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Finite groups with restrictions on normal subgroups

By VICTOR S. MONAKHOV (Gomel) and IRINA L. SOKHOR (Gomel)

Abstract. We investigate the structure of finite soluble groups all whose proper
normal subgroups belong to some class of groups, namely a Fitting class and the class
of all supersoluble groups.

1. Introduction

All groups in this paper are finite.

Let § be a class of groups. We say that a group G is a minimal non-g§-
group or a §-critical group if G ¢ § but all proper subgroups of G belong to F.
G. MILLER and H. MORENO [12] studied minimal non-abelian groups in 1903.
Minimal non-nilpotent groups were first investigated by O. SCHMIDT [18]. Such
groups are also called Schmidt groups, and their properties are well known [14],
[17]. B. HUPPERT [7, Theorem 22], K. DOERK [4] and V. NAGREBECKIJ [16]
studied minimal non-supersoluble groups, see also [2].

It is natural to study groups in which only some proper subgroups belong to
a class §, for instance, normal subgroups or subgroups of prime index.

S. LEVISCHENKO [10] studied groups whose subgroups of non-prime index are
nilpotent. V. MONAKHOV [13] described the structure of groups whose subgroups
of non-prime index are supersoluble. G. MALANJINA and G. SHEvCoOV [11] in-
vestigated the structure of a soluble group such that its commutator subgroup
is nilpotent and all proper normal subgroups are supersoluble. L. KAZARIN and
Y. KOrzZUKOV [9] obtained the description of a soluble group with trivial Frattini
subgroup and a supersoluble normal subgroup of prime index.

Mathematics Subject Classification: 20D10, 20E25.
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In this paper we investigate soluble groups all whose proper normal subgroups
belong to a Fitting class. We also obtain new properties of a soluble group all
whose proper normal subgroups are supersoluble.

2. Preliminaries

By A < B we denote that A is a subgroup of a group B. If A < B and
A # B, then A is called a proper subgroup of B and denoted by A < B. Let A
and B be subgroups of a group G, and G = AB. If G # AB; for every proper
subgroup B; of B, then B is called a minimal supplement to A in G. By G, we
denote a Sylow p-subgroup of a group G; G, denotes a Hall p’-subgroup of G.
We also use 7(G) to denote the set of all prime devisors of |G].

Let m;nq(G) be the set of all primes p such that in G there exists a normal
subgroup of index p. If G is a soluble group, then m;,q4(G) # 0.

By 2, 9t and 4l we denote the class of all abelian, nilpotent and supersoluble
groups, respectively. We use the term ”§-group” to denote a group belonging to
a class of groups §. A class of groups § is said to be s-closed if every subgroup
of G belongs to § whenever G € §. A class of groups § is said to be s,-closed if
every subnormal subgroup of G belongs to § whenever G € §.

A class of groups § is a Fitting class if § has the following two properties:

(i) if G € § and H is a normal subgroup of G, then H € ;
(ii) if N7 and Ny are normal subgroups of G and Ny, Ny € §, then N1 N, € §.

If § is a Fitting class, then the subgroup Gz = (NG : N € §) is the largest
normal §-subgroup of G, and it is called the §-radical of G.

A formation is a class of groups § with the following two properties:
(i) if G € § and N < G, then G/N € §;

(ii) if Ny and Ns are normal subgroups of G and G/Ny,G/Ns € §, then G/N1 N
Ny € 5.

If § is a formation, then the subgroup G¥ = (V{N <G : G/N € §} is the smallest
normal subgroup of G with quotient in §, and it is called the F-residual of G.
A Fitting class which is also a formation is said to be a Fitting formation.

If X and § are classes of groups, we define their class product X§ as X§ =
{GeeE: NaG,N € X= G/N € F}. Here ¢ denotes the class of all groups.
Let X be a class of group and § a formation. We define XoF = {G € ¢ : G¥ € X}
and call XogF the formation product of X with §. Clearly, if X is an s,,-closed class
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of group, then X§ = X o§. Therefore, if X and § are formations, then X§ = Xo§
[5, p- 337].

