 (@(Ag, A) — 2P (A, Ag) + P (A1, A) —
—D(A,Ap)) + D(A4,4)) + P(4,4,) —P(Ay, A41)). (21)
IIpu F(A) = @(A, A) paBenctBo (16) npunumaet Bua
62F[A, Hzﬁl] = (D(Hvl, Hz) + (D(Hz, Hl)

B wactHoctH, 1npm /Z\ = O‘l(?l(-) + T(Al ()— Gloil(~))+ TS(A2 ()— Glliz ()), H =
H;o(u H, = H;; (-)6ynem uMeTh

SPFloB0) + (A0 - 0810+ (A, 0) - SO F Hu O 002 0(Hig 0, Hy () +
+@(H;1 (), Hio (1)) = P(A() — Ao (), AC) = A1 () + P(A() — A1 (), AC) — Ao ()
AHaNOTHYHO MpeAbIAYIIeMY, BeIUncisis uHTerpai B (12), mocie npeodbpazoBanuii Oy-
JICM UMETh
L22(A) = 5 (20 (4, A) — D (Ao, A) — P(4, Ay) +
+P (A, A1) — DP(A,A) — D(A4,Ap) + (A, Ay)). (22)
Tak kak L1(A) = F(4p) + l11(A) + 112(A), To u3 pasencts (15), (18), (21), (22) cne-

JIyET, UTO
Ly(A) = F(A) + P(A, A) — (Ao, Ag) = F(A). (23)

[Tepeobo3naunm Gyrakuio @ (A, B) ciaeayronmm oopa3omM
(A, B) = Yo Jpa Prs(t,s) [A®)(s1) — AB)(s,)] x
<Pt 9)[BY (55) - BY (5) R 5t )0
ITycts F(A) = @(A,A), 9T0 COBMAAaeT C TPETbUM ciaraeMbIM B (7). AHAJIOTHYHO
TIpeBLIYIINM PacCyKISHHAM MOKHO ToKasaTh, uto F (o) — F(4,) = F(o2!) — F(4,) =

0, cnenosarenbho, [l11(A) =1,1(A) = 0. OueBunHo, uTO meEepeoOO3HAUYECHHAS (DYHKIIHS
@ (A, B) Takxe ymomierBopsieT cBoicTBaM (17) m cooTHomeHusM Buaa (20), mostomy Juist
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F(A) = ®(A, A) semonnstorcs pasenctsa (19), (21), (22) u, cnenosarenbho, (23). Takum
obpazom, popmyna (13) Touna pist MHOrousieHOB Bua (7). Teopema 2 noka3zaHa.

2. BbIYHCIUTEIBHBIN IKCIIEPUMEHT
Ipumep 1. PaccmoTpum HHTEPHONSAIIMOHHYIO opMyITy (2) B ciydae y3JI0B
t t? [—t3 +a t’+p
Ap(t) = , A1 (t) =
o(8) [tz t3] 0= 24, _t4o

s pynximn F(A) = e4®), 3anannoii na MEOXecTBe Marpun Buma A(t) = 0A4,(t) + (1 —
—0)A4(t), 0 €R. 3nech a, B,y, § — IPOU3BOJIBHBIC YHCTIA.
Herpyano 3ameruts, uto mpu A(t) = 0Ay(t) + (1 — 0)A,(t) marpuus ay;(t) +
+7(4;(t) — 01;(t)) u H;(t) sABIAIOTCA TepecTaHOBOUHBIME, MOdTOMY mus F(A) = e4®
CIpaBe/NTUBBI PABEHCTBA

6F[01;() + (A1 () = 01;()); H; ()] = Hy(£)e s O+Ta(0=0u®),

OMC TOro, T. K. MaTpuubl - i = i i — U , A€ 1| — CAUHUYHAaA
K , AL (b)) — oy (t t;+t2 —t—t3)I |
MaTpula BTOPOTO MOpsAaKa, ABJIAIOTCA CKAJIAPHBIMA, TO HMCIOT MECTO COOTHOLICHUA

eT1i(O+T(A1()=01;(1)) = oL+t —t=t)T501;(8)
CrnenoBarenbHO

Jo 8F[03() + T(4, () = 03, (s Hy(]ddr = [ et (e)en® =

¢+t —t—t3

1-e'i .
T Tt (A(t) — A(t) + Ap(t) — Ay (t))e1®,
1—eti+t?_t_t3
Torna, cnenas 3ameny «;(t) = ——— Gy/leM HMeTb
—

Ly(A) = e + = S A(L) = Ao (6] [A1(8) = Ao (t)] 7 [e7® — e0®] +
+ B () (A() — At) + Ao(t) — Ag(D))e®® =
= A(DB(®) + Zio At)Bi(t) + C (1),

9IS
1 .
B(t) = —— 3y a;(£)e i,
B;(t) = ﬁ ([A1(t) — Ag(t)][e71® — e40®] — @, (£)e1i®),
C(t) = eto® — ﬁZ?:o(Ao(ti)[fh(ti) — Ay (£)]7He71® — g4 O] 4
+a; () (Ao (t) — Ao (£,))e 1),
[IpoBeprM BEHIMONIHEHUE WHTEPIONSAIMOHHBIX yciaoBud it popmynsr F(A) =

ela+B]™, [Tpu A = Ay (t) momyaum

L1(4g) = Ao()B(t) + XiLo Ao (t:)Bi(t) + C(t) = e®® = F(Ay),
anpu A = A4(t) Oynem umethb
L1(A1) = A1 (OB(t) + Xio A1 (8)Bi(8) + C(1) =
= e%0® + — 3 (o (O)[AL(£) — Ao() + Ao(ty) — Ay (£)]e”H® +
+[A;(t;) — Ao ()AL (L) — Ao(ti)]_l[ea”(t) - eAO(t)D-
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Hanee, T. K.

@ (O[A1(£) — Ag(t) + Ap(t) — Ay (t)] = (=t — 1)1 = eM®-ou® —,
TO
Ll(Al) = er(t) + ﬁz‘?’:()[e‘ql(t) —_ eali(t) + eo-li(t) — eAO(t)] — eAl(t) — F(Al)

Taxum o6pa30M, HUHTCPIOJIATUMOHHBIC YCIOBHS BBIIIOJIHAKOTCA.

3akiioueHne

HpI/I peLHeHI/II/I MHOTHUX HpaKTI/I‘IGCKI/IX 3a1a4 O6BI‘IHO I/ICHOHB3YIOTC$I I/IHTepHOHSH_[I/IOH-
HbIe (OPMYJIBI HEBBICOKHX MOPSAIKOB. ITO OTHOCUTCS KaK K CIy4ar0 MHTEPIIOJISIUN CKaJsp-
HBIX (PYHKIMI, TaK ¥ K 3a/1a4€ OIEePaTOPHOTO MHTEPIIOTUPOBAHHS U BBI3BAHO B 3HAUYNTEIILHON
CTEMEeHH TEeM, YTO MPH YBETUYCHHH TMOPSAKA HUHTEPIONALUOHHBIX (OPMYT 3HAYUTEIBHO
YCIIOKHSAETCSA UX OOLIUI BHJ, YTO NPUBOJUT, COOTBETCTBEHHO, K O0JIee CI0KHOU CTPYKType
MOJIy4aeMbIX Ha MX OCHOBE alropuTMoB. Hapsiay ¢ mocTpoeHuneM MHTEPIHONSALUOHHBIX Qop-
MYy OHCpaTOpHOFO I/IHTepHOJII/IpOBaHI/Iﬂ HEBBICOKHUX HOpﬂI{KOB SABJIACTCA aKTyaJII)HBIM HCCIIC-
JIOBaHME JaHHOW 3aJa4uM U JJis Cirydast pOopMysl BBICIIUX MOPSIIKOB.
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PE3OHAHCHI 1151 CACTEM YPABHEHUI
C JEJIBTA-OBPA3HBIMU KOO®PUITMEHTAMU

Ypaenenus u cucmemul, sanucvisaemvie 6 suoe Lu=—Au+ A(g)ou = T, eosnuxaiom 6 pasnvix npu-

JIOJHCEHUAX U UHMEHCUBHO Usyuaiomes. Bxoosujee 6 amo ypasnenue npouszsedenue oU He onpedesieHo 8 Kiaccuie-
cKoll meopuu 0000WeHHbIX QYHKYULL, NOIMOMY OOHOU U3 OCHOBHBIX 3A0ay AGNAeMCs NPUOAHUE CMbICAA 8bIPA-
JHCEHUIO 8 JIe6OU YACMU YPABHEHUs, M. e. PAKMUecKu NOCMPOeHue onepamopd, KOmopbli cOOMEemcmaeyem
OAHHOMY POPMATLHOMY BbIPANCEHUIO. DMO 0OCMU2AEMCs ¢ ROMOWBIO CHEYUATbHBIX ANNPOKCUMAYULL Onepamo-
pa ymHodcenus Ha O-Qyukyuro. [na uccie008anus ypasrenull ¢ 0-00pasHvimu Kod@guyuenmamu npumeHsemcs
nOO0X00, OCHOBHbIE IMANbI KOMOPO2O: NOCMPOEHUe ANNPOKCUMAYUL PACCMATNPUBAEMO20 BLIPANHCEHU C NOMO-
WHio ONepamopo8 KOHEYHO20 PaHed; HAXOMCOeHUue AHO20 6Udd Pe30b8eHMbl annpOKCUMUPYIOue20 cemeli-
Ccmea, HaxodcoeHue npeoena pe3onbeeHmyl U bloeNeHue CIyiaes pe3oHanca, Ko20a npedeibtulli Onepamop He
cognadaem ¢ —A; onucanue cnekmpa nOCMpOEHHbIX NPedebHbIX ONePaAmopos; ucciedosanue nogeoeHus coo-
CMBEHHbIX 3HAYEHUL AnnpoKCUMUpYIowux onepamopos. Llens oannou pabomvl 3aKIIOUAEmMcs 8 HAXOHCOeHUU
PE30HAHCO8 015 CUCmeM YpasHe Uil ¢ 0elbma-oopasubiMu Kodgduyuenmamu.
Knroueswie cnosa: 0600wennas ynkyus, acumMnmomuxa, pe3oHanc, onepamop.

Resonances for Systems of Equations with Delta-Shaped Coefficients

The equations can be written as L,u = —-Au+ A(g)ou = f, there are in different applications and stud-

ied intensively. In this equation work du not determined in the classical theory of generalized functions, so one of
the main objectives is to give meaning to the expression on the left side of the equation, that is, the actual con-
struction of the operator, which corresponds to a given formal expression. This is achieved by special approxi-
mations multiplication by §-function. For the study of equations with J-shaped coefficients an approach is used,
the main steps of which are: the construction of approximations considered expressions with operators of finite
rank; finding the explicit form approximating the resolvent family; resolvent limit of determination and alloca-
tion of cases of resonance; description of the spectrum constructed limit operators; study of the behavior of the
eigenvalues of approximating operators. The purpose of this work is the origin of resonances for mathematical
systems with delta-shaped coefficients.
Key words: generalized function, asymptotic behavior, resonance, operator.