All unexplained notations and terminology are standard. The reader is re-
ferred to [5], [8] if necessary.

We need the following results.

Lemma 1 (see e.g. [3], [5]). Let X and § be formations, let G be a group,
H <G and K < G. Then

(1) G € § if and only if GS = 1;

(2) if X C F, then G¥ < G¥; in particular, G* < G" < G* = G';
(3) (G/K)S = GSK/K;

(4) X§F is a formation;

()

5) GX3) = (G%)X,

Lemma 2. Let § be an s,-closed class and G a soluble group. Then the
following statements are equivalent:

(1) every proper normal subgroup of G belongs to §;
(2) every normal subgroup of G of prime index belongs to §;

(3) the commutator subgroup G' and every proper subgroup of G containing G’
belong to §.

PROOF. Obviously, (1) implies (2) and (3).

Now we check that (1) follows from (2). Let N be a proper normal subgroup
of a soluble group G. In G there exists a maximal normal subgroup M such that
N C M and |G : M| = p for some p € w(G). Then by the choice of G, M € §
and N € § since § is an s,-closed class.

Finally we prove that (1) follows from (3). Let N be a proper normal sub-
group of a soluble group G. There exists a maximal normal subgroup M of G
such that N C M and |G : M| = p for some p € 7(G). The quotient group G/M
is abelian and G’ < M. Hence by the hypothesis, M € § and N € § since § is
an s,-closed class. ([l

Lemma 3. Let § be an s,-closed class and G a soluble group. Every proper
normal subgroup of G belongs to § if and only if G = G'H, where H is a minimal
supplement to G’ in G, and G'K € § for every proper subgroup K of H.

PROOF. Let § be an s,-closed class and G a soluble group. Suppose that
every proper normal subgroup of G belongs to §, and let H be a minimal supple-
ment to G’ in G. If K is a proper subgroup of H, then G’'K is a proper normal
subgroup of G. Therefore G'K € §.
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Conversely, suppose G = G'H, where H is a minimal supplement to G’ in G,
and G'K € § for every proper subgroup K of H. If X is a proper subgroup of G
such that G C X, then X = G'( XN H) and X € § since X N H < H. By
Lemma 2, every proper normal subgroup of G belongs to §. ([l

Lemma 4. If every two elements of a group G generate a supersoluble sub-
group, then G is supersoluble [8, V1.9.18].

Lemma 5. Let A and B be normal supersoluble subgroups of G and let
G = AB.

(1) If the commutator subgroup G’ is nilpotent, then G is supersoluble [1].

(2) If the indices |G : A| and |G : B| are relatively prime, then G is supersolv-
able [6].

3. Soluble groups whose normal subgroups belong to a Fitting class

Theorem 1. Let § be a Fitting class and G a soluble non-§-group. Ev-
ery proper normal subgroup of G belongs to § if and only if the following two
conditions hold:

(1) mina(G) = {p} for some p € 7(G) and G = G'(zx), where (z) is a minimal
supplement to G’ in G and x € Gp;

(2) G'=G", Gz = G'(zP) and |G : Gz| = p.

PROOF. Let G be a soluble non-g-group such that every proper normal sub-
group of G belongs to a Fitting class §. By [5, Lemma I1.2.10(a)], G has a unique
maximal normal subgroup M. Therefore all proper normal subgroups of G are
contained in M, |G : M| = p and m4(G) = {p}. In particular, Gz = M
and fo = G. If GG, # G, then G™G, is a proper normal subgroup of G,
and G = G < GG, a contradiction. Hence G™G), = G and G/G™ is a p-
group. Since G/G™ has a unique maximal normal subgroup, G/G™ is a cyclic
p-group. Let X be a subgroup of minimal order in G, such that G = G"'X.
Then G™'NX < ®(X) [15, 3.21]. Since G/G™ ~ X/G"'N X is a cyclic p-group, it
follows that X = (z) is also a cyclic p-group [15, 3.20]. Consequently, G = G*(z),
where x € G),. Since G™ () is a proper normal subgroup of G of prime index p,
we have G™(zP) = M = Gj.