BBenenne
VYpaBHeHUsI, 3aMIUCHIBAEMBIE B BUIIE

Lu=-Au+a(e)ou=f, 1)

BO3HUKAIOT B pa3HbIX NPUIOKEHMX [1] 1 mHTEHCUBHO M3y4darotcs. Bxoasee B (1) mpousse-
JICHHE Su He OIpPENeIeHO B KJIacCH4ecKoil Teopru 0000IMIEHHBIX (YHKIUI, TOITOMY OJTHOU
U3 OCHOBHBIX 3a7au SBISETCA MpHUIaHHE CMbICIa BBIpaXeHHIO B JieBodM wyactu (1),
T. €. ()aKTHUECKH IOCTPOEHHE OIEpaTOpa, COOTBETCTBYIOIIETO (hopMaTIbHOMY BhIpaxeHuto (1).
OauH U3 OCHOBHBIX MOAXOJOB K ONPEIENICHUIO MOHSATHS PElIeHUs] YpaBHEHUS U I10-
CTPOCHUIO TaKMX pElICHUH OCHOBAH Ha alllIPOKCHUMAallMU BhIpakeHUs B JieBoi yactu (1) ce-
MENCTBOM KOPPEKTHO 33[JaHHbIX OIIEPATOPOB L U 3aTEM HAXOXXICHHU IIPEAENA PE30JILBEHT

lim(L, —41)" = R(2).
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Ecnu takoii mpenen cyiiecTByeT, TO onepaTopHo-3HauHas pyHKuus R(A) OKasbIBaeT-
Csl pe30JIbBEHTOH HEKOTOPOIo OIepaTropa, KOTOPHIH COOTBETCTBYET paccMaTpUBAEMOW arl-
npokcuManun (GopManbHOTO BBIpaKEHHs. B ciydae omeparopoB B mpoctpanctee L, (R%)

CKaJISIpHBIX (YHKIUI ObLTO OOHAPYXKEHO, UTO B THUIHYHBIX ciydasix R(A) ecTb pe30JjbBEHTa
HEBO3MYILEHHOTO oreparopa R, (1) =(—A— Al )’1., HO BO3MOJKHBI ClTyyau pPe30HaHca, Kornua
R(A) €CTb pe30JbBEHTA HEKOTOPOrO OIEPATOPa, OTIMYHOrO oT —A [2; 3]. Pe3onbBenTa R, (A1)
neicTByeT no hopmyie

Ry(A)f =E, *f,
rae * — ceeprka Qynkuumid, a E,(x) — QyHnamMeHTanbHOE pelleHue Ui onepatopa —A— Al ,

3amanHoe Gpopmyson
1 _
E (x)= b
T

rae u? =—2,Reu>0. Ormernm, 4to E, € L, (R®).

OcHoBHast yacTh
HccnenoBanue cuctem ¢ AenbTa-o0pasHbIMU KOOPPUIIMEHTAMHU CBOJUTCS K PacCMOT-
PEHHI0 MAaTPUYHO-3HAYHBIX (DYHKIMH, MPEICTaBUMBIX B BUE F(u,&)=R(g)+b(e, )l. 3a-

JAa4da 3aKJII04acTCs B IIOJYUCHUHN YCJIOBI/Iﬁ Ha

Ri(e) Ry(e)
R,.(¢) Ry (e) ,

IPU KOTOPBIX CYILECTBYET KOHEUHbIM HEHYNeBOIl mpenen oOpaTHBIX MaTpull. B ciaydae mat-
pUL pa3MepHOCTH 2 0OpaTHas MaTpula-QpyHKIM 3aaaeTcs GopMyIioit

_ 1 fzz(;uag) —flz(,u,é‘)
det F(u, &)\~ e)  fu(w8) l

R(¢) :(

[F(w )] )

[Tpoananusupyem 3Ty GpopMyily B 3aBUCUMOCTH OT BuAa R(g). Bo3HuKaeT HECKONBKO

KauCCTBCHHO PA3JIMYHBIX CIIy4acB.

|. Ilyctb pa3noxkeHue R(g) HauMHAETCS C l;

&
R(g)=R™ 1iroy RWg +...,
&

rme R 0. Torma
Fug)=D F(u)e",

k=1

rac

F1=R™+M_I, F(u) =R® —ﬁ I, F'(x) =R® + M1,

M, = [ o)otx- y)ay x| o
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Bremumiem MEPBLIC YICHLBI PA3JIOKCHUA OIIPCACIUTCIIA

detF ()= > A, (1)e"

k=-2
Nmeem

A, =detF =(R{" +M_)(R,” +M_, ) -RGVRS?

_ U _ U _ _
3400 =(RE M) R~ o (RS 4 ) R~ 4 - RERY RS,

3amerM, 4T0 A , HE 3aBHCHT OT x4, a A (x) sBisiercst IMHEHHON QyHKIMEH nepe-

MeHHOfIﬂ , 3d UCKIIIOUCHHUEM ClIydas, Korja
(RGY+M_,)+(RS +M_,)=0.

Ecmu A , #0, To paznoxenue 3HaMmeHaTens (2) HAYMHAETCS C iz Y UCKOMBIN IIpenen
&
€CTb HYJIb.
1

Ecmm A, =0 u A (1) #0, To pasnoxenue 3Hamenarens (2) HaunHaercs ¢ —, Ec-
&

-1
JIK TIpHU 9TOM F (IU) * 0, TO B YHUCJIUTCIIC TAKIKC UMCIOTCS YJICHBI, COACPIKAIIUC l y © B OTOM

&
ciydae npenen D(u) ornudeH ot Hys.

3mech  BO3HHMKAaeT  OcoObIii  ciydail,  Korja F1=0, T. e Korma
R +M_=0,R;” +M_ =0,R;Y =R{Y =0. B atom ciyqae momyuaem, uto A_(u)=0,
OTKyJa CIIEAyeT, 4TO B (2) pa3ioXeHHS UWICHOB YHCIUTENS W PA3IOKCHHE 3HAMCHATEIS

HA4YMHAIOTCS C HYJIEBOU CTENEHU & , U B 9TOM CIIydae MPeAes TAKXKE OTINYEH OT HYJIS.
[TonydaeM crnenyroiiee yTBEpKICHHE.
Teopema. IIycts

R(&)=RD 1RO RO
&

rae R“Y #0. Pe3onanc umeeT MecTo B CICAYIOLIMX CIIy4YasX:
1) Ecmu A, =0,A_ () #0,F™ £0, 10

_ g 1 (RL"+M -R5?
D(x) = lim[R(&) +b(e, ) 1] = (22 o L 2 |#0.
£-0 [ ] A, ) _Rz(ll) R1(1 Y+M -1

2) Ecmn A, =0,A_, =0,F" =0,A, () 20, 10

u
1 RS “in -RY

()| _po ©_ M
21

D(u) = lim[R(e) +b(e, 1) 1" =
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I1. ITycTth pa3znoxeHue R(g) HaYMHAETCS C iz;
&
21 a1
R(e)=R™® S +RWP=+RO+ .,
g £

rae R™ =0. Torna pasnoxeHue onpeenTess HAYMHACTCS C —
&

det F(,£)= > A, (1)e"

k=—4

Tax kax B MaTpuny (2) BXOAST 4JIEHBI, Pa3jIOKEHHE KOTOPBIX HAYMHAETCS C iz

&

AJId CYIICCTBOBAHUS KOHCYHOI'O HCHYJICBOI'O ITPEACiia HCO6XOIII/IMO n a0CTraTo4yHo, 9TOOBI

Pa3JIOKCHHUEC 3HAMCHATCIIA TAKKC HAUYUMHAJIOCh C iz OTO BBIIOJHEHO TOoraga M TOJBKO TOrAaa,

&

Korzga
A (1) =0, A (1) =0, A, (1) %0.

3amerum, 4yro 3xmeck A , =det R a A s OT 4 W BBIPAKAETCI Yepes3

R R™ M _,- IloaToMy TpebGyeMmble paBeHCTBA €CTh YCIOBUS Ha MaTpuly R(eg).
Teopema. Ilycts

m@=RHL%+W”1+R@+M
5 &

rae RC? #0. Pe3oHaHC HMeeT MECTO TOJIBKO MPH YCIOBUAX
A ,=0,A,=0A,(x)=0,

U TOrJa

1 (RS2 _RCD
D(u) = —( 2ifz) F\Zi) #0.
A, (/U) - R21 I:\)11

Takum 00pa3om, ycIOBHS pe30HAHCA 3alMUCcaHbl Kak ycioBus Ha matpuily R(g). Tlo-
CKOJIBKY B MCXOJIHO€ YpaBHEHHE BXOJIUT Marpuua KodpduuueHToB A(g), paccMOTpUM, Ka-
ke A(g) cooTBeTCcTBYIOT R(g), OMMCAHHBIM BBILIE.

@DaKkTUYECKH TO YaCTHBIN Cilydal 3aJaud: UMes pasioxeHue R(g) mo creneHsm ¢,
HalTH pazioxkeHue o0paTHbIX MaTpull A(g) .

Ecnu

R(s) =(R11(5) Riz(g)}

R,.(&) Ry(e)
TOr1a

-1 1 Rzz RV
M=) =gl o o)

©)
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1. ITycte pasznoxenue R(g) HauMHAETCS C 1

&

a1
R(e)=R™ =+RP +RWg+...,
g
TOT/a 3aIIMLIEM Pa3IokKeHus KodPPUUHEHTOB R, (£), R, (£), R, (&), R,,(£) TI0 CTENEHAM &.

R.(2) = R, 1+ R+ Ris+0(z),
E
R,(5) = R% L+ R? +R2 +0(s),
&
R, (s)=R% 1R+ R +0(s),
&

R,, (&) =R 1 +R +R'e+0(¢).
&

Boruncnum onpenenurens MmaTputibl R(g) :

1
det R() = Ry, (£)R,,(¢) — Ry, (€)Ry, (8) = (R4RY, - R_lefl)? +
+(R4Ry +RYR; — R%RS — R§1R§)1+(RilRf +RyR; + R4RI —R%R? ~ROR? —R°,R? )+0(1) =

1 1
=r, = +r

+ri = +1, +0(D),
E

1=
&
rac

r', =det[R"™¥]1=R"R* -R%R’,
[11 = Rile + RflRé - Rfle - RflRoz’
r-ol = RE1R14 + RgRé + Rfle - R—21R13 - RgRg - RflRlz'

B pesynbrare JaHHBIX BBIYMCICHHN MOXEM OIKCATh PA3JIMYHBIC CIIydau MMOBEICHHUS
koo dunmenta A(e) .

1) Ecmu r', #0, To BBIpakeHHs, TIOTyYeHHBIE IS HIEMEHTOB, BXOIAIINX B MATPHUILY
u3 (3), coaepkaT 4JIEHBI C 1 4 Gonee BbICOKNMHU CTEINEHSAMM, 4 Pa3JIOKEHUE ONPENEITUTENSA
&

HAYMHAETCS C YIEHA, COJIEPIKAIIETO iz . [ToaTomy (3) Oynmer uMeTh pa3noKeHHe BUAA
&

A(e) = Ae+ A’ +o(g?).