Note G** < G’. On the other hand, G’ < G™ since G/G™ is a cyclic p-group.
Thus, G = G'.
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Conversely, let § be a Fitting class, G a soluble non-§-group satisfying (1)
and (2). Then G5 is the unique maximal normal subgroup of G and so every
proper normal subgroup of G belongs to §. (]

Let r be a prime. A group G is r-closed if its Sylow r-subgroup is normal.
The class of all r-closed groups is an s-closed Fitting formation, and it coincides
with the product N,.€&,... Here M, is the class of all r-groups, &, is the class of
all groups whose order is prime to 7.

Taking § = NM,-€,» in Theorem 1, we obtain

Corollary 1. Let r be a prime and G a non-r-closed soluble group. Every
proper normal subgroup of G is r-closed if and only if G = G'{x), where x € G,
(x) is a minimal supplement to G' in G, G'(z") is r-closed, and |G : G'(x")| = r.

PROOF. Let r be a prime and G a non-r-closed soluble group such that every
proper normal subgroup of G is r-closed. Then every proper normal subgroup
of GG belongs to N,-€,.. Since N, &, is a Fitting formation, we can use Theorem 1.
By Theorem 1(1), G = G’(x), where € G, for some p € 7(G). If p # r, then
|G : G'| is prime to r and G is r-closed since G’ is r-closed, contrary to the
choice of G. Hence p = r. In view of Theorem 1(2), G'{z") is r-closed and
|G : G'(z")| =r.

Conversely, let r be a prime and G a non-r-closed soluble group such that
G = G'{(x), where x € G,, and G'(z") is r-closed. Then by Lemma 3, every
proper normal subgroup of G is r-closed. (Il

A group G is r-nilpotent if there exists a Hall r’-subgroup G, which is normal
in G. The class of all r-nilpotent groups is an s-closed Fitting formation, and it
coincides with the product &, I,.

Taking § = €,+91,. in Theorem 1, we obtain

Corollary 2. Let r be a prime and G a non-r-nilpotent soluble group. Every
proper normal subgroup of G is r-nilpotent if and only if G = G'(z), where z € G,
for some p € w(G) \ {r}, (z) is a minimal supplement to G’ in G, and G’ (zP) is
r-nilpotent.

PROOF. Since &, . is a Fitting formation, we can use Theorem 1. By
Theorem 1 (1) G = G'{(x), where z € G, for some p € n(G). If p = r, then
G, < G'. Since G’ r-nilpotent, we obtain G, is normal in G and G is r-nilpotent.
This contradicts to the choice of G. Therefore p # r. The conclusion follows from
Theorem 1. (|
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Example 1. A4, E4 and 1 are the proper normal subgroups of the symmetric
group Sy of order 4. Therefore all proper normal subgroups of S, are 2-closed
and 3-nilpotent. At the same time the commutator subgroup (S4)’ = A4 is not a
Hall subgroup.

A group G is r-decomposable if it is r-closed and r-nilpotent. A class of
all r-decomposable groups is an s-closed Fitting formation, and it coincides with
the intersection 91,.¢,, N &,.N,.

Taking § = 9,.€,» N .M, in Theorem 1, we obtain

Corollary 3. Let r be a prime and G a non-r-decomposable soluble group.
Every proper normal subgroup of G is r-decomposable if and only if G = G'(z),
where x € G, for some p € 7(G), (z) is a minimal supplement to G’ in G, G'(zP)
is r-decomposable, and either G is r-closed and p # r or G is r-nilpotent and
p=r.

PROOF. Since every proper normal subgroup of G is r-closed and r-nilpotent,
we can use Corollary 1 and 2. Hence G = G'(z), where x € G, for some p € 7(G),
and G'(zP) is r-decomposable. If G is r-nilpotent, then it is non-r-closed and by
Corollary 1 p = r. If G is non-r-nilpotent, then, by Corollary 2 p # r and by
Corollary 1, G is r-closed. O

Taking § = 9 in Theorem 1, we obtain

Corollary 4. Let G be a soluble non-nilpotent group. Every proper normal
subgroup of G is nilpotent if and only if the following two conditions hold:
(1) mina(G) = {p} for some p € w(G) and G = [G'](z), where (x) is a Sylow
p-subgroup of G;
(2) G' = G™ and F(G) = [G'|(zP).

PROOF. Let G be a soluble non-nilpotent group all whose proper normal
subgroup are nilpotent. When § = 9, we can use Theorem 1. Since a Hall
p/-subgroup G, of G is contained in G* and G is nilpotent, it implies G, is
normal in G. Consequently, the quotient group G/G,, is a p-group and G = Gpr.
Hence G = [G”Y](z) and () is a Sylow p-subgroup of G. The conclusion follows
from Theorem 1. O

4. Soluble groups with supersoluble normal subgroups

It is well known that the class il is not a Fitting class. Therefore, we can not
use Theorem 1 for § = 4.
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Lemma 6. If every proper normal subgroup of a soluble non-supersoluble
group G is supersoluble, then the following statements hold:
(1) G/G™ is a p-group for some p € 7(G); in particular, 7,a(G) = {p};
(2) G/G' is cyclic or a direct product of two cyclic p-groups;
(3) if the quotient group G/G’ is non-cyclic, then
(3.1) G’ is non-nilpotent;
(3.2) GM = (G < G”;
(3.3) GM < F(G) < G'; in particular, G/G™ is non-abelian.

PROOF. (1) Let G be a soluble non-supersoluble group all whose proper nor-
mal subgroups are supersoluble. Suppose that G/G™ is not primary. If A/G™ is
a Sylow p-subgroup and B/G™ is a Hall p’-subgroup of G/G™, then A and B
are normal proper subgroups of GG. Therefore, A and B are supersoluble. Thus
G = AB and G is supersoluble by Lemma 5(2). This contradiction implies that
G/G™ is a p-group for some p € 7(G). In particular, 7;,4(G) = {p}.

(2) Since G < G’, G/G' is a abelian p-group. Therefore, G/G’ can be
decomposed as a direct product of cyclic p-subgroups:

G/G' = (a1) x {as) x ... x {ay). (1)

If (x,y) G’ is supersoluble for all z,y € G, then G is also supersoluble by Lemma 4.
This contradiction implies that the subgroup (z, y)G’ is not supersoluble for some
x,y € G. Since (z,y)G’ is normal in G, it follows that (x,y)G’ coincides with G
and G/G’ has at most two generators. Thus ¢ < 2 in (1).

(3) Suppose that G/G’ is not cyclic. Let A/G’ and B/G’ be different sub-
groups of index p. Then G = AB, subgroups A and B are normal in G and
supersoluble. In view of Lemma 5(1), G’ is non-nilpotent. This implies that
(G")** # 1 by Lemma 1(1).

By Lemma 1(5) G™ = (G™)™ = (G")™. As ¢ C M, it follows that
G™ = (G")” < G*. Since

G/(G")" = A/(G)™- B/(G")™, (G/(G")") =G'/(G)™,

G/(G"™ is supersoluble by Lemma 5(1). Therefore, G* < (G")* < G”. Thus,
Gu — (G/)D’I < G,

The subgroups A’ and B’ are normal in G and nilpotent, it implies that
A'B" < F(G). The subgroups A(A'B’)/(A’B’) and B(A'B’)/(A’B’) of the quo-
tient group G/(A'B’) are abelian and normal, so G/(A’B’) is nilpotent and
GM < A'B' < G'. Since G™ # G', G/G™ is non-abelian. O
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Statements (2) and (3.1) of Lemma 6 were first obtained in [11, Theorem 1].
We give the more concise proof.