1 1
2) Ecim r’, =0, a r; #0, TO BeIpaykeHUs, BXOJAIME B YHCIUTEIHN U 3HaMeHarels (3),

HAUYMHAETCS C WICHOB + . CrnenoBatenbHO, (3) OyeT UMETh pas3lioKeHUE BUIA
&

A(e) = A+ Ac+Ag’ +o(e%).
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1 1
3)Ecmu r, =0, a r; =0, TO BBIpa)KeHUS, MOJIYYCHHBIC IS 3JIEMEHTOB, BXOJSIINX

B MaTpuity u3 (3), comepikar WieHbI C 1, a paslokeHue 3HameHatens B (3) HauMHAETCsS

&
¢ HyJeBoii creniern ¢ . Torna (3) Oymer uMeTh pasziioKeHUue BUaa

AGE) = A, 1A +Az+o(e).
&

2. IlycTp Teneps paznoxeHne R(g) HauMHAETCS C iz;
&

1
+RZ 4RO 4
£

R(e)=R"

82
TOTa 3alMIIEM pas3lokeHus KodhPuuueHToB R (), R, (&), R, (), R,, (&) 13 (3) mo creme-

HAM €.

R,(e)= Riz ig"' R}11+ Ré +0(¢),
& &
R,(£)=R5 iz+ Rfl£+ R +0(¢),
& &

R.(s) =R, 8—12 + Ri%+ R? +0(2),

1 1
R, (e)=R% = +R, =+R;+0(¢).
£ £
Berancnum onpenenurens MaTpuibl R(g) :

1
det R(z) = Ry (¢)Rex (£) ~Ro (¢)Rus(¢) = (RGRG —RERY ) <+
#(RR +RARE, ~RERS ~RGRG ) +(RR + AR + RRE —RERE — RURY ~RERE) S+
1
+(REZR14 + R(?Ril + RflRé + RllRfZ - szRf - Rngl - Rfle_ - szRlz); =

2 2 1

r 1+r 2
4~ 4 Tl373
&t &

+15

= —2+rj£+o(£),
& & &

TJIe
ry =det[R™]=R,R% —R%R%,
r2 =R,R% +R%R, -R*R’>,—R’R’,,
I‘_22 = RizRg + Rfth + szRtl) - R_ZZR(? - RflR—Zl - szRé,
r—21 = RizRf + R(A)‘Ri + RflRé + Ri12R1l - R—ZzRf - R(?R—zl - Rfle - R§2R12'
B pesynbrare JaHHBIX BBIYMCICHUNA MOXKEM OMHUCATh PA3JUYHBIE CIIy4au MOBEICHUS
ko-3pduruenra A(g) .
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2
1) Ecu r% #0, TO BBIpa)KeHHs1, OJIyICHHBIE JUIS SJIEMEHTOB, BXOIAIINX B MATPHILY

u3 (3), cogepKaT YICHBI iz, a pa3JIoKeHUE OMpEeeNUTeNsI HAaYMHAeTCs ¢ WieHa i4 Toraa
& &

(3) Oyner umMeTh pa3IoKeHHE BUAA
A(e) = Ae®+ Ag’ +o(d).

2 2
2) Ecim r5, =0, a r;#0, To BbIpa)KeHHs, MOIYYCHHBIC VIS 3JIEMEHTOB, BXOJSIINX

B MaTpunly u3 (3), coaepkaT 4JIeHBbI iz, a pa3JIoKeHHUE ONMpPENEeNIUTENs] HAaUWHACTCs C YJieHa
&

%, [Toatomy (3) Oynet umeTh pas3nokKeHHe BUIa
&

A(e) = Ac+ Ae® +o(s%).

2 2 2
3)Ecmu r5, =0, r5;=0, a r, #0, To BbIpakeHHs, BXOJJIINE B YUCIUTEIN U 3HAME-

Ha-Teb (3), HAYMHAIOTCS C YICHOB iz CnenoBarenbHo, (3) OyneT UMeTh pa3jioKeHUe BUIa

Ae) = A +Ac+As’ +o(g?).

4) Ecnu I‘_24 =0, r_23 =0, I‘_Z2 =0, a I‘_Z1 # 0, TO BBIpaKCHHUSI, TIOTYYCHHBIC IS DJICMCH-

TOB, BXOJAILIUX B YUCIUTENH U3 (3), colepKaT YJIeHbI C iz, a paszjoxeHue 3HameHatens (3)
&

HAYMHACTCA C L | [Toatomy (3) Oyaer uMeTh pas3iioKeHue BUaa
&
1
Ale)=A,—+A +As+0(e).
£

3akioueHune

Takum oOpa3zoM, MoaydeHbl yCIoBUs pe3oHaHca. [lomyden o0t B ycIoBUd pe3o-
HaHca JIJIs ceMelicTBa MaTpHIl-PYHKINN, 3aBUCAINX OT IBYX NMEPEMEHHBIX, HA OCHOBE MPUBE-
JIEHUS. UX K HOpMajbHOU (hopMe. BBIsIBIEHBI OTIMUMS OT CKaJsipHOrO ciydas. B wacTHoCTH,
B CIIy4ae CHCTEM MMEETCSl Ka4eCTBEHHOE OTIMYME: YCIOBUS PE30HAHCA MOTYT OBITh BBIMOJI-
HEHbl A7 MaTpull kodpdunueHtoB A(g), UMEIONUMX HEHYJNeBble mpenensl mpu & — 0

u gaxe 1 A(g) , HeorpaHHYEHHO Bo3pacTarommmx nmpu & — 0.
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Al:!PI/IOPHblf/'I BbIBOP IIAPAMETPA PEI'YJISIPU3ALIUA
B ABHOU CXEME UTEPALIUM PEHIEHUS HEKOPPEKTHBIX 3ATAY
C JIMHEMHBIM HENIPEPBIBHBIM OITEPATOPOM

s pewenus onepamopHuix ypasHeHull nepeoco pooa ¢ JUHEUHbIM HENPEPbIGHbLIM ONepamopom 6 ba-
HAX0BOM NPOCMPAHCMBE NPeONaA2aemcsl A6HAs umepayuonnas cxema. HMccreooeana cxooumocmes umepayuoH-
HO20 Memooa 6 clyyae anpuopHo2o 8blOOpa HUCAA UMepayull npu Mo4HOU U NPUOIUNCEHHOU NPABbIX YACHIAX
ypagHenus, noay4eHvl OYeHKa nozpeutHocmy i anpuopHslll Momenm ocmarnoga. Ilonyuennvle pezynvmamsl Mo-
2ym OblMb UCNONL30BAHBI 8 MEOPEMUUECKUX UCCAeO08AHUAX NPU PEeUleHUY TUHEIHbIX ONePAMOPHLIX YPAGHEHU,
a makoice npu peuteHuy NPUKIAOHbIX HeKOPPEKMHBIX 3a0aH.

Kniouegvie cnoea: nekoppexmuoe ypagHeHue nepoco pood, AGHAS UMepayuoHHAas cxema, 6aHaxoeo
NPOCMPAHCMEO, TUHELHbLI HENPEPLIGHBII ONePamop, anpuopHblli MOMEHM 0CMAHOEA.

A priori Choice of the Regularization Parameter in the Explicit Iteration Scheme
for Solving I1l-Posed Problems with a Linear Continuous Operator

An explicit iterative scheme is proposed to solve operator equations of the first kind with a linear con-
tinuous operator in a Banach space. The convergence of the iterative method is investigated in the case of a pri-
ori choice of the number of iterations with the exact and approximate right sides of the equation, an error esti-
mate and an a priori stopping moment are obtained. The results obtained can be used in theoretical studies of
the solution of linear operator equations, and solving ill-posed problems applied.

Key words: ill-posed equation of the first kind, explicit iteration scheme, Banach space, linear continu-
ous operator, a priori stopping moment.

Beeaenne

Berpeuaercst 6ompIioi kiacc 3a/1ad, Te pelieHusl HeyCTONYHUBBI K MaJIbIM U3MEHEHH-
M UCXOJHBIX JaHHBIX, T. €. CKOJIb yFO)IHO MaJIbI€ UIBMCHCHUS NCXOAHBIX JaHHBIX MOFyT HpI/I-
BOJUTH K OONBIIUM M3MEHEHHSIM pelieHuil. 3a1aun moI0OHOTO TUIA MPUHAAJIEXKAT K KIIaccy
HEKOPPEKTHBIX 3a/1a4.

3HauuTeNbHAS YacTh 3ajad, BCTPEYAIOIIMXCS B MPHUKIAIHON MaTeMmaTHke, (huU3MKe,
TCXHUKEC N ynpaB.]'IeHI/II/I, MOXKET 6I)ITI) HpeJICTaBJ'IeHa B BHUJIC onepaTopHoro ypaBHeHI/ISI nepBo-
ro poaa

Ax=y, xeX, yeY 1)

¢ 3a1aHHbIM onepaTopoM A: X —Y u anemeHToM Yy, X U Y — METpHUUECKHE TPOCTPAHCTBA,
aB 0co00 OroBapuMBaeMbIX Cilydasx — OaHaxOBbl WM Jaxke ruiabOepToBbl. XK. Amamapom
(J. Hadamard) [1] 6bL10 BBe/IEHO ClieayIOIIEe MOHITHE KOPPEKTHOCTH:

Omnpenenenue. 3aoauy omvickanus pewenus X € X ypasnenus (1) nazviearom xop-
PEKMHOU (Ul KOPPEKMHO NOCMABIEHHOU, UIU KOpPeKmHou no Adamapy), eciu npu nrooot
@urcuposannou npasou yacmu Y =Yq €Y ypasuenus (1) eco pewenue:

a) cywecmeyem 6 npocmpancmee X ;
0) onpedenerno 6 npocmpancmee X 00HO3HAYHO;
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8) ycmouiuueo 6 npocmpancmee X, m. e. HeNnpepvleHO 3A8UCUM OM Npasou yYacmu
y eY . B ciyuae napywenus 1106020 uz 3mux ycioduil 3a0auy Ha3uléarom Hekoppekmuou (ne-
KOPPEKMHO NOCMABNIeHHOoll); 0olee KOHKPEMHO Npu HAPYWEHUU YCI08Usl 8) ee NPUHSAMO
HA3b18AMb HEYCMOUYUBOIL.

W3 onpenenenust BUAHO, UTO KOPPEKTHOCTH MO AJlaMapy 3KBUBAJICHTHA OJHO3HAYHOU

OIIPEICICHHOCTH U HEIPEPBIBHOCTH 0OPATHOro orepaTopa A~ Ha BCeM IPOCTPaHCTBE Y .

Ha mpoTsbkeHHHM MHOTHX JIET B MAaTEMAaTHKE CYUTAJIOCh, YTO TOJbKO KOPPEKTHBIC 3a-
Jla4i UMEIOT MPaBO Ha CYIIECTBOBAHHE, YTO TOJHKO OHHU IMPABHIILHO OTPAXKAIOT PEabHBIN
MHUD.

O HEKOPPEKTHBIX 3a/ayax CJIOKUIOCh MHCHHE, YTO OHU HE UMEIOT (PU3HNUECKOU pe-
AIBHOCTH, TIOATOMY HX pellieHHe OeCCMBICICHHO. B pe3ynbraTe n0oiroe BpeMsi HEKOPPEKTHBIC
3a/1a4M HE U3y4allUCh.

OjHako Ha MPAaKTHKE BCE Yallle ¥ HACTONYMBEE CTajla BOSHUKATh HEOOXOAMMOCTh pe-
IIaTh HEKOPPEKTHBIE 3aa4H.

K takum 3amauam otHoOcsTCs 3anaua Ko s ypaBHenus Jlariaca, 3aga4ya pemieHus
UHTErPaIbHOTO YpaBHEHHUs MIEPBOTO poja, 3aaa4a quddepeHiupoBanus GyHKIMU, 3a1aHHON
npUOJIMKEHHO, YHCICHHOES CyMMUpOBaHue psiioB Pypwe, korma Kod(OUIIUEHTHI W3BECTHBI
npuOIMKEeHHO B MeTpuke |, , oOpaTHas 3ajaya rpaBUMETPHH, 0OpaTHas 3ajada TEOPHHU I10-
TEHIIMAJIa, 3aj1a4a CIIEKTPOCKOITUH H T. JI.

PaccMoTpuM XOpOI1I0 H3BECTHBIE MPUMEPBI HEKOPPEKTHO MMOCTABICHHBIX 3a/1a4.

Ipumep 1. 3adaua oupdepenyuposanus pynkyuu u(t), uzeecmnori npudIUIMCEHHO.

ITycts z4(t) ectb mpousBoaHas QYHKIMH Uy (t). PyHKOMA U, (t) =Uq(t) + Nsinwt.
B metpuke C oTimyaercs or uy(t) Ha BenuuuHy pe(Ug,Us) =‘N‘ U JIIOOBIX 3HAUYEHUSAX .

Onnako mpou3BoJHas Z,(t) =u,(t) orimyaercs oT z;(t) B MeTpuke C Ha BEIUYUHY ‘Nco

KOTOpasa MOXKET OBITh IMPOU3BOJIBHO OOJIBIIION pu 1O0CTaTOYHO OOJIBIINX 3HAYCHHSIX ‘(,0‘ .

3amMeTHM, 4TO 3a]a4a HaxXOXACHHWS IPOU3BOAHOM N-ro mopsaka or GyHkumu u(t)

1
CBOAUTCA K pCHICHUIO UHTCTPAJIBHOTO YPaBHCHUS IICPBOTO poOJa: J 1

o(n-1)!
Takum o6pa3om, 3Ta 3aaya He 00J1aJa€T CBOMCTBOM YCTOWYMBOCTH, YTO MPUBOIUT K 0OJIb-
[IMM 3aTPyIHEHUSM TPU MPUOTMKEHHOM BBIYUCICHUU TIPOU3BOIHBIX.
[pumep 2. Yucnennoe cymmuposanue psoos @Pypve, koeoa KodI(p@uyueHmsl u3-
6eCcmHbl NPUOIUIICEHHO 6 MempuKke |,

(t—-1)" z(t)dr = u(t) -

[e.e]
Myers f1() = ngoan CoSl. Ecim Bmecto a, Opath KOdpQHUUHEHTH C, =a, +&/N

o0
s Nn>1 ¥ ¢y = ag, MOTYInM psijl fa(t) = n;gn cosnt.

Kosppuuuentsl 5THX pagoB oTamMyYaoTcs (B METpHKE |,) Ha BEIMYUHY

1/2 1/2 >
o0
2 T
e1=1 2 (ch—2y) =) 2, 5 =&\ KOTOPYIO BHIGOPOM YHCIIA & MOKHO CleNaTh
n=0 n=1 n

o o0
CKOJIb YTOJHO MajloH. BmecTe ¢ aTuM pasHOCTE f,(t)— fi(t) = 2 lcosnt MOXET OBbITh
n=LNn
CKOJIb YTOJHO OombIION (IIpU t = 0 HOCIIeAHU psi pacXOJUTCS).
Taxkum o6pa3om, ecnu yKJIOHEHHE CyMMbI pajaa OpaTh B MeTpuke C, CyMMHpPOBaHUE
psana @ypbe He ABIAETCS YCTOMYHUBBIM.
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Hpumep 3. 3a0aua Kowu ons ypasuenus Jlannaca 6 08ymepHom ciyyae.
OHa cOCTOMUT B HAaXOKAECHUU pelleHHs ypaBHEHHs AuU(X,Y)=0 IO HayaabHBIM JaH-

HBIM, T. €. B HAXO0XJIEHUU PEUICHHUS], YOBJIECTBOPSAIOLIETO YCIOBUIM
ou
ux,0)=f(x), —| =0(X), —o<x<x,
y=0
rae f(x) u @(X) — 3agaHHbIE byHKIHH.

Ecmw saars 11(X) =0, ¢1(X) = gsm aX, 1o pemenuem 3agaun Koy Oyner GpyHKius

z -z
ur(x,y) = izsin axxshay, a>0. (3nece shay = (ay) Z(ay) — runepOoIMYECKUil Cu-

nyc). Ecmu xe B3aTh f,(X) = ¢, (X) =0, T0 pemenureM Takod 3agaun Komm Oyner Gynkuus

Uy (X,y) =0. Ecin yxiioHeHns: HayaibHBIX JaHHBIX M PEIICHUH OleHWBaTh B MeTpuke C,

1
toumeem Pc(f1, f2) = SUp‘ fi(x) - 15 (X)‘ =0, pc(p1,92)= SUP‘(Pl(X) _(PZ(X)‘ = a ITo-
X X

CIIe/IHSISL BENWYMHA NPU JOCTAaTOYHO OOJIBIIMX 3HAYCHUSAX @ MOXKET OBITh CJellaHa CKOJb
yroaHo mMayioil. OJJHaKO YKJIOHEHHUs peIIeHUu

1
:—Zshay

1 .
—sinaxxshay
2 a

a

pc (ug,uz) =supug(x, y) —uz(x,y)| =sup
X X

npu II000M (I)I/IKCI/IPOBaHHOM y > 0 MOXeT OBITh IMPOU3BOJIBHO OOJIBIIINM npu JOCTATOYHO

OosipIIMX 3HAYEHMsAX A (T. K. P @ —» oo Sh ay —> oo ObIcTpee, yeM iz —» 0)- Takum obpa-

a
30M, 3ajJla4ya He}’CTOI\/’I‘II/IBa H, CJICIOBATCIIbHO, HCKOPPECKTHA.

Ipumep 4. 3a0aua ananumuueckozo npoooadceHuss GyHKYUlU, U3ECMHOU HA YACMU
obnacmu, Ha 6cto 001acmo.

ITycte D — koHeuHast o6nacts, £ — nyra KpuBoi, npuHauiexamias odnactu D. Toraa
3a/la4a aHAJIMTUYECKOI0 MPOJOJKEHHs (YHKIMH, 3a/laHHOM Ha J1yre KpuBoil E, Ha BCIO 00-
nacteb D gBnsieTcs HeyCTOWYMBOM.

B camom nerne, nmycTh z, — To4ka Ha rpanuie obnactu D, paccrosHue KoTopoi 1o E

€

paBHo d >0 u f;(z) — ananuTuyeckas B D dpynkuus. Oynkuus fao(z) = f1(2) + ;g THe €
— 40

— 33/IaHHOE TOJIOXKUTEIBLHOE YUCIIO, Takke aHanmuTuyHa B D. Ha MHOXecTBe E 3T QpyHKIMH

OTIIMYAIOTCSA OJIHA OT JPYro Ha BEIWYUHY g/(Z—2Zy), MOIYIb KOTOPOW HE MPEBOCXOIHUT
eld, T.e. |f,(z) - f1(2) <e/d ma mHOKecTBe E. Benmunna £/d MokeT OBITH caienana npo-

M3BOJIEHO MAJIOH IyTeM BHIOOpa COOTBETCTBYIONIETO 3HaueHHUs uucia €. OmHako B 0OiIacTu
pasHocTh GyHkuui f,(z) — f1(z) = €/(z — zy) He OrpaHUYEHA IO MOTYIIIO.

Ipumep 5. Obpamuas 3adaua epasumempuu.

[TycTh MMeeTcs Temno, INIOTHOCTh KOTOPOT'O OTIMYHA OT INIOTHOCTH OKpYXKaroIlei cpe-
ne1. Onpeenuts GpopMy Tena Mo aHOMAJIMK HATPSHKSHUST CHITBI TSDKECTH, CO3/I1aBaeMOi UM Ha
MOBEPXHOCTHU 3EMIIH.

[Ipennoxum, 4To cpena, HaAXOASIIAsACA IOJ MOBEPXHOCTBIO 3eMiH (Z =0), COCTOUT
M3 MacC C U3BECTHBIMH ILIOTHOCTSIMM pg H p,, Pa3JieJIEHHBIX IpaHuIlel z(X) (PHCYHOK).
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ITycte Z(x) = —H Bcromy, kpome oTpeska a < X <b, Ha kotopoM 7 (x) = —H + z(X).
Taxast KoH(UTypauus Macc CO34aeT HA MOBEPXHOCTH 3EMIIM aHOMAJIUIO HAIPSDKSHHS
CHJIBI TSDKECTH

Z A
u(x)
z=0
X
Pucynox
y Z(x)=-H + z(x)
z=—-H S
a b X
Ag = _%V _roe V — moTeHnman Macc ¢ IWIOTHOCTBIO p = p, — Py > 3ATIOIHAIOMIUX 00IaCThb S
Z1|2-0

p 1
(pucynok). Tak kak V = éz In [rj dgdn, rpe r = \/(x _ é)Z +(z- n)z 10

__ﬂb —H+z(§)_i 1 _ﬂb (X—E',)2+H2
S R A I N TRy

Anomanus HAMpsKCHUA CUJIBI TSXKECTU HAa MOBEPXHOCTU 3EMIIM MOKET OBITH HU3MEpC-
Ha. Taxum oOpasom, 3a1aua onpeneneHus GyHKIUU z(X) CBOAUTCA K PEIICHUIO HETMHEHHOTO

b X-£)2 +H? 2n
MHTErpaIbHOr0 ypaBHeHus mepsoro poga AZ=]In ( 5 5 5 d&=u(x), rpe U(X)=—Ag.
2 (x=gf +(H-2) P

3nech A — HENMHENHBIM HHTETpaJIbHBIN onepartop. HeTpynHo mokas3aTe HEYCTOMYMBOCTH pe-
LIEHKS OTOTO YPaBHEHMS K MaJILIM M3MEHEHHUAM IIPABOM 9acTH U(X).

Ipumep 6. Paccmompum 3adauy 06 uzyueHuu cneKmpanbHo20 cOCmasa c8emogo2o
usznyuenust (3a0aua cnekmpockonuu,).

[Tycth HabMIOHaEMOE U3ITyUYeHHUE HEOTHOPOJAHO U paclpeesieHrue TIOTHOCTH dSHEPTUH
110 CHEKTPY XapakTepusyercs QyHKuel z(s), riae S —dactora (MIH DHEPIus).

IIpomyckas 5TO U3JIy4eHUE Yepe3 U3MEPUTENbHYIO alapaTypy, Mbl II0Jy4aeM dKCIIe-
PUMEHTAJILHBIN CIIEKTP U(X).

311ech X MOKET OBITh YaCTOTOM, @ MOKET BBIPAKAThCs TAaKXKe B TEPMUHAX HANpPSHKEHUH
Y CWJIBI TOKA U3MEPUTEIIBHOM anmaparypsl.
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Ecnn msmeputenbHas annapaTypa JMHENHA, TO QYHKIHMOHAIbHAsA CBA3b MEXILY Z(S)

1 U(x) aaercst Gopmynoi

Az = ? K(x,s)z(s)ds =u(x),

rae K(x,s) —annapatHas GyHKLHUs, IpejnonaraeMas u3BecTHO. OHa IpeacTaBIIsSeT dKCIIe-

PUMEHTAIIBHBIN CTIEKTp (Kak QyHKIHS X), €CIM Ha MpUOOop MajgaeT MOHOXPOMATHYECKOE U3-
JTy4EHUE YaCTOThl €AMHUYHON MHTEHCUBHOCTH (3TO U €CcTh & —GyHKIUA §(S —X)). 31ech a u

b — rpanuip! criekTpa.