Theorem 2. If every proper normal subgroup of a soluble non-supersoluble
group G is supersoluble, then the following statements hold:
(1) if the quotient group G/G™ is non-cyclic, then

(1.1) G = [GM|G,, for some p € 7(G);

(1.2) F(G) = G” x 0,(G);

(1.3) all proper subgroups of G,/Op,(G) are abelian;

(1.4) the subgroup [G™|P is supersoluble for all P < G;
(2) if the quotient group G//G™ is cyclic, then

(2.1) mina(G) = {p} for some p € 7(G) and G = G*(z), where () is a

minimal supplement to G in G and x € G);

(2.2) G™ = G’ and G™(xP) is supersoluble.

Conversely, if Statements (1.1) and (1.4) or (2.1) and (2.2) hold for G, then
every proper normal subgroup of G is supersoluble.

PRrROOF. Let G be a soluble non-supersoluble group all whose proper normal
subgroups are supersoluble. In view of Lemma 6(1), the quotient group G/G™ is
a p-group for some p € 7(G). Since G < G’, G/G’ is an abelian p-group and
G =G'G,.

Case 1. The quotient group G/G™ is non-cyclic.

Let A/G™ and B/G™ be different subgroups of index p. Hence G = AB
and the subgroups A and B are normal in G and supersoluble. If G’ is nilpotent,
then G is supersoluble by Lemma 5(1). This contradiction implies that G’ is
not nilpotent. Since the subgroups A’ and B’ are normal in G and nilpotent, it
follows that A’B’ < F(G). The subgroups A(A'B’)/(A’B’) and B(A'B’")/(A'B’)
are abelian and normal in G/(A’B’). Then G/(A’B’) is nilpotent and G™ < A’B’.
Therefore G™! is a nilpotent Hall p-subgroup of G and F(G) = G x0,(G). Since
G’ is not nilpotent, G < G’ and G, is non-abelian.

Let X be a maximal subgroup of G, such that O,(G) C X. Hence H =
[G™X is normal in G and supersoluble. This implies that H’ is normal in G
and nilpotent, therefore H' < F(G) = G™ x 0,(G). Consequently, X/0,(G) is
abelian and all proper subgroups of G,,/O,(G) are abelian.

Let P < Gp and P; be a maximal subgroup of G, such that O,(G) C P;.
Then [G™ P, is normal in G and supersoluble. Hence [G™]P is supersoluble.

Case 2. The quotient group G/G™ is cyclic.
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Since G/G™ is cyclic and G™ < G, we obtain G = G’. Suppose that X
is a subgroup of the minimal order in G, such that G = G'X. Then G' N X <
®(X) [15, 3.21]. Hence G/G' ~ X/G' N X is a cyclic p-group. It follows that
X = (x) is also a cyclic p-group [15, 3.20]. Consequently, G = G'(z), where
x € Gp, and G'(zP) is a supersoluble normal subgroup in G of index p.

Conversely, let G be a a soluble non-supersoluble group satisfying (1.1) and
(1.4) or (2.1) and (2.2). In view of Lemma 3, every proper normal subgroup of G
is supersoluble. ([

Corollary 5. If G is a non-supersoluble group such that the commutator
subgroup G’ is nilpotent and all proper normal subgroups of G are supersoluble,
then

(1) G =[G'{x), where (z) is a Sylow p-subgroup of G for some p € 7(G);
(2) [G']{xP) is supersoluble.

Conversely, if G is a group such that the commutator subgroup G’ is nilpotent
and Statements (1)—(2) hold, then all proper normal subgroups of G are super-
soluble [11, Theorem 2].

PROOF. Since G’ is nilpotent and G™ < G’, G™ is a Hall p’-subgroup of G
by Lemma 6(1). In view of Lemma 6(3.1), the quotient group G/G™ is cyclic.
The conclusion follows from Theorem 2(2). O
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