Oco0oe MecTo cpey METOAOB pelIeHHs] HEKOPPEKTHBIX 3a/1ad 3aHUMAIOT UTEPaIlOH-
HbIE METOJbl, IIOCKOJBbKY OHHU JIeTKO peanusyrorcs Ha [IDBM. PaznuuHble uTepanmoHHbIE
CXEMBI PEIICHUSI HEKOPPEKTHO MOCTABICHHBIX 3a/1a4 ObLIH MPeIoKeHbI B paboTtax [2—13].

B nacrosimieit cratbe B 0aHaXOBOM MPOCTPAHCTBE UCCIEAYETCS A6HbIU MEMOO Umepa-
yuil Jlanosebepa [2] Xni15 =Xn5 + a(y5 - Axp, 5), X0,5 =0 penienus onepaTopHbIX ypas-

HEHUI IEpBOTO PO/ia C JIMHEWHBIM HETIPEPHIBHBIM OIIEPATOPOM.

Meton urepauuu [2] 11l pelieHus HEKOPPEKTHBIX 3a]a4 MOAPOOHO M3y4yeH B I'MIlb-
0epTOBOM MPOCTPAHCTBE. DTOMY METOAY MocBsiieHbl padotsl A. C. Anapuuna, B. K. MBano-
Ba, A. C. KpsneBa, M. M. JlaBpentbeBa, B. A. Mopo3zosa, M. A. Kpacnocensckoro u M. B.
Emenuna, A. b. bakymunckoro, B. H. Crpaxosa, O. A. JIuckoBua, C. M. Oranecsna, B. Y.
Crapoctenko, I'. B. XpomoBoii u np. Paznnunbie cXeMbl UTEPAIMOHHBIX METOJOB PEIICHUS
HEKOPPEKTHBIX 3a/lad B THJIBOEPTOBBIX MPOCTPAHCTBAX H3Yy4alOTCs B MoOHOrpadusx M.
M. JlaBpentseBa [3], I'. M. Baiinukko u A. FO. Beperennukona [4], A. A. Camapckoro u I1.
H. Baburesuua [5], B. ®. CaBuyka u O. B. Marsicuka [6—7; 9].

OnHako MPaKTUYECKH OTCYTCTBYIOT palOOThI, B KOTOPBIX HCCIEAYETCS CXOIUMOCTH
METO/Ia UTEpallUi pElIeHUs HEKOPPEKTHBIX 33a7a4 B 0aHAXOBOM MPOCTpaHCTBE. B HacTosmien
CTaTh€ W3Y4YEH alPHOPHBIN BHIOOP 4YMCIia WTEpaIuil Ui 3TOr0 METOoJla B 0aHAXOBOM TMPO-
CTpPaHCTBE: JI0Ka3aHa CXOJMMOCTb METOJa, MOJIyYeHbl alpuopHas OLEHKA MOTPEIIHOCTH U
AIPUOPHBI MOMEHT OCTAHOBA.

PaccMoTpeHHBI B cTaTbe UTEPALMOHHBIN METOJl HalWJEeT MPaKTUYECKOe MPUMEHEHHE
B MIPUKJIATHOM MaTeMaTHKE: OH MOXXET OBITh MCIIONB30BaH JJIS PEIICHUs 3a7a4, BCTpEYaro-
HIMXCS B TEOPUU ONTHMAILHOTO YIIPABJICHHS, MAaTEMaTUYECKON IKOHOMUKE, Tre0(U3UKE, TEO-
pYU TIOTEHIMANa, CHHTE3€ aHTEHH, aKyCTHKE, MarHOCTHKE TUIa3Mbl, B Ha3€MHON HJIU BO3-
ITYLTHOW TeoNIOTOpa3BeKe, MPU PEIIeHUH OOpaTHOW KHHEMAaTHYEeCKOW 3aJauyu CEHCMHKH,
KOCMHUYECKHUX UCCIEAOBAHUSAX (CIIEKTPOCKOINH) U MEAUITMHE (KOMITBIOTEpHON ToMorpadun).

OcHoBHasi 4acTh

1. ITocmanoexa 3a0auu.

B 6anaxoBom npoctpaHcTBe E uccnenyercs onepatopHoe ypaBHEHHE TIEPBOTO poja

Ax=y, 1)

rae A — MMHEWHBIN HempepbIBHBIN oreparop, JedcTByomui B npoctpanctse E. Hynbs nmpu-
HA/UJISKUT CHEKTPYy oreparopa A, HO HE SIBISETCS €ro COOCTBEHHBIM 3HAYCHHEM, CJIE0Ba-
TeNbHO, 3a/1a4a (1) HeKOppeKTHa U UMeeT eAMHCTBeHHOoe peuieHue. [IpuBenem ypaBuenue (1)
K BHIy, y100HOMY [uIs urepanuid. [lns sToro ypaBHeHrne AX—Yy =0 yMHOXXUM Ha IapaMmeTp

(~a) wmxobeum dYacTAM ypaBHEHHMs J00aBUM X, moimyduM  X—o(AX—Y) =X;
X=(l —aA)x+ay, rae | — exuanunbiil onepatop. O603HaunM B=1-aA, f =ay. Toraa

ypaBHeHue (1) 3anuiiercs B BUje
X=Bx+f. @)
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Jlst oThicKanus perieHust ypaBHeHus (1) ucnosib3yem UTEpallMOHHbBIN IpoLecce
Xn+1=BXn+f, (n:O,l,Z,...)- (3)

OpnHako Ha MPaKTHKE YacTO TOYHAs MpaBasi yacTh ypaBHeHMs (1) HEM3BeCTHa, a BMECTO Hee
W3BECTHO O — MPHUOIIKEHNE fS || f— fS ||S O . Torna mMeron (3) mpuMeT BUJ

Xn+1,8=BXn,8+ fS’ (n:O,:LZ,...)- (4)

2. Cxo0umocmov Memooa npu moyHoll nPaeoil Yacmu ypagHeHusl.
W3noxenue mMarepuaia paszaeia 2 ananornyso [14; 15].
N3yuum ypaBHEeHHE
X = BX. 5)

PaccMOTPHM MOCIIEI0BATEIEHOCTD
X, = BXq_1- (6)

CnpaseniuBa
Teopema 1. Ilycmv onepamop B npeobpazyem 6 cebsi 3amKkHYymoe MHOMCECME0
M < E u saenaemcsa onepamopom cocamus || Bx—By|<q||x-Vy], (x,yeM, 0<q<1). To-

20a umepayuonnvii npoyecc (6) npu 1m06om navarbHom npubaudicenul Xy € M cxooumcs K

*
eOuHcmeeHHoMy peutenuio X ypasHenus (5).
BepHo HepaBeHCTBO

n

||Xn—x*||£1q_q||XO—BXo||v (n=12,..). (7)

Teopema 1 u HepaBeHCTBO (7) BBITEKAIOT M3 MPUHIUIIA CKUMAIOIIUX OTOOPAKEHUM

[16, c. 75]. YpaBHeHue (5) uMeeT, O4EBUTHO, pELICHUE x =0.

Orenka (7) He MOKET OBITh yJydllieHa B 00IIeM cllydyae, OJIHAKO MPHU JOTIOITHUTETb-
HBIX TPEINONI0KEHUSX MOKHO TapaHTHPOBATh Oosiee OBICTPYIO CXOAMMOCTb.

Bepnemcs k ypasHenuto (2). Ecan || B||<1, To n3 Teopemsl 1 ciaenyer, 9To 1mociaeno-

BaTenbHbIe MpubmkeHus (3) cxonsarcs. JJokaxem Oolee TOUHOE YTBEPKACHHUE.
Teopema 2. IIycmb cnekmpanvuviii paouyc p(B) onepamopa B yooeremeopsiem we-
*
pasencmsy p(B) <1. Toeoa nocreoosamenvuvle npubnudicerus (3) cxoosames K peuwenuo X

ypasuenus (2) u ona kaxcoozo €, 0< g <1—p(B), cnpaseoruea oyenxa

* n
1% =X lI< c(e)[p(B) +&]" | %o —Bxo — T ||
Joka3zarenbcTBO. BBenem B 0aHaxoBOM MpOCTpaHCTBE E Takyio SKBHBaJEHTHYIO
HOPMY || ||+, TP¥ KOTOPOM HOpPMa JIMHEHHOTO oneparopa B ckomb yroaHo 01m3Ka K €ro Crek-

TpaJIbHOMY pajauycy, T. €.
m(e) | x Il x[=< M (&) [| x|I. (x€E), (8)
1 Bx[l+= [p(B) + ]Il x|} (x E). ©)

[TokaxkeM, Kak TOCTPOUTH TAKYIO SKBUBAJIECHTHYIO HOpMY (8), (9).
M3BecTHO, 4TO CreKTpanbHEIl pamuyc p(B) = lim || BN || ® p(B)<||B||. Ompene-
n—o0

nuM Takoe N, uto V|| B" || <p(B) +¢, rae € >0 — 3amaHHOE YUCIIO.
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Tomoxum
1 ) _
I x [ke=[p(B) +&]™™ [| x || +[p(B) +&]"* || Bx|| +..4+ | B"x]|.

OueBugHO,

[p(B)+&]" ™ [l x i<l x < {[p(B) +e]" " +[p(B) +€]"* || B|+.+[|B" II}II X1l

T. €. HOPMHI ||-|| ¥ |||« PKBHBaJIECHTHBI. | Bll«= sup [ Bx|lx<p(B)+& [14, c. 16]. Tak kak
lIX]he<1
B 11000i HOpME p(B) <|| B ||x,» T0 p(B) <|| B||x< p(B) + &. Takum o6pazom, HOpMY |- ||« H3
(8), (9) MOXKHO IOCTPOUT.
U3 (9) BhITekaeT, yTo ypaBHEHHUE (2) MOXKHO paccMaTpuBaTh Kak ypaBHeHHE (5) co

CKUMAIOIUM onepartopoMm. Ilostomy npubnuskenus (3) cxoparcsa k X . U3 (9) u (7) BbiTeka-

< MHX —Bxg - f H* W3 sroit onienku u u3 (8) cnemgyer

€T OLICHKA Hxn_x* “1-o(B)

Hxn - X*H <c(e)[p(B) +&]"|xo —Bxg — f

1

m(e)[1—p(B) —¢]

3. Cxo0umocmov Memooa npu nPUOIUNHCEHHOI NPAGOIl YaACMU YPAGHEHUA.

[Tokaxem, 4TO UTEpaMOHHBINA METOA (4) MOYKHO CHENIaTh CXOISIIUMCS, €CIIU Pa3yM-
HBbIM 00pa30M COTIJIaCOBBIBATh YMCIIO UTEPAIMIl N C YPOBHEM MOTPENIHOCTH § .

Hwxe, moa cxogumocThio MeToia (4) MOHUMAETCS YTBEPKIEHUE O TOM, YTO MPUOIIH-
KeHUs (4) CKOJIb YroJHO OJIM3KO MOJXOJAT K TOUHOMY PEIICHHUIO ONEpPaTOPHOrO ypaBHEHUS
(1) npu moaxonsiemM BbIOOpe N U AOCTATOYHO Mambix §. MHBIMU cioBaMu, MeTon (4) cxo-

- - *
AMTCSL, €CIU  [im (Ian —Xn 5) =0-
8—>0\ n ’

rae ¢(g) = . Teopema 2 noka3zana.

*
Paccmorpum Hx — X SH <

*
X —an+Hxn ~Xn 5
B pasnene 3 mokaszaHo, 4To Hx* - an —0, n —> oo . Jlokaxem, uTo Hxn —Xp 5H — 0.

U3 (2) npu xo = f nomydaem x; = Bf + f, x, =B(Bf + f)+ f =B?f +Bf + f .
Ipennonoxum, uro mpu n=k x, =BXf +BXf+ . +Bf + f u, ucnomssys (2),

HaiineM Xy, =Bx, + f =B(BXf +BX2f +...+Bf + f)+ f =BXf +BXf+.. . +Bf + f.
WTak, o MHAYKINHA J0Ka3aHo, uto X, = B" f + B"lf 4+ +Bf+f.

AHAJIOTHYHO UMEEM, UTO X, 5 = BN fs + gh1 fs +...+ Bfs + f5. Otciona

%0 = Xn 5| =B"(f = f5)+B"H(f — f5)+...+B(f — f5)+(f = f5).  (10)

Hycrs p(B) <1 1 st Ve Bomonnsiercst 0 < g <1-p(B), Torza |B|, <p(B)+e<1
BM(F — f5)|_+..+[B(F - f5)], +
+[f = f5], <(n+D)|f - f5], <M(e)(n+1)3,

" Hxn _Xn,SH* SHBn(f - fS)

d
*
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M (g) _
m(e)

T. K. Hf - faH < §. CrenoBaTeibHoO,

Xn = Xn 5| < d(e)(N+1)3, r€ d(g) =

<= %0 5] < c(e)[p(B) + ] o ~ B — £+ d(e)(n + D5 (11)

N3 onenku (11) cnemyeT, 4To eciau BEIOMPATH N 3aBUCAIIAM OT § TakK, YTOOBI NS — 0
npu N — oo, § = 0, To MeTo1 uTepanuu (4) CXOIUTCH.

Hrak, noka3ana
Teopema 3. Ilycmo evinonnaromes ycnoeus p(B) <1 u ons xaxcoozo & 0<g<1l-p(B).

Toeoa nocnedosamenvhvle npubudxicenuss (4) cxoosmes k pewenuto x* ypasuenus (2), eciu
yucno umepayutl N 8b1OUpaAmMs 8 3a8ucumocmu om § max, ymodvl N —0 1pu N — o, § — 0.

Ouenky norpemHoctd (11) MOKHO YTOYHHUTB, €CIIM BOCIOIb30BATHCS HEPABEHCTBOM
(9), mo koTopomy HB(f — fS)H* < [p(B) +g]Hf — fSH*' U3 (10)

Hxn _Xn,SH* :HBn(f - fS)

d
*

BM(F — f5)| + .+ [BCF - )], +[f — o, <

< {[p(B) +&]" +[p(B) +&]" +...+[p(B) +g]+1}Hf ~f5], =

_1—[p(B)+g]”Jrl B 1—[p(B)+s]”+1 ) ) i
B |f -1, < L o(E) e M(s)s_k(g){L [o(B)+¢] }5

M (g) _
1-p(B)-¢

Trae k(g) =
Tootomy X, —Xp 5] < |(8){l— [p(B) + 8]”“}3 , 1, CIIe10BATEIBHO,

Hx* ~Xns \ <c(e)[p(B) +&]"[xo - Bx — |+ |(a){1-[p(B) +s]”+1}6, (12)

Tae |(8) = @ .
m(e)
Takum o6pas3om, JokazaHa
Teopema 4. Ilycmo cnexmpanvuvii paouyc p(B) onepamopa B yooeremeopsem
yenosuro p(B) <1. Tozoa npu nobom ¢, 0<e<1—p(B) 01 umepayuonnozo npoyecca (4)

cnpaseonusa oyenxa nozpewrnocmu (12).
OnTtumuzupyem 1o N oneHky norpemsocty (11). J{nsg ee MUHUMU3aMK TPOU3BOIHYIO
1o N oT nmpaBoii yactu HepaBeHcTBa (11) mpupasusem Hymo. [Tomy4unm

c(e)[p(B) +&]" Ixo —Bxo — f|In [p(B) +¢]+d(e)5=0;

[o(B) +5]" = —d(e)d . (13)
c(e)[xo — Bxo — f[|In[p(B) +¢]

Tak xak mo ycnosuto TeopeMbl 4 0 < g <1—p(B), T0 p(B) +& <1 H, cCIe10BaTENbHO,
In[p(B) +¢&] < 0, 3HauuT, mpaast yacth paBenctBa (13) monoxurensHa. U3 (13) momydaem
—d(g)o _
P®)*ele(e)]xo — Bxg — In[o(B) +¢]

arpuOPHBIA MOMEHT OCTaHOBA UTEPALUN Nopr = log
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[ToactaBuM Nopr B (11), TOrna ontumanbHasi OLIEHKA MOTPEIIHOCTH JIJIsl PUOIMKEHUMA
(4) mpumeT Bu
—d (&)

109]p(B)+¢]
c(&)|xo —Bxg - f||In[p(B)+e]

onr < C(S)HXO — BXO —f H[p(B) + 8]

_d(2)s
d 115 =
' (S){'OQ[P(B)”]c(g)xo ~Bxo— f|In[p(B) +¢] ' }

*
HX _Xn,S

—d(e)d —d(g)d
=—"—+d 1:d.
In[p(B) +¢] " (8){|09[p(8)+8]c(8)xo —Bxg— f|In [p(B) +¢] " }

3akirouenne

B HacTosimiell ctatbe M3ydeHbl HEKOTOPBIC CBOMCTBA IMPEIUIOKCHHOW SIBHOM CXEMBI
UTEpaluil pelIeHNs HEKOPPEKTHBIX 3a7a4 ¢ JMHEHHBIM HEIIPEPBIBHBIM OIIEpaTOPOM: JOKa3aHA
CXOJIMMOCTb MTPHOJIMKECHUHN C allPUOPHBIM BBIOOPOM MapameTpa peryysipu3anii B 0aHaXxOBOM
HpOCTpaHCTBe, HOJIyLIGHI)I OIICHKa HOFpGHIHOCTI/I nu aHpHOpHBIﬁ MOMCHT OCTAaHOBA.
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KJIACCUPUKALIUA U UCCJIIEJIJBAHUE .
PEAYKTUBHBIX OJHOPOJHBIX TPOCTPAHCTB, IIOPOXKIEHHBIX I'PYIIIOU JIN
JIBUKEHU MTPOCTPAHCTBA MUHKOBCKOI'O

B pabome uzyuaromcs oonopooHvle npocmpancmaa, nopodicoenHvle epynnotl Jlu osudicenuti nocmpan-
cmea Munxoeckozo. Cpedu maxux npocmpancme 8bl0eIs10mcest pedyKmuenvie 00HOPOOHblEe NPOCMPAHCMEA.

Kniouesvie cnosa: epynna, nooepynna, 00HopooHoe npocmpancmeo, epynna Jlu, aneebpa Jlu, kommy-
mamop, pedyKmugHoe 00HOPOOHOe NPOCMPAHCMBO, PEOYKMUBHOE OONOIHEHUE.

Classification and Investigation of Reductive Homogeneous Spaces Generated
by the Lie Group of Motions of the Minkowski Space

We study homogeneous spaces generated by the Lie group of motions of the Minkowski space. Among
such spaces, reductive homogeneous spaces are singled out.

Key words: group, subgroup, homogeneous space, Lie group, Lie algebra, commutator, reductive ho-
mogeneous space, reductive complement.

BBenenmne

OnHopoaHbIE TPOCTPAHCTBA SIBIAIOTCS MPEIMETOM HCCIEAOBAaHUS MaTEMaTHUKOB
Ha MPOTSHKEHUH O0Jiee cTa JeT. AKTyallbHOCTh MCCIIEIOBAHUS TaKUX MPOCTPAHCTB OOBSICHS-
€TCsl TEM, YTO OHM HaXOJAT MPUMEHEHUE U CIYXKaT almnaparoM MPH UCCIEAOBAHUNA T€OMETPUH,
anreOpbl, TeopeTnyeckor pu3nku. OcoOyro Ba)KHOCTh MPEACTABISIIOT OJHOPOIHBIE POCTPaH-
CTBa, TIOPOXKJICHHBIE Tpynmon JIu JBMKEHUN pa3MUHbIX (TICEBIOCBKINIOBBIX TPOCTPAHCTB).
B aroii obnactu padoranu 3. Kapran, I'. Beiins, I1. K. Pamesckwuii, K. Homumgy, 1. KoGascu,
B. 1. Benepuuxkos, A. C. ®enenko, 1. B. benbko, B. banamenko, C. I'. Kononos, A. A. FOnoB u mp.

B pabote uccnenyroTcsi OAHOPOIHBIC TIPOCTPAHCTBA, CTPYKTYPHOM TPYIIION KOTOPBIX
ABJISIETCS rpynna JIn qerkeHnii mpocTpancTBa MUHKOBCKOTO.

HaxoxxaeHue pelyKTHMBHBIX OJHOPOIHBIX INPOCTPAHCTB, MOPOKICHHBIX I'PYIIIOH
JIn nBukeHuit npocrpancrsa MUHKOBCKOIO

Onpenenenne 1. OqHoponuoe npocrpancteo H / Gi HA3bIBAETCS PEIYKTUBHBIM, €C-

mu anredpa Jlu H rpynnsl JIu H pacriagaercs B mpsMyro CyMMY MOIIPOCTPAHCTB!
H=m+G,, )

IIPHYEeM IIOANPOCTPAHCTBO M uHBapuaHTHO oTHOcuTensHO AdG;, rne adG; — mpucoenu-

HeHHOE TpejcTaBneHue anreopst Ju G; .
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Paccmotpum oanopoanoe npoctpancteo H /G, , rne G, — noarpynna Jin rpynmsr

12°

JIu H Bpamenuii mecrumepHoro JIOpeHIIOBOro npocTpancTa, uMeronas anreopy Jin (312 =
={i.,l,,1,}, rae:

o O O B+
O O O o
o O O o

HJ’ISI pe€IICHUA CHUCTEMBbI MHBAPHAHTHOCTHU II0 CHOCO6y, OIIMCAHHOMY BbIIIC, 6yz[eM
CBOAUTH 3aJa4y K paCCMOTPCHHUIO ABAJAATU CIIYy4acCB:

1 00 A o
1°/0 1 0 ¢ s t}
0 01 p g r

[Io crTpoukam B »JTOH MaTpule 3alMCaHbl KOOpPJAMHATHl OAa3HUCHBIX BEKTOPOB
X, X,, X3, ONpenesiFouMXx WHBapUAHTHBIC MOAIPOCTPAHCTBA M, MpUYeM Oa3uc B anredpe

H BreiGepem cnemyrommm o6pazom: RN T TR O
Taxum oGpa3om, uaBapuantHbie moamnpocrpanctea M={X,, X,, X,} 3angatorcs Bek-

TOpaMu:
X, =lg + Ag + pis + Vi, X, =1, + 0y + Sl + 15, X5 =g + Pl + Qi + Iy, (2)

Hcnonb3ys TabauIly KOMMYTaTOpoB U 0003Hauasi a = is, MOJIYYUM:

[a,X,] =i, + i,
[a,X,]=1,+ 01y, 3
[a, X,] =15 + pi;.

PaccMoTpuM JTMHEHHYI0 KOMOHHAIHIO BeKTOpoB {X,, X,, X,}:

o, (i + Al + s + Vi) + B,(1, + olg + Sig + i) + 7, (I + Py + Qi + riyy) = s (uey +
+S4,+ CU/l) + iGal + i7:31 + i87/1 + ig (/1051 +opf + p71) + ilO (Val +tp + r71)-

(4)

CpasnuBas ¢popmyiy (4) ¢ nepBoii popmynoit (3), moydanm:
poy +sp+0y, =07, =10, =0, =1,6,=0,Ac, + o, + py, =0,vey, +15, + 1y, =0.

Orcrona cnenyer: AS+q=0,Ac+p=0,At+r=0.
CpasuuBas ¢popmyiy (4) co Bropoit popmynoii (3), momyuum:

ua, +sp, +qy, =0,a,=0,8, =0,7, =0,Aa, + o3, + py, =Lva, +tf, +ry, =0.

Orcrona cnenyer: oS =0, o’ =10t=0.
AHanornuHo, cpaBHuUBas Gopmyny (4) ¢ Tpetbet popmyioit (3), moaydanm:

u+ps=0,1+po=0,v+tp=0.
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0 .
Takum oOpazom, B cirydae 1~ moixydaem CUCTEMY YPaBHEHHIA:

As+q=0,
Ao+ p=0,
At+r=0,
os=0,
o?=1,
ot =0,
u+ ps=0,
A+ po=0,
v+tp=0.

N3 cuctemsl noJjryqacem CJICAYyroHice:

t=0,s=0,4=0,0=0,v=0,r=0,0=%1, p=FA4.
B urore nosyuniu, uto Bektopsl {X,, X,, X,} umeror Bux (6a3ucoi)
{iy + A, 1, L, 1 F Ay }.
AHaJIOTUYHO PacCMATPUBAIOTCS CIIyyau 2°-20°,

10 4 0 g v
22’0 1 o 0 s t|
0001 gqgrr

Paccmotrpum cirydaii 2°. B s1om CIIy4ae BEKTOPBI, 3a/1A0I1E NHBAPUAHTHBIE ITOIIIPO-
CTPaHCTBA, IPUHUMAIOT BUJ:

X, =lg + g + gl + W5, X, =1, + 0lg + SIg + 1,5, X5 =g + Qi + Iy, (5)

Hcronb3ys TabanIly KOMMYTAaTOPOB M 0003Ha9ast @ = I , IOy InM:

[a, X, ]=15 + A,
[a,X2]=i9+ai6, (6)
[a,X3]=i7.

PaccMoTpuM MHENRHYI0 KoMOHHaIuio BekTopoB {X;, X,, X, }:
oy (i + Alg + i +Viyo) + B, (I; + Ol + Sig +1iy0) + 7, (I + Qs + ) =I5 (e, +
+S0, +0y,) +leoy +1; f +ig(Aay +9B,) +igy, +iyo(Vay +16, + 7).
CpauuBas hopmyny (7) ¢ mepBoii popmyioit (6), momrydanm:
poy +8f +0y, =0, =4, f, =0,da; + o, =1y, =0,vey +1f, + 1y, =0.

(7)

Orcrona cnenyet: A =0, 22 =1vi=0.
CpasuuBas ¢popmyimy (7) co BTopoit popmymnoii (6), momyuum:

o, +sp, +qy, =0,a, =0, 5, =0,4a, + 9B, =0,7, =Lve, +15, +ry, =0.
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Orcrona cienyer:
Ho+q=0,10=0,vo+r=0.

AHanornuHo, cpaBHuBas Gopmyny (7) ¢ Tperbeii popmyioit (6), moaydaum:

s=0,0=0,t=0.
Taxum 06pasom, B cirydae 2° 0IydaeM CHCTEMY ypaBHEHHIL:
pA =0,
=1,
vA=0,
uo+q=0,
Ao =0,
vo+r =0,
s=0,
o =V,
t=0.

N3 cuctemsl nonyyaem cienyromee: A =+1, 4=0,v=0,0=0,5=0,t=0,q=0,r =0.

B urore momyuniu, 9to BekTopsl {X;, X,, X} umeror Bu (6a3ucer)

{is +ig. i1}

1 0 4 g 0 v
01 o s 0 t|
000 010

Paccmorpum cirydaii 3°. B otom CJIy4ae BEKTOPBI, 3a1A0I1E NHBAPUAHTHBIE ITOIIIPO-
CTPaHCTBa, IPUHUMAIOT BUJ:

Xz=lg + Ag + g + U g, X, =1, +0lg + Sy +1i,5, X5 =1 + Py, (8)
Hcnonb3ys TabanIly KOMMYTaTOPOB M 0003Ha4ast & = Iy, MONy4nM:
[a, X ]=1g + Aig + 14,

[a, X,]=l, + oy + i, 9)
[a, X,]=0.

PaccMoTpuM NMHENRHYI0 KOMOMHAIMIO BeKTOpoB {X,, X,, X, }:

oy (i + Ag + g + Vi) + f, (I + 0y +Sig +1iy0) + 7, (is + Pyg) = lsy; +lg0 +1, 5, +
Iy (Ao, + o) +ig (uay + )+ (vey +16,+ prs).

CpaBuuBas hopmyny (10) ¢ mepBoit hopmymnoit (9) u bopmyny (10) co Bropoit dop-
MyJioi (9), HoIydyuM CUCTEMY YpaBHEHHI:

(10)
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Y& +ou =1,
u(A+s9)=0,
vA+tu=0,
o(1+5s)=0,
s’ =1-uo,
vo+1ts =0.

W3 310l cucTeMBI BEITEKAET ciaeayroonias CucTéMa:

u(A+s)=0,
{0'(2, +s)=0.

JlaHHas cucTeMa MPHBOIUT K PACCMOTPCHHUIO CIEAYIOUIMX JIBYX CIY4acB:
a)l=-s;b)it=0, o=0. PaccmarpuBas HCXOAHYIO CHCTEMY B CiIydae a), Mbl IOJydaeM

cieyroniee:
1=J_r\/1——oy, rae 1-ou >0;

vA+tu =0,

{va—t/l =0.

Omnpenenuresnb MOJTYYECHHOH CHUCTEMBI OTJIMYCH OT HYJIS, CJIEAOBATEIbHO, CHCTEMA
NMECT CAMHCTBCHHOC peHIeHI/Ie.
Takum o6pazom, v =0,t =0.

B urore moyuniu, uto Bektopsl {X,, X,, X} umeror Bu (6a3ucer)

{ls =y 1—atig + gy, i; + Oty F[1—aptly, i + Py}

PaccmarpuBast HCXOJHYIO CUCTEMY B ciiydae D), MbI mosydaem cieayroree:

=1,
vA=0,
s? =1,
ts =0.

Takum ob6pazom, A =11 v=0,s=11t=0.

B urore nonyunmu, uro Bektopsi{X,, X,, X;} umeror Buz (6azucer)
{is +ig,1; +ig,i5 + Pirg},
{ +g,1; —lg, Is + pio},
{is —ig. i, +ig,is + Pis},
{le ig,I; =g, 15 + Piyo}-

1
4°10
0

o r O
o Q
o »n T
o ~+ <
R O O
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Paccmotpum ciyyqait 4°. B aTOM ciiyyae BEKTOpPBI, 33/1al01M€ HHBAPUAHTHBIE MTOAIIPO-
CTPAaHCTBA, IPUHUMAIOT BUL:

X, =lg + g + g + Vi, X, =1, +0lg + Sy +tig, X5 =1y,

(11)
Hcnonb3ys TabanIly KOMMYTaTOPOB M 0003HaYast & = Iy, MONy9nM:
[a, X, ]1=15 + Al + 44,
[a, X,]=14 + o, +5i,, (12)

[a, X;]=0.

PaccMoTpuM nHHeliHY0 KoMOuHanuoo BekTopoB{X,, X,, X }:

oy (ig + Alg + g +Vig) + B, (i, + 0lg +Slg +1i5) + yly g =is (vey +15) +isa +1; 5, + (13)
+ig (Ao, +0B,) +ig(uoy +5B) +7:-
CpasuuBas Gopmyny (13) ¢ neppoii popmynoii (12) u hopmyiy (13) co BTOpoit dhop-

Mynoi (12), moixy4um cucteMy ypaBHEHHUIA:

A+ ou =1,
u(A+s)=0,
vA+tu =0,
o(1+5s)=0,
s?=1— UO,
vo+ts=0.

N3 3101 cuCcTEMBI BBITEKAET CIEIYIONIAs CUCTEMA:
u(A+s)=0,
{0(/1 +5)=0.

Jannast

CUCTEMa TPUBOAUT K PACCMOTPEHHUIO CIEAYIOUIMX JBYX CIIy4aeB:

a)l=-s;b)uu=0, o =0. PaccmarpuBas HCXOJHYIO CUCTEMY B CIy4ae a, MbI [TOJydaeM clie-
Jyroriee:

A=+\1-ou,rne 1-ou >0;

vA+tu=0,
vo—tA=0.

Onpenenurens MOTYYSHHOW CHUCTEMBl OTJIMYEH OT HYISA, CIIEJOBATEIbHO, CHUCTEMa
UMeeT eqUHCTBEeHHOE pemieHue. Takum obpazom, v =0,t =0.

B urore nonyunmu, uro Bektopsi{X,, X,, X,} umetor Buz (6azucer)

{ls £V1-ouig + pdg, i; + olg F 1—autig, iy}

PaccmatpuBast HCXOJHYIO CUCTEMY B ciy4ae D, MbI mosydaeM cienyromiee:

A2 =1
vA=0,
s’ =1,

ts =0.
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Takum o6pazom, A =11 v=0,s=11t=0.
B urore monyuninu, uro Bektopsl {X,, X,, X} umeror Buj (6azucer)
{iG + i8 ! i7 + i9 ' ilO}’
{i6 + is’ i7 - i91i10}1
{ia —lg, 17 +lg, 10},
{ie - i8’i7 - i9’i10}'
B ciyuae 5° crcTeMa HHBAPHAHTHOCTH IPOTHBOPEUHBA.

1 20 4 0 v
6°°0 0 1 o 0 s|
0 00 01 p

Paccmorpum cirydaii 6°. B sTom CJIy4ae BEKTOPBI, 3a1aI01I1ME NHBAPUAHTHBIE ITOIIIPO-
CTPAHCTBA, IPUHUMAIOT BUJ:

X, =lg+ Ay + gl + W, X, =g +0lg + Sl o, X5 =g + Py (14)
Hcnonp3ys TabanIy KOMMYTaTOPOB M 0003Ha4ast @ = Iz, MOXydnM:

[a, X, ]=1g + Ay + 24,
[a, X,]=i, +al,, (15)
[a, X,]=0.

PaccmoTpuM nHelHy0 komGuHarmio Bektopo {X,, X,, X, }:

ay(Ig + A, + pdg +Viyg) + B (ig + 0lg +Shyg) + 7, (Is + Piyg) =gy, +igey +
+ha A+ f +iy(au+ o) +ig(oqy + BS).

Cpasnubas ¢popmyny (16) c nepsoit popmymnoii (15), momyunm:

(16)

=00, =00 A=u,pf =Lou+po=4Acov+ps=0.
Orcrona cnenyet: o=A4,5=0,u=0.
CpaBuuBas popmyny (16) co BTopoit hopmyoii (15), momyqaum:
v, =00, =va,A=0,6,=0,a,u+ f,0=0,a,v+ 3,5=0.
Orcrona cnenyer: o=A4,5=0,u=0.
OTMeTI/IM, qTO OCTaBLIAsCSA (bOpMy.]'Ia HC IPUBOAUT K JOIMOJHUTECIBHBIM YCJIOBHUAM.
B urore nonyunnu, uro Bektopsl {X,, X,, X3} umeror Bua (6asucer)
{is + A, ig + Ay, Ig + pi; }.
1 20 4 v O
7°°0 01 o s 0}
0 00 0 01



108

Becuix Bpacyxaea ynieepcimama. Cepuvis 4. Dizika. Mamamamvika Ne2/2023

<« ~0
PaCCMOTpI/IM cilydaun 7. B aTtom CJIyda€ BEKTOPbI, 3aJa0INC HHBAPUAHTHBIC ITOAITPO-

CTpaHCTBA, IPUHHUMAKOT BU!

X, =lg + Ay + iy + Vg, X, =g + 0lg + Sis, X5 =y, (17)
Hcronb3ys TabauIy KOMMYTaTOPOB M 0003HaYast & = Ig, TOTyYHM:
[a, X,]1=1g + Ay + 44,
[a, X,]=1i, +al,, (18)
[a, X;]=0.
PaccmoTpuM nuHeRHYI0 KoMOuHaimo BekropoB{X,, X,, X;}:
oy (I + Al + plg +Vig) + (g + 0lg + Si ) + 11, =I5 (Vo +50,) +lga +
+i Ao+ + g (uey + aBy) +iigyy.
CpasuuBas ¢opmyiy (19) c mepsoit popmynoii (18), momydnm:
vag +sp =0, =0,Aa; =, f =1, ey + o, = 4,7, =0.

Orcrona cnenyet: S=0,u=0,0=A.
CpasuuBas hopmyiry (19) co Bropoit popmyioii (18), momyamm:

va, +sp,=0,a, =1 Aa, =0, 5, =0, ua, + o3, =0,y, =0.

(19)

Orcrona cnenyetr: v=0,A=0,u=0.
OT™MeTHM, 4TO OcTaBuIasics HOPMyJIa HE IPUBOIMT K JOMOIHUTEIBHBIM YCIOBHUSIM.
B urore nosyuniu, uto BekTopsl {X , X,, X} umeror Bua (6asuckr)

{is + A, Ig + Alg, 1, }.
0 oo
B ciydasix 87, 9° cucremMbl HHBApHAHTHOCTU POTUBOPEYHBBI.

1 1 uv 00
10°0 0 0 0 1 O]
000001

o 0
PaCCMOTpI/IM cirydan 10°. B stom CJIydac BCKTOPLI, 3aJa0IINC WHBAPUAHTHLBIC IO~

IIPOCTPAHCTBA, TPUHUMAIOT BUJ:

X, =i + A, + g +ig, X, =i, X, =i, (23)
Hcnonb3ys Tabauily KOMMYTaTOpOB U 0003Ha4ast a =iy, HOIyduMm:
[a, X, ]=1g + Ay + gdg + W,
[a, X,]=0, (24)

[a, X,]=0.
PaccMoTpuM NMHENHYI0 KOMOMHAIHIO BeKTopoB {X,, X,, X, }:

ay(ig + Al, + pdg +WVig) + Bl + yilho =is B +lgay + Ly A +igaq i +igony + 1y, (25)
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CpasuuBas ¢popmyny (25) c nepBoit popmynoii (24), momydnm:
B =0, =p,o4A=v,uo, =lvey = A,y, =0.

Orcrona cnenyetr: u==+1v==+A.
OTMeTHM, 9TO OCTabHbIE POPMYIIBI HE IIPUBOJIAT K OMOJTHUTEILHBIM YCIOBHUSM.
B urore momyuniu, uto BekTopsl {X,, X,, X} umeror Bux (6a3ucer)

{ig + A, +ig + Alg, Ic, 1, },
{ig + i, —ig — g, ic, 1, }.
B ciyyasx 1 1°-13° cucremst WHBAPUAHTHOCTU IIPOTUBOPEYUBEL.

01 4100 u
14°’0 0 0 1 0 o
000 01t

Paccmorpum cirywai 14°. B stom Cllyyae BEKTOPBI, 33Jal0INe€ WHBAPUAHTHBIE IOJ-
POCTPAHCTBA, IPUHUMAIOT BHL:

X, =i, + Ay + gigg, X, =i + 0y, Xy =i +1i. (26)
Hcnonb3ys TabauIy KOMMYTaTOPOB M 0003Ha4ast & = Ig, TOTyYUM:
[a, X ]=1, + Aig,
[a’ Xz] = i7, (27)
[a, X,;]=0.
PaccMoTpuM NMHENRHYI0 KOMOMHAIHIO BeKTopoB {X,, X,, X, }:
a, (i, + Ag + i) + B, (ig + 0iyg) + y, (Is +liyg) =igy, +i,00 +igay A +ig ) + (29)

+ho(uay +ap, +ty,).
CpasHuBas ¢popmyiy (28) ¢ nepBoit popmyioii (27), momydnm:
7, =01=0,y =0,4c, =0, 5, =1, ucy, + o, +ty, =0.

Otcrona cnenyet: o =0.
CpaBuuBas hopmyny (28) co BTopoi hopmyroit (27), momydum:

7, =0,0, =1, ar, =0, B, =0, x, + o, +ty, = 0.

Orcrona cnenyer: 1 =0.
OtmeTnM, 9To ocTaBIascs GopMyIia He IPUBOMT K JTOMOTHUTEIbHBIM YCIOBHSM.
B urore nosyuniu, uto Bekropst {X;, X,, X, }umeror iz (6a3ucet)

{i7 ' i9 ’ i5 + ilo}'

01 A0 u O
15°(0 0 0 1 o O}

00O0O0TO0 1
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L 120
Paccmotpum ciyuait 15°. B 3TOoM ciyyae BEKTOpBI, 3aJar0llle MHBApUAHTHBIE MO-
IPOCTPAHCTBA, IPUHUMAIOT BHL:

X, =i, + A + g, X, =iy + 0, X, =iy, (29)
Hcnonp3ys Tabiauily KOMMYTaTOpOB U 0003Ha4ast a = iy, HOXyduM:
[, X,] =i, + i,
[a1 Xz] = i7’ (30)
[a, X,]=0.

PaccmoTpuM nHHEHHYI0 KoMOHHAINIO BeKTOpoB{ X, X,, X }:

oy (i; + g + iis) + B (I + 0ls) + 1o =I5 (ey + 0By) + 04 +ighay +ig B+ (31)
CpasuuBas ¢popmyiy (31) ¢ mepBoit popmyioii (30), momyanm:
uey +f,=0,1=0,0, =0,4c, =0, 4, =1, =0.

Otcrona cnenyet: o =0.
CpasuuBas ¢popmyity (31) co Bropoit popmyioii (30), momydum:

uoy, +op, =0,a, =1, =0, 5, =0,, =0.

Orcrona cnenyet: £ =0,4=0.
OTMeTHM, YTO OCTaBIIascs GOpMyIIa He IPUBOINT K JIOMOTHUTEILHBIM YCIOBHUSIM.
B urore nonyunnu, uro Bektopsl {X,, X,, X;} umeror Bu (6asucer)

{i;, iga ilO}'
01 2 x 00
16°’0 0 0 O 1 Of
0 00 0 01

o 140
Paccmotpum cnydait 16°. B 3TOM ciydae BEKTOpBI, 3aJar0Ie WHBAPUAHTHBIE MOJ-
IIPOCTPAHCTBA, IPUHUMAIOT BUJ:

X, =1 + Ay + g, X, =ic, X, =iy, (32)
Hcnonb3ys TabauIly KOMMYTaTOPOB ¥ 0003Ha4ast & = I, TOTy4HM:
[a, X,]=1g + Al + 24,
[a, X,]=0, (33)
[a, X,]=0.
PaccMoTpuM NHHENHHYIO KOMOHHAIHIO BeKTOpOB { X, X,, X, }:
oy (i, + Ag + lg) + Blis + yilyg =I5 B, + ey +igday +iguay +igy,. (34)

CpasuuBas ¢popmyiny (34) c nepsoit popmynoii (33), momyunm:
p=0,1=0,q =y, A, =0, ey, =15, =0.
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Orcrona cnenyer: u==1.

OTMETHM, YTO OCTaJIbHbIE (POPMYJIBI HE TIPUBOSAT K JOMOIHUTEILHBIM YCIOBHSAM.
B urore momyuniu, uto BekTopsl {X,, X,, X;} umeror Bux (6a3ucer)

{|7 +lg, 15, '10}'
{|7 —lg, I, I10}-
B ciaydasax 170—200 CHUCTEMbI MHBAPHAHTHOCTHU IIPOTUBOPCUYUBHI.

Teopema 1. OTHOCHTENBHO ONEPATOPa |y MWHBAPUAHTHBI TOJIBKO CIEMYIOIIHE YEThI-
pexMepHbIe HOAIIPOCTpaHcTBa anredpsl Ju H:
{is + Alg, 1, Tig,1g F A},
Us £g,1, 1},
{is £1—-ouiy + pdy,i; + oy F \/1— autly, i + Piyo},
{is + 1,17 + 15,15 + piy},
{is + 1,1, =g, 5 + piyo},
{ia - i8’ i7 + ig’is + pi10}7
{is - ie’ i7 - i9’i5 + pilO}’
{ls £1-auig + pig,i; + 0lg F /11— aptly, iy},
{ls + 1,17 +1g, Iy},
{ie + i8’i7 - ig’ilo},
{ie - is’i7 + i9’i10}1
{ie - is’i7 - i9’ i10}’
{ig + A, ig + Alg, iz + P},
{ig + A, 1y + A, i, },
{is + A, + 1+ Alg, Is, b o},
{ig + Ai, — iy — Ag, I, 1.},
{iz 1,15 + 10},
{i.1g, 10},
7 +lg, s, b},
{i7 - i9’i5’i10}-
Teopema 2. OTHOCHTEBHO ONEPATOPOB I, I, l; HHBAPHAHTHO TOJIBKO CIIEIYIOIIEE Ye-
TBIPEXMEPHOE MOIPOCTPAHCTBO anredps! JIn H {5,109, 00}

VcnoBue npsiMoii cymMmbl jutst noanpoctpadctsa My ={i;,lg, 1o} Bemmonsstorces, T. €.

H=G,+m.

Takum 0Opa3om, mosydeHa Cieayrolas TeopemMa:

Teopema 3. Onnopoanoe npoctpanctBo H/G,, penyktuBHO. PeqykTHBHBIM J0MOJI-

HCHHUCM ABJIACTCA TOJBKO CICAYIOMICC IMMOAIIPOCTPAHCTBO! |7 ) |9 ) |10.
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3akiro4yeHue

B pabore nony4eHo pe1yKTUBHOE OAHOPOIHOE IPOCTPAHCTBO.

PesynbTarhl paboThl MOTYT OBITH NMPUMEHEHBI Il PEUICHUs aHAJOTHYHBIX 33734 B
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g depeHraIbHOi TeOMETPUHU U B TEOPETUIECKOH (pr3HKe.
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